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ABSTRACT

Voinov, A.A. and Tonkikh, A P., 1987. Qualitative model of eutrophication in macrophyte
lakes, Ecol. Modelling, 35: 211-226.

A model is proposed for a qualitative representation of ecosystem dynamics in a
macrophyte water body. The model variables are the concentrations of phytoplankton,
macrophytes, nutrients, detritus and dissolved oxygen. By methods of qualitative theory of
differential equations the model steady-statc dynamics arc studied (the ‘quasi-stationary’
process). The resulting evolution of the water body is in good agreement with the existing
idcas about the succession of vegetation types under increasing nutrient load.

INTRODUCTION

To give a theoretical analysis of processes in ecosystems it may be fruitful
to use simple mathematical models, containing just a few aggregated varia-
bles and allowing an analytical treatment, but still giving a qualitatively
correct representation of basic processes in ecosystems. Moiseev and
Svirezhev (1979) suggested to term such models minimal models, stressing
that they are to grip a certain basic ‘minimal’ structure, which is responsible
for the most essential dynamic ecosystem processes. Note that there is
obviously no unique mathematical formalization of the minimal structure
and therefore there may be several minimal models for each ecological
system.

Earlier simple dynamic models were proposed for the eutrophication
process is freshwater ecosystem (Voinov and Svirezhev, 1981, 1984). They
gave a qualitative account of variations in phytoplankton concentrations in
a lake under the impact of varying anthropogenic loads. The role of
macrophytes, both submerged and emerged, is essentially different from the
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Fig. 1. Flow diagram of material in a lake ecosystem. Numbers indicate: 1, 2 — nutrient
uptake by phytoplankton, and macrophytes, respectively; 3, 4 — mortality of phytoplankton,
and macrophytes, respectively; 5 — destruction; 6 — uptake of nutrients from sediments by
macrophytes; 7 — reaeration. Broken lines show ‘information’ flows.

role of phytoplankton, as their appearance in the lake noticeably affects the
total system dynamics. It is known that the macrophyte stage is very
-important in the life-cycle of fresh-water bodies; consequently the ecological
role of macrophytes should be taken into account when studying the
long-term lake dynamics.

- The lake ecosystem is represented by some very simple models, described
by systems of ordinary differential equations with variables representing
concentrations of phytoplankton and macrophytes, competing for nutrients.
The material cycle is closed by the vartable which stands for the concentra-
tion of detritus (Fig. 1). By methods of qualitative theory of differential
equations the model steady-state dynamics are studied (the ‘gquasi-sta-
tionary’” process). The predicted evolution of the water body turns to be in
good agreement with the existing ideas about the succession of vegetation
types under an increasing nutrient load. Proceeding from some general
ecosystem characteristics one may define which pathway the lake evolution
is most likely to follow.
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MACROPHYTES IN LAKE ECOSYSTEMS

Both submerged and emergent macrophytes, unlike the rest of the water
vegetation and phytoplankton, are attached to the bottom and can uptake
nutrients from the sediments, the settled detritus, etc. Submerged macro-
phytes are provided with nutrients partly from the bottom and partly by
those dissolved in the water. The emergent ones get practically all their
nutrition from the bottom. This source of nutrition gives emergent macro-
phytes a certain competitive advantage with phytoplankton. Furthermore,
macrophytes occupy the shores of water bodies and are the first to catch the
allochthonous nutrients. Phytoplankton, on the other hand, reaching suffi-
ciently high concentrations, can suppress submerged macrophytes depriving
them of light. However, macrophytes can develop for some time in the dark
due to so-called ‘dark respiration’ uptake of reserves; this ability to accu-
mulate nutrients is a distinctive feature of macrophytes. While the aerial
part of the emerging macrophytes dies every year, their root system lives for
a number of years, with the ratio of the root biomass to the rest of the plant
being close to unity.

It is hard to take account of all these properties in the framework of a
mimimal model, and they are hardly egually significant when analyzing the
long-term qualitative lake dynamics. Analysis of this kind for the eutrophi-
cation process has been performed in a paper by Voinov and Svirezhev
(1984) where the dynamics of phytoplankton, nutrients, detritus and dis-
solved oxygen have been modelled. The choice of these variables has been
based on some general biological speculations as well as asymptotic analysis
of material transformations in freshwater ecosystems. To consider the mac-
rophyte dynamics, let us add one more variable — the concentration of
macrophytes — and rewrite the model in the following form:

a=ana— pa

= (Bn+8s)(1—m/M)m—ym

A=8(x)s—ana— Bn(l—m/M)m (1)
§=pa+ym—38(x)s—8s(1-m/M)m
t=k{x,—x)+éa+im—-08(x)s

where a is phytoplankton concentration, m macrophyte concentration, #
nutrient concentration, s detritus concentration, and x concentration of
dissolved oxygen. The parameters in system (1) have the following sense: a
is the uptake rate of nutrients by phytoplankton {(mg/1) ' day 1), p

phytoplankton mortality (day 1), k reacration coefficient (day '), assimila-
tion coefficient, i.e. the O, output in photosynthesis (mg O, mg ! biomass
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Fig 2. Destruction rate of dead organic material and recycling of nutrients as function of the
dissolved oxygen concentration. Broken line shows the function for phosphorus limited
ecosystems.

day 1), o biochemical oxygen demand in destruction process (mg O, mg™"

biomass), x, saturation concentration of oxygen (mg/l), 8 uptake rate of
dissolved nutrients by macrophytes ((mg/1) ! day™'), 8 uptake rate of
nutrients of detritus by macrophytes ((mg/1)"! day™'), y macrophyte
mortality (day~™!), ¢ assimilation coefficient for the submerged part of
macrophytes (mg O, mg~' biomass day '), M carrying capacity of the
environment for macrophytes (mg/l); 8(x) (day !) characterizes the rela-
tionship between the destruction rate of dead organic material (the recycling
of nutrients) and the concentration of dissolved oxygen and it takes the form
of one of the two functions presented in Fig. 2. This model may be studied
by methods of the qualitative theory of ordinary differential equations.

MODEL WITH EMERGING MACROPHYTES, NOT ACCOUNTING FOR CARRY-
ING CAPACITY

Consider the special case when 8= 0, that is, macrophytes uptake nutri-
ents only from the sediments. This is the kind of nutrition, which is specific
to emerging macrophytes; they receive a negligibly small fraction of nutri-
ents from the water. Since photosynthesis of emerging macrophytes dis-
charges oxygen primarily into the atmosphere, we may suppose that {=0.
Also suppose that the carrying capacity of the environment by far exceeds
the existing macrophyte concentrations, i.e. m/M = 0. This assumption is
quite plausible for shallow water bodies, where macrophytes can cover the
whole surface area.

For the first four equations in system (1) there exists the first integral:

a+m+n+s=A=constant (2)
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Thus system {1) may be rewritten in the following form:

d=a(B—m—a—s)a
=Nsm —ym

S=pa+ym—=8(x)s— Nsm (3)
f=k(x,—x)+¢a—08(x)s
where B= A — p/a. This system has three steady-state points:
(1) a,=0; m=0; s5,=0; n=4; x =x
(2) a2=8(x2) B/(S(xz) + P); m,=0;
s,=0B/(8(x;)+p); n,=p/a
where x, is the solution to the equation:
k(x,—x)+fa—0d,(x)s=0 (4)

with a=a,, s=s,.
(3) a3 =8(x,) v/p®; my=B—v(8(x;) +p)/Bo;
§5;=v/8;, ny=p/a
x, is again the solution to equation (4), which now takes the form:
k(x — x5} +£8(x;) v/p¥ —a 8,(x;) v/8=0 (5)

For the second stationary point, which is just the same as the non-trivial
equilibrium in the model studied earlier (Voinoz and Svirezhev, 1984), 1t is
easy to show that equation (4) has a unique positive root if 8(x) =8,(x).
When the parameters satisfy the condition that £ > ap we get x, > x,, which
means that the lake becomes a source of oxygen. Otherwise x; < x,. For
8(x) = 8,(x) in the general case we cannot be sure that a root will exist in
(4). Rewrite (4} as:

k{x,—x)8,(x)+p)+&8,(x) B=opB §,(x).

The left-hand side here is a monotone non-increasing function of x, denoted
f,(x); the right-hand side is an increasing function, f,(x). Since fi(o0) <
f5(o0), for a root to exist in (4) it is sufficient that £(0) > £,(0), that is:

kx,p+8,(0)(€B + kx,) > 8,(0) 8pB {6)

Note that since 8,(0) = §,(0) the latter condition will hold for most of the
real parameter values. The root will be localized in the interval [0, x_ ], if we
additionally demand that f(x,) </f,(x,), i.e. & 8,(x,) <op 8,(x,). This
condition is also most likely to hold, since &,(x,} << 8,(x,) and it will
certainly hold when £ < op.
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Fig. 3. Graphical solution of equation (6).

Consider now the third steady state point. Let 8(x) = 8,(x). Then {rom
(5) we get:

8,(x)=k(x,—x)}pN/(ap—§)y
=kx./(op— &)y — kpRx/(op— )y (7)

We see that this equation has a unique positive root {Fig. 3), and since
x = x_+8,v(§—0p)/kpR, as previously we find that when £ > op, x, > x
and the lake is a source of oxygen, while for £ <op, 0 <x, < x_.

Suppose that 8(x) = 8,{x); consequently:

k(x,—x)+£8,(x)y/pR =0y 8 (x)/N (8)

Since §,(0) = §,(0) it is most likely that for real parameter values kx, +
£ 6,(0) y/pN >0y 6,(0)/N and ecquation (8) has a unique positive root,
because it has 2 monotone non-increasing function in its left-hand side and
a monotone increasing one in the right. Again since §,(x,) << 8,(x,), the
root in (8) 1s most likely to be localized in [0, x ], and will certainly belong
to this interval when £ < op.

Thus, system (3) has three steady state points. The stability analysis by
the linear approximation shows that for 4 < p/a = A, the first point is the
only stable one, the second steady state 1s the only stable one for 4, <4 <
y(8(x5) + p)/Rp+p/a=A, and for 4 > p/a+ v(8(x;) + p)/Np=A4, the
third point will be stable, the first two points being no longer stable. It
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Fig. 4. Succession in a macrophyte lake.

should be noted that the stability conditions for the second and the third
steady states coincide with the conditions of their existence, that is, positive-
ness. Consider the ‘quasi-stationary’ process. Suppose 4 = A(¢) is a function
of ‘slow’ time, i.e. 4 varies so slowly, that the system always manages to
come to its steady state. Thus the following pattern of development in a
macrophyte lake (Fig. 4) is obtained. At first the water body is in the ‘dead’
state, characterized by the first stationary point (4 < A4,). As the total
amount of material in the ecosystem increases and passes the threshold
value (A4 > A,) the water body ‘comes to life’ and further develops as a
phytoplankton ecosystem. However, passing the next threshold value (A4 >
A,), the system comes to another stable state, characterized by a constant
phytoplankton concentration and progressive growth of emerging macro-
phytes. Dynamics of this kind correspond to the existing ideas about the
development of freshwater ecosystems under the increasing amount of
material due to the growing nutrient load.

MODEL OF EMERGING MACROPHYTES, ACCOUNTING FOR CARRYING CA-
PACITY

Consider now the case when the growth of emerging macrophytes de-
pends upon the carrying capacity of the environment, ie. suppose that
macrophytes can normally vegetate only on a certain area which they can
occupy in course of their development. In natural ecosystems the size of this
area depends upon the water depth, roughness of the lake surface, water
transparency, illumination and many other factors.

Assuming, as in the previous model, that =0, £ =0 and taking (2) into
account, we get from system (1):

éd=a(B—m—a—s)a

=81 —m/M)sm—ym
§=pa+tym—38(x)s— R ~m/M)sm
x=k(x —x)+£fa—08,(x)s

(9)

This system has four stationary points. The first two are the same as the 1st
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and the 2nd stationary points in the previous model. The 3rd point has the
following form:

(3) ay=8(x)(B-M+ V(B — M)+ 4yM(8(x;) + p)/xp)

/2(8(x3) +p);
3= pa3/8(x;); my=M(1- y8(x;)/a8p); ny=p/a
x; is found from equation (4).

The 4th equilibrium is always negative. As in the previous model the
localization problem may be solved for roots of (4). The succession of steady
states is the same as in the previous model. The threshold values of A4 also
remain the same, coinciding with the positiveness conditions for the ap-
propriate points. However the introduction of the environmental carrying
capacity for macrophytes radically alters the dynamics of the 3rd steady
state. When 4 grows from 4, to M the ecosystem development is char-
acterized by a progressive macrophyte growth and a slight increase of the
phytoplankton biomass. When A4 passes the threshold value 4 = M and the
total biomass grows further, the macrophyte biomass asymptotically ap-
proaches M, while the concentrations of phytoplankton and detritus sharply
start to grow (Fig. 5), i.e. the system steady state becomes characterized by a
constant macrophyte biomass and a progressively growing phytoplankton
population. It may be concluded that macrophytes play a role specified by a
barrier-type function with respect to the nutrient load. After they reach a
certain saturation level (for instance, when the cell accumulation of nutrients
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Fig. 5. Phytoplankton (1) and macrophyte (2) dynamics under increasing nutrient load:
a=046, p=012, ¥ =101, y=0.05, § =042, M =300, 4,=049.
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is at maximum or all the area suitable for vegetation is covered) they can no
longer intercept the nutrient load and phytoplankton production is activated.
An example is presented by the ecosystem dynamics in the macrophyte lake
Sevan in Armenia. After a rapid release of water, when the carrying capacity
of the environment for macrophytes was sharply reduced, phytoplankton
immediately became the dominant primary producer in this lake
(Pokrovskaya et al. 1983).

MODEL WITH SUBMERGED AND EMERGING MACROPHYTES

Let us suppose that by m we represent the aggregated biomass of
submerged and emerging macrophytes. In this case it is difficult to specify
the value of the carrying capacity and therefore macrophytes are considered
to be independent of it. Aggregated macrophytes uptake nutrients both from
the water body and from the bottom (Fig. 1), consequently now £+ 0.
Additionally, submerged macrophytes produce photosynthetic oxygen in the
water, so ¢ # 0. Thus, taking (2) into account, we can write system (1) in the
following form:

d=a(B—m—~a—s)a
d=B8{Ad—a—m—s)m+Nsm—ym (10)

§=pa+ym—38(x)s—Nsm
i=k(x,—x)+éa+im—0o8(x)s
Let us find the steady state points in this system. The first two points remain
unchanged:

(1) a=0; m=0; 5,=0, n=4; x,=x
(2) a,=8(x,)B/(8(x,) + p); my,=0;

5, =pB/(8(x;) +p); my=p/a
X, 18 a root to equation (4).

5

There also appear three new stationary points:

(3) a;=0; my=—(y(B—8)+pE—NB +VD)/288
sy=(v(B— )+ B8+ 8B, +VD)/2¥(f - N)
ny=A—m,;— sy 8§=28(x;)
x4 is a root of the equation:
k(x,—x)+&my—08(x)s;=0 (11)
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(4) a,=0; m,=—(y(B—N)+B5—NB —VD)/2M88
s.=(v(B—N)+ B3+ 8B, —VD)/2R(B - W)
ny=A—m,—s,; 8§=28(x,)

x, is found from equation (11} substituting m, and s5,.

Here the following notations have been used:

D=(y(B—8)+B8+RB)" —4ay(B—®)B,
B1:BA_Y

(5) as=(ay—pB)ad+ Bp)/apR(a—B)~BB/(a—B)
ms= —(ay—pB)(p+8)/p8(a—B)—BB/(a-B)
ne=p/a; s;=(ay—Bp)/a¥¥; §=28(x;)
X 1s the solution to the equation:
k{x,—x)+éatém—od(x)s=0 (12)
when substituting a,, m. and s,.

Let us see when these points belong to the positive orthant of the phase
space. The 1st point is always positive. The 2nd point is positive for
A >p/a=A,. Itis easily shown that the third point is ecologically sensible
only when
A, ={y+8(x,))/B<A4<y/B=4,

The condition ¥ > B(y + &) should hold in this case. The condition for the
4th point is A > min{(y+ 8(x,)/N, v/8}. And finally the 5th point is
positive only when ay > Bp and min(A4,, 4;) < A < max(A,, As), where:

Ay=p/a+ (ay — Bp)(a 8(x,) + Bp}/aBoB
A;=p/a+ (ay— Bp)(p+8(x5))/ap®

Notice that A, <A, when a<pg and vice versa. Moreover, for ¥ > g
another condition appears which follows from the demand that the discrimi-
nant D be positive:

A= (v—8)/8 — 2/B6v(N — B) /N8
<A<(y-8)/R—2/B5v(N—B) /NB=4,

Another series of conditions may still appear from the expressions for the
oxygen concentrations x; (i =2, 3, 4, 5).

Since it is hardly possible to study analytically the stability of all these
points, we resort to numerical computer analysis. A special programme was
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used to compute the roots of the characteristic polynomial for the linearized
matrix. The model parameters have been estimated basing on data from
literature (Jorgensen, et al., 1978; Bikbulatov and Bikbulatova, 1979; Yeli-
zarova, 1982).

Calculations have been performed for all kinds of combinations of the
following parameter values:

a=10.5 1.0 2.0 3.0
p=0.05 0.1 0.15 0.3

B=0005 001 0.1 0.5
¥ =0.05 0.1 0.5 1.0
y=0.001 0.005 0.01 0.03
k=0.1 1.0

£=0005 001 005 01

{=0.0005 0.001 0.005

c=0018 005 008
xg=10 15 20

x,=22 25 30
xg =100
3=004 001 025 04

First the model was analyzed for 8({x)= constant, that is assuming the
ecodynamics to be independent of oxygen concentrations. As in the preced-
ing models the values A, (i =1, ...,7) turned out to be thresholds in the
succession of the system stable regimes. The following scheme of calcula-
tions was followed:

(1) compute the threshold points A4,;

(2) divide each interval between two thresholds [A4,, A,] into ten parts:

if A;=mind,, then A, =0;if 4, = max4, then 4,=24,

(3) for A fixed at one of the intermediate interval points, compute the
stationary values for a, m, s and n and study the stability of the point;
(4) pass to the next intermediate interval point and go to 3.

Numerical model analysis for different combinations of parameter values
leads us to the conclusion that, generally, all the variants of ecosystem
succession under the impact of growing material amount 4 may be reduced
to the patterns presented in Fig. 6. The possible domains of stability of the
stationary points for two sets of parameters are presented in Fig. 7. It also
turned out that the value of 8 has no effect upon the development of the
alternating stable ecosystem states. Since § is determined by the steady state
oxygen concentration x*, we may think that within the framework of the
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1 2 5 5 5 [ 4
0 A, Ag A, Ay Aq Ay A
(a}
1 - 2,4 5,4 4 4
o} Ay A, A, Ag A, A, A
(b}
1 2 2 2 2 5 4
0 4 4, As V- Ag Ay A
{c)
1 1 7,4 4 4 .4 4
0 4, A, Ay Ag Ag A, 4
(d)
1 2 2 2,4 4 4
o Ay A A, As Ay A
(&)
1 2 2 5 5 4
0 Ay Ay Ag As Ag A
{f)
1 1 1 4 a 4 4
0 Ay Ay Ay Ag 4, Az 4
(9
1 1 2 5 5 4 4
) 4, A Ag 4, A, 4. 4
{h}

Fig. 6. Different ways of lake evolution with submerged and emerging macrophytes. Figures
indicate the numbers of cquilibrium points which are stable in the given interval.

model oxygen dynamics has no qualitative effect upon the succession, but
only changes the quantitative values of the thresholds A, between different
steady states.

To study the dynamics of oxygen, the function 8(x) was approximated by
a piecewise linear one and the following scheme of calculations was chosen:
{1) choose a sufficiently small value 4;
(2) by method of halving the interval solve equation (4) with substituted a,

and s, to get the value x,;

(3) similarly solve equations (8) and (9) to find the values x,, x, and x;
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Fig. 7. Domains of stability of steady state points. I — 1st point is stable, II — 2nd point is
stable, III — 4th point is stable, IV — 5th point is stable.

(a) p=0.05, =003 8 =013, y=0.01, § =0.019.

(b) p=0.07, B=008, ¥=1.00, y=0.01, § = 0.019.

(4) compute the corresponding values of a, s, m and n;
(5) increase A by A4 =1 and go to 2 if 4 is smaller than the preset
parameter A .

It turns out that oxygen concentrations that correspond to positive stable
points take on plausible values close to x,.

What may be the interpretation of the obtained variants of ecosystem
development? As in the first model version the evolution starts with the state
characterized by absence of life in the ecosystem (1st point) and eventually
comes to the state in which phytoplankton loses in competition, declines to
extinction and macrophytes dominate the lake (4th point). Between these
states the ecosystem may go through a series of stable steady states. Figure 6
demonstrates the succession of stable states in the system for varying model
parameters and external nutrient load. Most typical is the succession:

1-2—-5—4
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state 4

o A, As A

Fig. 8. Hysteresis in a lake ecosystemn. Broken lines indicate that the state is unstable. Solid
lines show the two possible ways in steady state dynamics as function of the total matcrial
concentration A.

i.e. from the trivial stable point, from the ‘dead’ state the lake comes to the
phytoplankton stage, macrophytes appear in the lake when the external load
is further increased (5th point), they displace phytoplankton and the lake
comes to the macrophyte stage (Figs. 6a, c, f, h). Note that in some cases
two steady states may be stable simultaneously (Fig. 6b, d, ). This indicates
that ‘hysteresis’ may occur in the system. In fact, consider variant e. The
lake is in the 2nd state while the external load slowly mounts. Since the
ecosystem is already in the 2nd state, even when the threshold value A4, is
passed and another stable state appears, it will still remain in the 2nd state,
which loses stability only after 4 > A,. Vice versa, suppose now we are in
the 4th state and start to reduce the total material account in the ecosystem
(mowing of macrophytes, extraction of detritus and so on). Passing the
threshold A, we still remain in the 4th state and the ecosystem is trans-
ferred to the 2nd state only when A <A, (Fig. 8). The resulting hysteresis
loop reflects the well-known fact that it is much easier to destroy an
ecosystem than to restore it. In order to bring it to its initial state we need to
spend much more than we should have spent to support this state.

CONCLUSION

Analysis of simple minimal models of freshwater ecosystems gives a
general qualitative pattern of their development under the impact of a
slowly increasing external load. Introduction of emerging macrophytes into
the model alters the previous description (Voinov and Svirezhev, 1984) of
the eutrophication process. A new ‘macrophyte’ state of the ecosystem
appears. For large carrying capacities of the environment this turns out to be
the final state in the developmental series; the mounting macrophyte bio-
mass results in gradual bogging of the water body. The regime, when the
water body becomes a source of oxygen under the increasing nutrient load
(oxygeneous eutrophication), is less probable in the macrophyte state.



225

When the carrying capacity is bounded, the macrophyte stage is char-
acterized by limited macrophyte growth. IFurther increase in the external
load again results in growing phytoplankton concentrations, that is, in
‘phytoplanktonic eutrophication” of the water body.

Some refinement of the model, by the introduction of submerged macro-
phytes, makes the analysis considerably more complex. Computer simula-
tions show that though the general lake succession remains the same —from
a ‘dead’ lake towards a macrophyte one — there 1s a variety of intermediate
stages. Their sequence depends upon concrete parameter values specifying
the ecosystem. However, the study of the refined model reveals some
drawbacks of the adopted conceptional scheme. As a result of the aggrega-
tion of submerged and emerging macrophytes in one block, macrophytes
always displace phytoplankton in competition. This is actually so if we take
into account competition for nutrients only. In competition for light phyto-
plankton enjoys more favourable conditions in comparison with submerged
macrophytes and displaces them when the nutrient load is increased. To
represent this mechanism in a model we need to take into account the light
limitation of vegetation growth, which in this case defines the carrying
capacity for macrophytes. Submerged and emergent macrophytes will have
to be disaggregated, making the qualitative analysis much more difficult.
One may expect only a numerical study within the framework of a more
complicated simulation model.

In the model the threshold values of A, indicating the beginning of the
macrophyte stage in the lake development, usually were rather large. There-
fore we may think that this stage presents the period of overgrowing and
bogging of the lake. In this case the model results give a sufficiently
adequate representation of the qualitative development process in natural
lake ecosystems. Thus, using simple models, one may deduce interesting, not
obvious intuitively, regimes in lake dynamics (hysteresis, ‘oxygen eutrophi-
cation’), and find the conditions for the model parameters necessary for
their origination. It should be noted that qualitative models in ecology, as a
rule, may be related to one of the two classes. On the one hand, it is the
models which emanate from a mathematically interesting result which is
then interpreted in appropriate ecological terms. On the other hand there is
the concept of minimal models which are essentially derived from the
ecological object by ‘minimizing’ it to such an extent that it may be studied
qualitatively though not necessarily analytically. Usually this gives no new
mathematical results, but leads to a more ecologically justified representa-
tion.
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