Inference for Multiple Linear Regression (MLR)

e Three different types of tests
o Overall / Omnibus F test
o Partial F test (for a single variable in a MLR model)
o Multiple Partial F test (for a group of variables in a MLR model)

e Partial F test (Variables added in order)
o SS(X,|Xy) : “Extra Sum of Squares” for adding X, to Y=o+ B1X1
SS(X,|X1) = SSR(X4, X;) — SSR(X;) ; difference between Regression SS

Source df SS MS F
Regression 2 SSR(X1,X2) SSR(X1,X2)/ 2 MSR (x1,X2)/ MSE
X1 1 SSR;
Xa| X1 1 SSR;
Error(Residual)  n-(2+1) SSE
Total n-1 SSY
SS(X, | X,)/1
" F(xz | x1) = 21
MSE(X,, X,)

o SS(Xj3/X1, X;) : “Extra Sum of Squares” for adding X5 to Y= o+ B1 X1+ BX>
SS(X3|X1, Xz) = SSR(X]_, Xz, Xg) — SSR(X]_, Xz)

Source df SS MS F

Regression 3 SSR(X1,X2,X3)  SSR(X1,X2,X3)/ 3 MSR(X1,X2,X3)/ MSE
X1 1 SSRy
Xa| X1 1 SSR;
X3l Xz, X1 1 SSR3

Error(Residual)  n-(k+1) SSE

Total n-1 SSY

SS(X,| Xy, X,) /1
MSE(X,, X,, X,)
o Type ISS, “Variable Added In Order” (VIO) SS - R: anova(model)

" F(X3 | X1’ Xz) =

y.x1x2 <- 1m(SBP~QUET+AGE) Df Sum Sg Mean Sg F value Pr (>F)

summary (y.x1x2) QUET 1 3537.9 3537.9 44.5048 2.573e-07

anova (y.x1x2) AGE 1 582.6 582.6 7.3293 0.01125
Residuals 29 2305.4 79.5

y.x2x1 <- 1m(SBP~AGE+QUET) Df Sum Sg Mean Sg F value Pr (>F)

summary (y.x2x1) #SAME as vy.x1x2 AGE 1 3861.6 3861.6 48.5766 1.160e-07

anova (y.x2x1) #DIFF from y.x1x2 QUET 1 259.0 259.0 3.2576 0.08149

Residuals 29 2305.4 79.5
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Inference for Multiple Linear Regression (MLR)

id
Yi =B+ B Xy + B Xyt B Xy &, &~N(0,6°) i=12,...,n

e Partial F test (Variables added last)
o SS(X'|Xy,...,X) : “Extra Sum of Squares” for adding X to Y=o+ By Xq+...+ PiX«
SS(X[X4,...,Xi) = SSR(X1,....Xk, X)) — SSR(X,.... X))
SSgeg(Full Model) — SSgeq(Reduced Model)

o Type I SS, Type Il Test, “Variable Added Last” (VAL) Test = R: summary(model)
SS(X™ | Xy, X, ) /1
MSE(X,,+, X, X")
= “Variable Added Last” tests have df(numerator) = 1 - Equivalent to a T-test

o F(XT|X,X,)= ~ F,., underHy: 3 =0

ﬂ* _ *(0) N
t =22t when 8® =0

©OSE(A)

e Multiple Partial F test (for a group of variables in a MLR model)
o SS(X'1,....X s |X1,...,Xg) = SSR(X4,...,Xg X 1,...,X ) = SSR(Xy,...,Xq)
= SSE(Xy,...,Xq) — SSE(X4,....Xg X 1., X 5)
o Hyif = ==F =0
. . SS XXS X, X)/s
F(xl’...’xs |Xl’“"Xq — ( 1 _ |* 1 q)
MSE(X,,- -, X,, Xl,---,Xq)




Inference for MLR — Confidence Intervals
iid
Y=L+ B Xy + Lo Xip++ B Xy +&, &~ N(O’GZ) 1=12,...,n
YAi :ﬁo +B1Xi1+ﬁ2xi2+”'+ﬁkxik 1=12,...,n

e 100(1-a)% CI for a Regression Coefficient
o B ft, SE(B)

—,n—(k+1
5 n-(k+1)

e Estimated Variance for the regression model vs. Variance of a Fitted VValue
o SLR: 6% =s;, =MSE

2 2 2
o MLR: o = SY|X1,X2,---,Xk = SY|)$:(1,X1,X2,---,Xk) = MSE

2 _ g2
Y%y Xp 0 X

o =Vvar (V | X =@ X, Xk)) is the variance of a fitted value

YIX=(Lx % %)

e Conditional Mean of Y at X=(1 Xy« X5« . Xyx)

o CHON fhyy 1™ ooty Tla
!

SE([lYpS:(l,Xl*sz*v'"vxk*))

~ _ 2 _
=SB one)) = \/ SV ) L e )

o Y | X = (L Xy, Xp, -+, X, ) i @ linear combination of the 3 >

2

St (L) INVOIVES Variances & covariances among the /3

= R: predict(model, x.new.df, se.fit=TRUE) returns S\f|)~<:(1,x1*,x2*,--~,xk*) as $se.fit

e Prediction Interval for a new Y value at X=(1 Xy Xy« __ Xgx)
Cl: Y | X =@ %, x. )£t SEN | X =@ %, X))

—,n—(k+1
5 n=(k+1)

O

7 [ 2 _ 2
= SE(Y | X = 1 Xpr® % Xk*)) - \/SY|)~(=(1,x1,x2 X ) + S\fl)S:(l,xl*,xz*,---,xk*) - \/MSE + SYA|>S=(1,X1*.X2*."',Xk*)



Inference for MLR — Confidence Intervals

> y.x1x2 <- 1Im(SBP~QUET+AGE) Df Sum Sg Mean Sg F wvalue Pr (>F)
anova (y.x1x2) QUET 1 3537.9 3537.9 44.5048 2.573e-07
AGE 1 582.6 582.6 7.3293 0.01125

Residuals 29 2305.4 79.5

> predict(y.x1x2, x.new.df, interval="confidence", se.fit=T)
Sfit

fit lwr upr
1 131.6077 126.5475 136.668
$se.fit
[1] 2.474176
S$df
[1] 29

Sresidual.scale
[1] 8.916038 # sqgrt(MSE)

> 131.6077 - gt (1-.025,29) *sqrt (2.474176"2) #[1] 126.5481
> 131.6077 + gt (1-.025,29)*sqrt(2.474176"2) #[1] 136.6679

> predict(y.x1x2, x.new.df, interval="prediction", se.fit=T)
Sfit
fit lwr upr
1 131.6077 112.6833 150.5321
S$Sse.fit
[1] 2.474176
s$df
[1] 29
Sresidual.scale
[1] 8.916038

> 131.6077 - gt(1-.025,29)*sqrt(79.5 + 2.47417672) #[1] 112.6828
> 131.6077 + gt(1-.025,29)*sqrt(79.5 + 2.47417672) #[1] 150.5326





