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1 Introduction

One of the main goals of algebraic topology is finding homeomorphism invariants: certain structures that
don’t change under such transformation. These invariants allow us to tell different spaces apart. In point
set topology, we were introduced certain topological properties such as compactness, connectedness and
Hausdorffness. These are all homeomorphism invariants, but are too weak to differentiate between different
spaces and give a satisfying characterization.

In algebraic topology, we encountered the fundamental group 7, (X, p) for a space X, which consists
of all the loops on X that cannot be deformed into each other. It is, in fact, sufficient to classify the closed
orientated 2-dimensional surfaces, but insufficient for higher dimensions. This can be generalized to higher
homotopy groups 7 (X, p), but the drawback is that they are very difficult to compute. In this paper, we will
introduce a homeomorphism (and homotopy) invariant that’s powerful but relatively easy to compute, called
the de Rham cohomology. Roughly speaking, it characterizes the topological properties of X by measuring
the extent to which the fundamental theorem of calculus fails on X.

Towards this end, we introduce the theory of differential forms in Section E} We understand them as
dual objects to vector fields: just as a vector field assigns to each point a tangent vector in R", a differential
k-form assigns to each point a k-covector. The calculus of differential forms generalizes the vector calculus
on Euclidean spaces to manifolds. Section [3|gives a formal introduction to de Rham cohomology, building
up to the Mayer-Vietoris sequence—the main algebraic tool to compute cohomologies—and homotopy
invariance of the de Rham cohomology. Section []introduces some applications of de rham cohomology,
such as the cohomology of the sphere, Brower’s Fixed Point Theorem, and the Hopf Invariant.

We will assume knowledge of linear algebra, point-set topology, the basics of algebraic topology (i.e. the
contents of this course up to homotopy), and familiarity with groups. Knowledge of manifolds is helpful but
not required; for the majority of this paper, we will treat manifolds as open sets in R"™.

2 Basics in Differential Geometry

Definition 2.1 (C* functions). A function f : U — R on a open set U in R" is said to be smooth, or C*°,
if its partial derivatives 87 f /Ox*...0x" of all orders exist, and are continuous at every point p € U.

2.1 Tangent Vectors in R"

In calculus, we treat a vector v at a point p € R™ as a collection of numbers v = (v1,va, ..., vp), OF
geometrically, as an arrow emancipating from p. However, these characterizations are hard to generalize to
more abstract objects such as manifolds, which are not embedded in a Euclidean space. Instead, we will
think about vectors as certain operators on functions, which are much easier to work with.

Let U be an open set in R™, with the standard Cartesian coordinates (z!, ..., ™).



Definition 2.2 (Tangent space). The tangent space to U at p is defined as T,,(U) = {(p,v) : v € R"}.

There is a natural correspondence between T,,(U) and U, given by (p, v) — v. When the choice of the
base point is clear, we will simply refer to (p,v) as v.

For each v = (v1, va, ..., v,) € T,(U) and each C* function f on U, we denote D,, f as the directional
derivative of f in the direction of v at p. By the chain rule,

D,f = Zl}i of (p)

ozt

We write D, = v 6‘31 |, as the map that sends f to D, f. The identification v — D, allows us to treat

tangent vectors as operators on functions. It is clear from the identification that {% |p} is a basis for T, (R™).
Definition 2.3. A vector field X assigns to each point p € U a tangent vector X, € T,,(U).

Explicitly, a vector field can be written as X =} . ai%, where a® are C> functions on U.

2.2 Wedge product and Multicovectors

Moving on from tangent vectors, we take the dual point of view and study the linear functions on a tangent
space. This turns out to be more fruitful, as there are much more we can do with linear functions: we can add
them, multiply them, compose them, and scalar multiply them. We are especially interested in alternating
multilinear functions, or mulitcovectors, as they enable us to generalize familar notions in vector calculus.

Definition 2.4 (Multilinear functions). Let V¥ denote the Cartesian product of k copies of a real vector
space V. A function V¥ — R is k-linear if it is linear in each of its k& arguments:

flyav+bw,..)=af(..,v,...) +bf(...,w,...).

The symmetric group S}, acts on the group of k-linear functions in the following way: If f is a k-linear
function and o is a permutation in Sk, o f is a new k-linear function defined by

(Jf)(U17 ey U}C) = f(va'(l)> ey va(k))'
In other words, the action of ¢ permutes the indices of the vector space V.

Definition 2.5. We say a k-linear function f is alternating if o f = (sgn o) f for all ¢ € Sj.. An alternating
k-linear function is also known as a k-covector, or a multicovector of degree k. The space of all alternating
k-linear function on V' is denoted as A; (V). When k& = 0, we define a O-covector to be constant. A
1-covector is simply a covector.

Example 2.6.

(i) The cross product v x w on R? is a 2-covector.

(ii) The determinant f(v1, ..., v,) = det(vy, ..., v, ) on R™ is a n-covector.

If f is an alternating k-linear function, and g is an alternating [-linear function, we would like to have a
product that is (k + [)-linear and also alternating. This motivates the following
Definition 2.7 (Wedge product). For f € Ai(V) and g € A;(V), the wedge product of f and g is given by

1
FAglor, o) = B Z (sgn U)f(va(m -~-Ua(k))9(%(k+1)7 ~~~7%(k+l))~

O'ESkJrl

Here sgn(o) denotes the signature of the o. When k = 0, the function f € Ag(V) is simply a constant ¢. In
this case, the wedge product c A g is scalar multiplication.



Remark 2.8. It is not hard to check that f A g is indeed an alternating (k + [)-linear function; we leave this
to the readers.

Remark 2.9. The coefficient ﬁ compensates for repetitions in the sum: for every o € Sy, there are k!
permutations 7 that do not change the arguments of g. These permutations contribute the same term in the
sum, since

(s8n.07) f(Vor(1), s Vor(h)) = (s 0T) (580 T) f (Vg (1)s -+ Vo(k)) = (S8 0)f (Vo(1)s -+ Vor(i))-

Similarly, there are {! permutations that do not change the arguments of f. We divide k!l! to account for
these repetitions.

Example 2.10 (Wedge Product and Cross Product). Let V' be a 3-dimensional vector space with basis

e1, ea, e3, and dual basis o', a?, . At each point, we can associate a 1-covector & = ajal + asa? + aza®

on V with a vector v, = (a1, a2,a3) € R3; a 2-covector
v = clon Aad + 02a3 Aat + 03a1 A o?

with v, = (c1, 2, c3) € R3.
Let o = a1a! 4+ asa? + asa?, B = bia' + bya® + bza®. Then we have

a A B = (agbs — azby)a® A a® + (azby — a1b3)a® A ol 4 (a1by — agby)a® A oP,

This corresponds to the cross product of vectors in R3, i.e. vang = vo X vg. Thus, the wedge product is a
generalization of the cross product from R? to R™.

Proposition 2.11 (Anticommutativity). If f € Ax(V) and g € Aj(V), then f A g = (—=1)*g A f.

i+k ifi<l

i1, ifis>l It follows that

Proof. Define permutation 7 € Sy, where 7(i) = {

1

fAg= T D (5800) f(Va(1): - Va(e)) 9 Wo(a1)s -1 Va(iri))
o €Skt
1
= 0 Z (sgn.0) f(Vor(i+1)s - Vor(4+k) )9 Var(1)s -+ Vor (1))
o oESK41
sgn(7)
= W Z (Sgn JT)f(UJT(l+1)7 -~-UJT(l+k)>g(UJT(1)a ---ava'r(l))
o oESk41
= (sgn7)g A f.

The last equality follows from the fact that when o runs through all of Sk, so does o7. It remains to check
that sgn 7 = (—1)*, which will be left as an exercise. B

Corollary 2.12. For f € Ax(V), f A f=0.

Given a vector space V/, denote its basis as ey,..., e, and its dual basis as al, ..., a™. Using the multi-

index notation I = (i1, ...i ), we write el for (e;,, ..., e;, ) and o for (o’ A ... A ai*). For the rest of this
section, we seek to find a basis for Ay (V'), the space of k-covectors on V.



Lemma 2.13 (Wedge product of covectors). Let o', ..., a* be covectors on a vector space V, and vy, ..., vy, €
V. It follows from a straightforward computation that

(@' Ao Aa®)(vy, ..y vp) = det]a (v;)]
. The right-hand side of the equation denotes the determinant of the matrix with ai(vj) as its (i, j) argument.

Corollary 2.14. Let V be a n-dimensional vector space with basis e1, ..., e, and dual basis o', ..., ™. If
I'=(i1 <..<ig)and J = (j1 < ... < ji) are multi-indices of length k, then

1, ifI=J,
al(eJ)=55={0 Uz}[;é],

Proof. By Lemma[2.13] we have

ol(ey) = det[a’(e))]ier, je-
If I = J, then [ai(ej)} is the identity matrix, which has determinant 1. Otherwise, if I # J, we consider the
smallest [ for which i; # j;. Without loss of generality, assume that 7; < j;. Observe that i; # ji for k < [,
because ji = i and [ is strictly ascending. Furthermore, i; # ji for k > [, since j; > 4; and J is strictly
ascending. Thus, the [-th row of the matrix ol (e) is all Os, which implies its determinant is 0. W

Proposition 2.15. The alternating k-linear functions o, I = (iy < ... < ix), form a basis for A(V).

Proof. First, we will show linear independence. Suppose >, cyal = 0. Applying both sides to e, we get
0= ZC[O{I(GJ) = Zc[({[] =cyJ.
I I
To show that the af span Ay (V), we claim that for any f € A,(V),
F=>flena.
I
This is clear if we again apply e to both sides. Thus, the a7 form a basis for A (V). &

2.3 Differential forms

In this section, we will introduce the theory of differential forms. They can be viewed as a generalization of
covector fields, which are, after all, differential 1-forms. Differential forms provide us with a framework to
generalize notions in vector calculus such as gradient, divergence, and curl. More importantly, they turn
out to be objects that can be integrated over manifolds. We therefore give meaning to dz, dy, dz—what was
merely a notation in vector calculus.

Definition 2.16 (Differential 1-form). A differential I-form, a I-form, or a covector field on an open subset
U of R™ is a function w that assigns to each point p in U a covector w, € T; (R™),

w:U— | T @®™),
peU
P wp € Ty (R™).

A C function f : U — R induces a 1-form df, called the differential of f, defined pointwise by
(df)p(Xp) =X, f, VpeU.

Intuitively, one may think of (df), as an infinitesimal change of f at point p.



Let !, ..., 2™ be the standard coordinates on R™. The set of tangent vectors {% lps s % p} 1s a basis
0

for T,(R™). Note that
i 0
@(557,) = 3

Thus, the set {(dxz'),, ..., (dz™),} is a basis for the dual tangent space T (R").

(z%) = (5;

p

Definition 2.17 (Differential k-form). A differential k-form or a k-form on an open subset U of R™ assigns
each point p in U a k-covector wy, € A (T,(R™)).

By Proposition , the set {dz]};—(1<i,<...<i,<n) forms a basis for Ay (T},(R™)). Thus, w, can be
written as a linear combination

wp =Y ar(p)dz), 1<ip < .. <ip <n,
where a are functions from U to R. Globally,

w:Za1d$I7 1§21§§zk§n
I

Here, w is said to be C° if all the a; are C*°.

One should not let the formal definition of differential forms obscure its geometric intuition: a k-form
can be thought of as a measuring device for orientated k-dimensional volume elements. For k = 1, a good
analogy is that if the vector field is a velocity field, then a 1-form is a "speedometer field." To make this
more concrete, let e; be the Cartesian basis elements of R3, dz* be the coordinate 1-forms, and a; be smooth
functions. A 1-form on R? looks like

w = ardz’ + aodz® + asdz’.
If X = X'e; + X?ey + X3es is a vector field on R3, then
w(X) = ale + CLQXQ + a3X3

may be viewed as a measurement: it is the sum of a; times the ¢-th component of X.
For a 2-form w = ajdz? A da® + azda® A dzt + asdz® A dx? and a bivector field X = (V, W), we have

W(X) = ayda® Ada®(V, W) + agda® A da* (V, W) + agda A dz?(V,W).
To illustrate what this looks like, we expand one component of this sum, say azdz® A dz?(V, W):
asdz A dz?(V, W) = as (dml(V)de(W) - dxl(W)d:vz(V)> = az(VIW2 - WV, (1)

At each point, V and W span a parallelopiped in R3. The right hand side of (T)) is exactly a3 times the
projection area of this parallelopiped onto the (', z?) plane (see Figure|1).
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Figure 1: The x!,2? component of w(X)

For a general k, the differential k-form at each point is a measuring device that takes in an k-dimensional
parallelopiped (technically, it takes in %k tangent vectors, which one should think of as spanning a k-
dimensional parallelopiped), and spits out a number proportional to its hypervolume. The formal definition, "a
multilinear alternating function on k tangent vectors," says the same thing: multilinear and alternating means
that it spits out a number proportional to the length/area/volume/hypervolume. Note that the determinant,
which is used to compute the volume of a parallelopiped (and its higher and lower dimensional analogues),
has the same properties. In a sense, covectors are generalizations of the determinant, as illustrated in Lemma
213

Next, we introduce an important operation on differential forms, called the exterior derivative, which
generalizes the divergence, gradient and curl operators in the vector calculus of R3.

Definition 2.18 (Exterior derivative). The exterior derivative of a C™ k-form w = 3" ardz! is

dw =Y dasndz' =Y ( aﬂ.dxﬂ') Adz! € QL)
I I

— Oxd
J

If k = 0, the exterior derivative of w : U — R is its differential dw.
This formulism is nice, but we will mostly work with the exterior derivative in terms of its axioms.

Definition 2.19 (Exterior derivative). The exterior derivative is the unique linear map d : Q*(U) — Q*(U)
that satisfies the following properties:

(i) For a k-form w and a [-form 7, d(w A 7) = (dw) A T+ (=1)kw A dr.

(i) d*> = 0.

(iii) If f € C®(U), thendf = 3., 2L du'.

i Ox?

Example 2.20 (Exterior derivative and div, grad, curl). On R3, we can identify a function f with a O-form f
or a 3-form fdxdydz, as they are all 1-dimensional. Similarly, we can identify a vector field X = (f1, f2, f3)
with a 1-form fidx + fody + f3dz or a 2-form

fidydz + fadzdz + fsdzdy,



as they are all 3-dimensional. Applying the exterior derivative on functions, we get

_of .  9f,  9f
df = 8xdx+ 8ydy+ 8Zdz.
On 1-forms,
0 0 0 0 0 0
d(fidz + fody + f3dz) = (ai; - %)dydz + (% - %)dzdx + (a—f - a—{;)dazdy.
On 2-forms,

af, Ofs O
d(frdydz + fodzdz + fadedy) = (% + ai; + %)

Thus, we have the following correspondence
d(0 — forms) <— gradient,
d(1 — forms) «— curl,

d(2 — forms) «— divergence.

Definition 2.21. A differential k-form w is closed if dw = 0, and exact if w = dr for some (k — 1)-form 7.

2.4 Pullbacks and Pushforwards

Definition 2.22 (Pullback of smooth functions). Let f : R”™ — R” be a smooth function. For any smooth
function g : R™ — R, the pullback of g by f is defined as f*(g) : R™ — R, wheref*(g) = go f.

By composition with f, a function on the codomain of f is "pulled back" to a function on the domain of
f. Tangent vectors are operators on functions, so while functions get pulled back, tangent vectors are sent
forward. Indeed, we can see this in the following

Definition 2.23 (Pushforward of tangent vectors). Let f : R™ — R" be a smooth function. At each point
p € R™, f induces a linear map of tangent spaces, called the pushforward of f at p,

f*,p(Xp)(g) = Xp(g o f)

If the context is clear, we write the pushforward simply as f.. The readers can check that f, , : Tp(Rm) —
T'f(p)(R™) is indeed a linear map. Intuitively, one may think of f, as a local linearization of f.

Differential forms are dual objects to vector fields. At each point, a k-form define a k-covector on the
tangent space. Just as functions operate on a point, these covectors operate on tangent vectors. As such, just
like functions, they can be pulled back.

Definition 2.24 (Pullback of k-forms). If w is a k-form on R", then its pullback f*w is defined pointwise by
(f*w)p = f*(wp) for all p € R™, where f*(w,) is a k-covector at p in R™ given by

f*(wp)(vl’ ) Uk) = wp(f*,l’(vl)a ) f*m(vk))’ v € TP(Rm)'

Just like the pullback of functions, the pullback of a k-form can be viewed as a composition

WF (p)

#——) Tf(p)(R ) X ... X Tf(p)(R ) — R.

T,(R™) x ... x T,(R™)

Using the definition of pullbacks, one can check the following



Proposition 2.25. For c € R, function f : R™ — R", and differential forms w, w1, ws on R™, we have:

(i) f*(cw) = cf*w,

(i) f* (w1 + w2) = f*(w1) + f*(w2),

(iii) f* (w1 Aw2) = f*(w1) A f*(w2),

(iv) f*(dw) = df*(w).

Proposition 2.26. Let f : U — V and g : V — W be smooth maps on real vector spaces. One can check
by definition that the pullback of forms satisfy (g o f)* = f* o g*.

3 De Rham Cohomology
3.1 De Rham Cohomology

We will start off this section with some motivation from physics. Let F(z,y) = (P(z,y), Q(z,y)) be a
smooth vector field representing a force over U C R?, and let C be a parametrized curve from p to ¢. The
work done by the force along C'is given by |, o Pdr + Qdy. ¥ F =V f = (fs, f,), the line integral is easy
to compute by Stokes theorem:

/ Pdz + Qdy = / foda + oy = / if = £(@) — f(p)- @
C C C

A necessary condition for F to be a gradient is that Py = f,, = fy» = Q.. One naturally wonders if the
converse is true: suppose P, = (), does F = V f for some function f on U?

As seen from Example [2.10] there is a natural correspondence between vector fields and differential
1-forms on U

F = (P,Q) +— w = Pdx + Qdy,

Qr — Py =04—dw=(Q; — Py)de Ndy = 0.
The question then becomes: if the one-form w is closed, is it exact? The answer to this question depends on
the topology of U.

Let U be a open set in R™. Define Z*(U) as the vector space of all closed k-forms of U, and B*(U) as
the vector space of all exact k-forms of U.

Definition 3.1. The quotient space H*(U) := Z*(U)/B*(U) is called the de Rham cohomology of U.

We call the equivalence class of a closed form w its cohomology class. If w and W' are in the same
cohomology class, we say they’re cohomologous. The de Rham cohomology measures the extent to which
closed k-forms fail to be exact.

Proposition 3.2. IfU has r connected components, then H°(U) = R".

Proof. There are no exact 0-forms on U, so H°(U) is simply the set of closed 0-forms. Let f be a closed
0-form, i.e. f is a C* function such that

of .
df =3 et = 0.
of _

This means that -+ = 0 for all 7, so f is locally constant. From point-set topology, we know that a locally
constant function on U is constant on each of its connected components. If U has r connected components,
then the locally constant functions can be determined by r real numbers. Thus, H*(U) = R". &




Proposition 3.3. If U has dimension m, then its de Rham cohomology in degree k is H*(U) = 0, if k > m.

Proof. Suppose w is a k-form on U. At each point p € U, w, is a k-covector on T}, (U'), which has dimension
m. If we write w, explicitly as a combination of dz’* A ... A dz'*, then at least two of the factors are the
same. By Proposition and Corollary [2.12] this implies that w, = 0. So every k-formon U is 0. ®

Example 3.4 (de Rham cohomology of the real line). From Proposition we know that H(R) = R.
From Proposition[3.3] H*(R) = 0 for k > 2. To find H*(R), observe that every 1-form is closed. Moreover,
a 1-form f(x)dx is exact if and only if f(z)dz = dg = ¢'(x)dz for some C'*° function g on R. We can
simply let g be the antiderivative of f,i.e. g = foz f(t)dt. This shows that every 1-form is exact. Therefore,

HH(R) = R ifk=0,
o ifk> 1.

Define the vector space Q*(U) = @} _, Q¥ (U). The exterior derivative extends to d : Q*(U) — Q*(U).
Together they form a chain of differential forms called the de Rham complex of U, denoted by (Q2*(U), d):

0 Q) L) LX) L .., dod=0.

The kernel of d are the closed forms, and the image of d are the exact forms. Note that the de Rham complex
always exist for any open set U in R™. One may regard it as a free set of differential equations whose
solutions are the closed forms: finding a closed form fdx + gdy on R, for instance, is equivalent to solving

the differential equation % - g—f =0.
z Yy

3.2 The Mayer-Vietoris Sequence

As seen from Example [3.4] computations of the de Rham cohomology often amounts to solving a system
of differential equations, which is usually difficult to do directly. This section introduces a powerful
computational tool for the de Rham cohomology (and in fact any cohomology group) called the Mayer-
Vietoris sequence. Given an open set X in R”, we can use the Mayer-Vietoris sequence to link the de
Rham cohomology of X to the de Rham cohomology of its open covers, which we can choose to be readily
computable.

This section involves a lot of what is commonly called diagram chasing. To get a good understanding of
the Mayer- Vietoris sequence, the readers are encouraged to trace the proof along the diagrams.

Definition 3.5. Let { A*} be a collection of real vector spaces, and fj, : A* — A**! be a linear map for

each k. A sequence

A0 Joy gt Sy Tt e

is said to be exact at A* if ker fi, = im fy_1. It is an exact sequence if it’s exact at every term except for the
first and the last. In particular, a five-term exact sequence of the form

0-ALBS oS0

is called a short exact sequence.

There are some things one can immediately conclude from the definition of a short exact sequence: f

must be injective, g must be surjective, and C' ~ %. This will be left to the readers.



Let X be an open set of R™, and U, V' be an open cover of X. There is a natural sequence of inclusions as
shown in Figure[2] Taking the pullback of these inclusions, we obtain a sequence of restrictions of k-forms,
as shown in Figure 3]

()

Umv/ \ Qk(X)/

e o

Figure 2: Sequence of Inclusions

FUunv)

S
Sk
2

")
Figure 3: Sequence of Restrictions

The restriction of a k-form from X to U and to V' gives us a linear map
i ONX) = QF(U) P F(V)
o (oly,olv).
Additionally, define the difference map
U)@Parv) - Q" unv)
(w,T) = Tlunv — olunv.

Then we get the following sequence, called the Mayer-Vietoris sequence.
0 — Q4(X) 5 @) R OHV) L U NY) 0.

Proposition 3.6. The Mayer-Vietoris sequence is a short exact sequence.

In order to prove this proposition, we must introduce a technical lemma showing the existence of a
partition of unity, which is defined as follows.

Definition 3.7 (C°° partition of unity). If {U;},cs is a finite open cover of X, a C partition of unity
subordinate to {U,};c; is a collection of C* functions {p; : X — R}, such that supp p; C U; and

Zﬂi =1

Lemma 3.8. Let {U;} be a finite open cover of X. There exists a C™ partition of unity subordinate to {U,}.
For a proof of this lemma, see for example [6]. Now we are ready to prove Proposition [3.6]

Proof of Proposition3.6] Exactness at QF(X) and Q*(U) @ QF (V') follows directly from the definition of
i* and j*. We will prove exactness at Q¥ (U N V'), which amounts to showing that j* is surjective.

First, consider the case when & = 0. Let f be a C* function on U N'V. We want to write f as the
difference of a C'*° function on V" and a C*° function on U.

10
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Figure 4: Writing f as a difference of a C'"*> function on V" and a C'*° function on U.

Since U,V is a finite cover of X, Lemma [3.8]tells us that there exists a partition of unity {py, pv }
subordinate to U and V, respectively. Define fy (x) : V — R, called the extension by zero of py f from
UNV toV (see Figure ), where

fo () = pv(x)f(x) ifxeUNYV,
v 0 ifz eV —(UNV).

Similarly, define fiy () to be the extension by zero of py f from U NV to U. One can check that fi;, fy are
smooth. Note that

J"(=fu, fv) = fvlvav + fulvav = puf +pvf = f.

Thus, j* is surjective.
We can apply the same procedure for differential k-forms. For a k-form w on U NV, let wy, wy be the
extension by zero from U NV to U and to V/, respectively. Then

7 (~wy,wy) = ppw + pyw = w.

This shows that j* is surjective, and the Mayer-Vietoris sequence is a short exact sequence. W

The maps i*, j* induce linear maps i# : H*(X) — H*(U)@ H*(V) and j# : H*(U)@ H*(V) —
H*(U N V) in the de Rham cohomology, defined by

#lo) = "] and (. [7]) = (57 7))

To check that they are well-defined, we need to show that ¢*, 7* send closed forms to closed forms, exact
forms to exact forms. This follows from the commutativity of d with the pullback.
Next, we define a map d# : H*(UNV) — H**1(X), called the connecting homomorphism, as follows:

11



Qk+1(X) (L> QkH(U)EBQkH(V) o (z—> (dCu, dCy) ;»

i il

s

0
|
W) @QH(V) —— QU NY), (G Gv) = .
(1) We start with a closed form ¢ € Q¥(U N'V). Let {py, pv } be a partition of unity subordinate to {U, V'}.

We can extend py¢ by zero from U NV to a k-form ¢y on V, and extend py ¢ by zero from U NV to a
k-form (7 on U. Then

7 (=Cu,¢v) = Cvlvnv + Culunv = (pu + pv)¢ = C.

(2) The exterior derivative sends (—(y,Cv) to (—dCy,d¢y) € QFFHU) @ Qk+1(V). Observe that
(—=dCu, d¢y) lies in ker j* due to the commutativity of j* with d. Specifically,

J(—dlu,d¢v) = 7 d(—Cu, ¢v) = dj* (—Cu, $v) = d¢ = 0.

(3) Since ker j* = imi*, (—d(y, d¢yv) = i*a for some o € Q¥+1(X). The choice of « is unique because
1" is injective. Note that « is a closed form since ¢* is injective and

i*da = di*a = d(—dCy, dCy) = (0,0).

We define the connecting homomorphism to be d#[(] = [a].

The definition of the connecting homomorphism relies on two choices: the choice of ( to represent the
cohomology class [¢], and the choice of the partition of unity (pr7, py). To show that d is well-defined, one
must show that [] does not depend on these choices. This is requires a bit of diagram chasing. The readers
are encouraged to try this out themselves.

By the discussion above, we obtain a sequence in the de Rham cohomlogy, also called the Mayer-Vietoris
sequence:

i

(X)) — T
-l .

T HRNU) @ HE(V)

H*(X)
f .

Proposition 3.9. The Mayer-Vietoris sequence is exact.

j#

H’“(Urﬂ/))

7" H’“l(UﬂV))

Proof. The proof is a lot of diagram-chasing, which is not very enlightening. To give a sense of how this
works, however, we will show exactness at H*(U N'V).

First, we show that im j# C ker d#. Let j% ([w], []) be an element in im j#. By the definition of j#,
we have d* j# ([w], [7]) = d*[j*(w, 7)]. Choose (w, T) to be the element which j* maps to j*(w, 7). Note
that w and 7 are closed forms, so the exterior derivative sends them to 0. Since ¢* is injective, we must have
d#[5*(w, )] = [0], and thus j7 ([w], [7]) € ker d. This can be made clear by the following diagram:

0" (dw,dt) =0

i) *

(w, 7) — 7 (w, 7).
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Next, we show that ker d# C im j#. Suppose d#[¢] = [a] = 0. This means that there exists
o’ € H*1(X) such that do’ = o The calculation of d#[(] can be traced with the following diagram:

a "y (dCu, dCv)

{1

o (CU?CV) }J%) C

*

We claim that (Cr, (y') — i*’ is a closed form in Q% (U) @ Q% (V') that maps to ¢ under j*, because

d((CU7 CV) - i*al) = d(CU7 CV) - di*al = d(CUv CV) - Z*da/ = d(CUa CV) - Z*a = 07
7" ((Cu, ¢v) —i*a’) = 5" (Cu, Cv) — j7i"a = (.

Thus, j#[(Cv,¢v) —i*a/] = [¢]. so [(] € im j7. m

The Mayer-Vietoris sequence allows us to treat H*(X) as a "function" of H*(U), H*(U) and H*(U N
V). 1t is especially useful when some of the terms in the long exact sequence is 0, in which case exactness
implies that the neighboring maps must be injections, surjections, or even isomorphisms. In Section .| we
will see the power of Mayer-Vietoris in computing the cohomology of the sphere S™.

3.3 Homotopy Invariance

One of the reasons that we care about de Rham cohomology is that it allows us to differentiate between
different spaces under homotopy. Homotopy is usually defined with continuous maps, but since we are
mainly occupied with smoothness in the discussion of differential forms, we will define homotopy with
smooth maps. Section [3.3.1] shows that we can freely pass between smooth homotopy and continuous
homotopy. Section [3.3.2]builds up to the homotopy invariance of de Rham cohomology.

3.3.1 Smooth Homotopy

Definition 3.10 (smooth homotopy). Let U, V' C R"™ be vector spaces. Two C'* maps f : U — R and
g : V. — R are smoothly homotopic if there exists a C>° map F' : U x R — V such that for all x € U,

F(z,0) = f(z), and F(z,1) = g(x).
If f and g are smoothly homotopic, we write f ~ g.

Definition 3.11 (smooth homotopy equivalence). A C*> map f : U — V is a smooth homotopy equivalence
if there exists a C>° map g : V — U, such that

ngN]lV and gOfN]lU.
In this case, we say that U and V' have the same homotopy type.

Smooth homotopy is a stronger condition than the continuous homotopy that we are familiar with: all
smooth functions are continuous, but not all continuous functions are smooth. However, we can always
approximate a continuous function by a smooth function, up to homotopy. The following proposition allows
us to pass from continuous maps and homotopies to smooth maps and smooth homotopies. For an exposition
of the proof, see [4].

13



Proposition 3.12 (Smoothening Lemma).

(i) If f : U — V is a continuous map between Euclidean spaces, then there is a smoothmap g : U — V
such that f and g are homotopic.

(ii) If g, g’ are smooth and homotopic, then they are smoothly homotopic.

Corollary 3.13. IfU and V' are homotopic equivalent, then they are smoothly homotopic equivalent.

Proof. Since U and V' are homotopic equivalent, there exists continuous maps f : U — Vandg:V = U
such that

fogN]lV and gOfN]lU.

By Proposition part (i), we can find C* maps f' : U — V and ¢’ : V — U such that f’ is homotopic
to f and ¢’ is homotopic to g. Thus,

flog ~fog~1y and g'o f' ~go f~1y.

By Proposition part (i), /' o ¢’ and ¢’ o f/ are smoothly homotopic to 1y and 1, respectively. By
definition, U and V' are smoothly homotopic. B

3.3.2 Homotopy Invariance

Let U,V be open sets in R™. For a C* map F : V — U, its pullback F'* : Q¥(U) — QF(V) induces a
linear map F'# : H*(M) — H"*(N), defined by

F#[w] = [F*(w))-

To see why F# is well-defined, we check that F# sends closed forms to closed forms, exact forms to exact
forms. With this definition, Proposition [2.26] extends to

Lemma3.14. Let f : U — V and g : V — W be smooth maps on real vector spaces, then
(go f)# = fFog”.

Proposition 3.15. If f,g: U — V are (smoothly) homotopic smooth maps, then the induced cohomology
maps [#, g%« H*(V) — H*(U) are equal.

Proof. By the definition of smooth homotopy, there exists a smooth map F': U x R — V, such that
F(z,0) = f(z), F(x,1)=g(z), YzxeU. 3)
Define i¢ : U — U x R with i (x) = (z,t). Then (3) becomes F o iy = f and F o4y = g. By Lemma[3.14]
=il o F# g#* =i o F#,

To prove f# and g7 are the same, it amounts to showing that i# and ﬁf are the same, i.e., for any closed
k-formwon U x R, if(w) and i} (w) differ by an exact form. We can write

w=dtA % + Wt,
where v is a time-dependent (k — 1)-form on U, and w is a time-dependent k-form on U. Since w is closed,

d
0= dw = d(dt Ay +wy) = —dt A dipy + dwy = dt A (—dip, + %).

14



It follows that di); = w;}, where w; denotes the time derivative of w;. Now observe that

1 1 1
d/o wtz/o dwtz/o Wl = w1 — wp = i} (W) — i§(w).

Thus, the induced maps f# and g# are the same. W

Theorem 3.16 (Homotopy Invariance of de Rham Cohomology). If U and V' are homotopy equivalent, then
H®(V) = HX(U) for each k.

Proof. By Corollary [3.13] U and V are smoothly homotopy equivalent, so there exists smooth maps
f:U—Vandg:V — U, such that

fog~1y and go f ~ 1y.
We can then induce linear maps f# : H*(U) — H*(V), g# : H*(V) — H*(U). By Proposition[3.15]
fFog? = Lgrvy and g% o [ = Lk ).
It follows that H* (V') = H¥(U). m

Corollary 3.17 (Homeomorphim Invariance of de Rham Cohomology). If U and V' are homeomorphic,
then H*(U) = H*(V) for each k.

Corollary 3.18 (Poincaré Lemma). Let U be a star-shaped open set in R™. Since U is contractible,

0 ifk>1.

4 Applications

4.1 Cohomology of the Sphere

In this section, we will use the Mayer-Vietoris sequence to deduce the de Rham cohomology of the sphere
S™, for any n. Let’s start when n = 1. From Propositionand Proposition we know that H*(S') = R
if k = 0and H*(S') = 0if k > 2. Our task, therefore, is to find H*(S?).

Figure 5: Covering the circle with two open arcs.
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Cover the circle with two open arcs U, V' as shown in Figure[5] Their intersections are two disjoint open
arcs, which we call A and B. By homotopy invariance, the de Rham cohomlogy of U and V' are isomorphic
to that of R. Moreover, U NV = A LI B, so the de Rham cohomology of U NV is isomorphic to that of
R U R. Thus, we obtain a Mayer-Vietoris sequence

i* i* # a
0-R—Ra&R—ROR— H (S") — 0.

Because i* is injective, dim(imi#) = dim(kerj#) = 1. This in turn means that dim(im j#)
dim(ker d#) = 1. Hence, dim(im d*) = 1. Since d* is surjective, dim(H'(S')) = dim(im d#) =
which implies that H!(S!) = R. Therefore, the cohomology of the circle is given by

R ifk=0,1,
Hk(sl)_{o itk > 2.

15

Next, we consider the de Rham cohomology of the sphere S2. We can cover S? by 2 "domes" U and V/,
which are homeomorphic to the disk D'. The intersection of U and V' is homeomorphic to S* x (0, 1). By
homotopy invariance, the cohomology of U and V' are isomorphic to that of R?, the cohomology of U NV
to that of S*. This fits into the Mayer-Vietoris sequence

0+R—-R* =R — H'Y(S?) - 0—R— H*(S?*) —0.

Using the same dimension argument as above, we conclude that H!(S?) = 0 and H?(S5?) = R.
For higher dimensions, we can proceed in the same way via induction. This gives us

Proposition 4.1. The de Rham cohomology of an n-sphere is

R ifk=1
H*(S™) = { Yk =1n.
0 otherwise.
Corollary 4.2. S™ and S™ are homotopic equivalent if and only if n = m.
Corollary 4.3. Euclidean spaces R™ and R™ are homeomorphic if and only if n = m.

Proof. Suppose R™ and R™ are homeomorphic. Then R"™ — {0} and R™ — {0} are homeomorphic. Since
R* — {0} = S* for all k, this implies that S™ and S™ are homeomorphic, and therefore n = m by Corollary
H.2l The other direction is trivial. W

4.2 Brower’s Fixed Point Theorem

Proposition 4.4. Let f : D™ — D™ be a continuous map, where D™ denotes the n-disk. Then f has a fixed
point, i.e. there exists x € D" such that f(x) = x.

Proof. For the sake of contradiction, assume that f doesn’t have a fixed point, that is, f(z) and « are distinct
for all x € D™. Then there is a unique line segment from f(z) to z, which intersects the boundary twice
(see Figure[6).
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Figure 6: Construction of F'(x)

Denote the intersection closer to 2 by F'(z). Explicitly, we have F'(z) =  + ut, where u = %, and

t=—z-u+ /11— ||z + (z-u)2.

The function F' is continuous with F'|gn—1 = Id|gn—1. Using F', we will construct a homotopy from the
identity function on R™ — {0} to a constant function as follows. Let r : R™ — {0} — R™ — {0} be the

function that normalizes its argument, that is, 7(z) = 7%7. Then r is homotopic to the identity map on

[=]]
R™ — {0}. Define a homotopy

H:R" - {0} x [0,1] — R — {0}
(z,t) — F((1—t)r(z)),
where H(z,0) = r(x) and H(x,1) = F(0). H is a composition of continuous functions, and therefore

continuous. Hence, R™ — {0} is contractible. By Corollary|3.18} H"~1(R™ — {0}) = 0, which contradicts
Proposition[d.1} m

4.3 Hopf Invariant

Using the de Rham cohomology, we can construct another homotopy invariant, called the Hopf invariant.
The mechanism involved goes beyond the scope of this paper. We therefore sacrifice rigor, in attempt to give
a more intuitive understanding of the Hopf invariant.

In vector calculus, we learned about Stoke’s thoerem for R? and R3. It states that the integral of the curl
of a vector field over some surface is equal to the line integral of the vector field around the boundary of the
surface. This can be generalized to R™ (and, in fact, to any orientated manifold), as follows.

Proposition 4.5 (Stoke’s Theorem). Let U be a subspace of R"™, and w be any smooth (n — 1)-form on U.

Then
/dw:/ w.
U ouU

Let f : S?"~1 — S™ be a C°° map, where n > 1. By Proposition|4.1, H™(S™) = R and therefore has
a generator «.. The pullback f*« is an n-form on S?"~1. Since H"(S?"~1) = 0, every closed n-form on
S§?n=1 js exact. Let w be the (n — 1)-form on $?"~! such that f*a = dw.

Definition 4.6 (Hopf invariant). The Hopf invariant of f is defined to be

H(f):/smhlw/\dw.
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First, we need to check that the Hopf invariant is well-defined. Let w’ be another (n — 1)-form on S"~!
such that f*« = dw’. Note that d(w — w’) = dw — dw’ = 0. Then

/ w/\dwf/ w//\dw’:/ (w—w) Adw
S2n—1 SZn—l Sanl

d((w—w') Aw)
S2’I‘L71

0.

The last equality follows from Stoke’s theorem.

Remark 4.7. When n is odd, we have an even-dimensional w, which means that
1 1
wAdw= i(dw/\w—l—w/\dw) = id(w/\w).

By Stoke’s theorem, H(f) = [g2,_1 w A dw = 0.
Proposition 4.8. If two maps f, g : S**~! — S™ are homotopic, then they have the same Hopf invariant.

Proof. By Remark we may assume that n is even. There exists a homotopy F : S?"~1 x [0,1] — S
from f to g. Define i; : S?"~! — §?"~1 x R, where i;(x) = (x,t). We have

FO’iO:fo and Foil =4g.

Let « be a generator of H"(S™). Then F*a = dw for some (n — 1)-form w on $?"~1 x I. Letijw = wp
and ¢jw = w;. Then we have

fla=1ijo F*a=1ijodw = dijw = dwp.
Similarly, f;o = dw;. Observe that
wo A dwp = 5w A digw = i5(w A dw).

Using this fact and Stoke’s theorem, we get

H() - Ho) = [

S2n—1

w1 /\dwl—/ wo N dwyg
g2n—1

T

i (w A dw) —/ ig(w A dw)
S2n—1 S2n—1

w A dw — / w A dw
S2n-1x (1} S2n=1x{0}

w A dw

I Il
— S

a(82m=1x0,1])

dw N dw

Il
T

S2n—1x10,1]

F*(a A a)

§2n=1x1[0,1]

|
e

Therefore, f and g has the same Hopf invariant. W
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Example 4.9 (Hopf invariant of the Hopf fibration). When n = 2, we have the Hopf map (also known as the
Hopf fibration) i : S% — S2. Here, S is the unit sphere in R*, which we identify with C2. Furthermore,
we identify S? with the complex projective line CP! via the stereographic projection. Define 1 as the map

1(z0,21) = [20 : z1], for zp,21 € C.

Our task is to compute the Hopf invariant for 7.

To start off, we want to find a generator v of H2(CP!). This is not so easy: we first have to find a
generator of H?(S?) and then project it onto CPP!. We will put a black box around this (for interested readers,
refer to [[1]). Now, assume that we have found a generator o in H 2((CIE”), with the form

o = L (ZleO — Zodzl)(gldio — 50d51)
2 ([20]? +[21]%)

Our next step is to find a 1-form w on S2 such that n*a = dw. Let 2y = 21 + izy and z; = x3 + iz4 be the
coordinates on C2. Using the definition of a pullback, we compute that

1 1
n*a = —(dx1dre + drsdry) = —d(x1dze + x3d2y4)
0 T

So we can take w = %(zldzg + x3dxy). Therefore, the Hopf invariant of 7 is

H(f) = / w A du
SS
1
= T2 (x1dxg + x3dxs) A (dr1dze + drsdry)
S’B
2
=22 | x1drodrsdry + x3dridroday
s
- 3 r1dxodrsdry.
™ g3

The last equality follows by symmetry. To calculate this integral, we can use spherical coordinates
x1 = sin{sin cos b,
ZTo = sin(sinysin b,
x3 = sin{ cos v,
T4 = COSY.

where 0 < ¢ < 7,0 < < 7,and 0 < 0 < 27. The Hopf invariant becomes

2 2 T T 271' 2
il / trdrydrsdr, = — / / / sin® ¢ sin® o cos? Odfdpdc — — - O .
772 S3 71'2 0 0 0 772 4

By Proposition .8] the Hopf map 7 is not null-homotopic. Somehow, we can "wrap" a 3-sphere around a
2-sphere. For an interesting visualization, see [2].

W =

T
2
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