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Abstract�

A method for detecting linkage between a genetic
marker and a quantitative trait in sibship data is pre�
sented that models the dependence structure within
families� A computationally e�cient algorithm is
given for the application of generalized least squares
�GLS� to the regression procedure developed by
Haseman and Elston ����	��
The null distribution of the test statistic based on

the GLS estimator of the Haseman�Elston regres�
sion coe�cient is studied� The distribution is sig�
ni
cantly skewed for studies with a small number of
families when only a baseline correlation between sib
pairs that share a sibling is incorporated� However�
the observed signi
cance levels for the test are not
far from nominal levels when this correlation is esti�
mated using an intraclass correlation coe�cient�

�� Introduction

Nonparametric sib�pair methods of linkage analysis�
such as the Haseman�Elston �H�E� sib�pair proce�
dure �Haseman and Elston� ���	� and its extensions
�Amos and Elston� ����� Olson and Wijsman� ���
�
Olson� ������ continue to play an important role
in the study of complex diseases� Several methods
of accounting for the non�independence of sib pairs
from sibships with three or more siblings have been
proposed �Hodge� ����� Wilson and Elston� ���
�
Collins and Morton� ������ These methods consider
all possible sib pairs and estimate the equivalent
number of independent sib pairs by either identi�
fying an e�ective sample size or by using weights�
Current implementations of the H�E regression

procedure use either ordinary least squares �OLS� or
weighted least squares �WLS� in which weights are
reciprocals of conditional variances of the squared
sib�pair di�erences� WLS methods are not consid�
ered in this paper since they do not model the cor�
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relation between sib pairs and since the conditional
variance is constant under the null hypothesis of no
linkage�
Using all possible sib pairs from sibships of size

s � 	 in the H�E test leads to a more powerful test
for linkage than one based upon the same total num�
ber of sibs in independent pairs �Blackwelder� ������
Blackwelder and Elston ����	� investigated di�er�
ent methods of allowing for the dependence between
sib pairs in the H�E test for sibships of size three�
They found that using all possible sib pairs and as�
suming independence led to a test with roughly the
same power as tests which allowed for the depen�
dence among sib pairs from the same family�
Amos and Elston ������ and Olson and Wijs�

man ����
� suggested that modeling the dependence
among sib pairs would lead to a gain in e�ciency�
Single and Finch ������ numerically calculated the
expected gain in e�ciency from using GLS for stud�
ies with a small number of families and found that it
asymptotically approaches ���� 	��� and 
�� for
studies with 
� �� and � siblings per family� respec�
tively�
In this paper� we discuss the computational as�

pects of implementing GLS in the H�E procedure for
studies with a large number of families� In addition�
we describe the null distribution of the resulting test
statistic�

�� The Genetic Model

The genetic model for a quantitative trait� xik� is

xik � �� gik � e�ik� ���

where � is an overall mean� gik is a major gene e�ect�
and e�ik is a normally distributed random environ�
mental e�ect� If the ith family has si siblings with
observed trait values xik� k � �� � � � � si� there will be
Ji � si�si����	 possible di�erent sib pairs� Letting
j index the Ji pairs and eij � �e�ik � e�ik��� k ��
k�� j � �� ���� Ji� we have eij � N ��� �e���
The squared sib pair di�erences are denoted yij �

�xik�xik���� k �� k�� j � �� ���� Ji� and the proportion
of alleles shared identically by descent �IBD� at the



marker locus for the jth sib pair in the ith family
is denoted �ij� Haseman and Elston ����	� showed
that for a codominant marker locus� the expected
value of yij is a linear function of �ij

E�yij� � �� ��ij �	�

Under the null hypothesis of no linkage� the cor�
relation between two squared sib pair di�erences is
zero when there is no sibling common to the two
pairs� However� when the squared di�erences in�
volve a shared sibling� corr�yik� yil� � 	 � ��	� for
most combinations of the genetic parameters �Black�
welder� ������ We will refer to 	 � �	� as the base�
line value�

�� The GLS Estimator

For the ith family in an n family study� let Yi �
�yi�� ���� yiJi�

T be the vector of squared sib�pair dif�
ferences� �i � ��i�� ���� �iJi�

T be the vector contain�
ing the proportion of alleles IBD� and �i represent a
vector of ones� Let Vi denote the variance�covariance
matrix of the squared di�erences� For a single fam�
ily with s � � siblings� the corresponding correlation
matrix is as given below �for s � 
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Under the null hypothesis� the GLS estimator of
the regression slope is�

��GLS � ���TV ����
��
�TV ��Y ���� � �
�

where the subscript indicates the �	��� entry of the
matrix product�

��� Computational Aspects

The structure of the variance�covariance matrix for
a multifamily study facilitates the computation of
the matrix product involved in calculating the GLS
estimate� Due to the block diagonal form of the ma�
trix V � the GLS estimate of the regression coe�cient
given in Eq� �
� can be written as follows�

��GLS � ���P
�i
TVi
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where i indexes the n families in the study�

The null variance of the GLS estimate can be writ�
ten as follows�

cvar� ��GLS� � ���TV �������������GLS � ���P
�i
TVi

���i��
�

GLSP
�iTVi���i

P
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P
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�

where ���GLS is de
ned in Eq� ���

Each of the 
ve di�erent summations in Eq� ���
and Eq� ��� is a sum of quadratic polynomials
in either �ij� yij� or both� Letting m index the
possible family sizes� the polynomials �m

TVm
���m�

�m
TVm

���m� �m
TVm

���m� �m
TVm

��Ym� and
�m

TVm
��Ym can be calculated symbolically� for ex�

ample using Maple V �Char et� al�� ������ and stored
for each of the possible family sizes�
The method of estimating �� depends on the

function of the residuals minimized in determining
the parameter estimates� Using generalized least
squares� �� is obtained by minimizing the following
polynomial in the residuals �SSEGLS ��

SSEGLS � �Y � �Y �TV ���Y � �Y � ���
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Taking advantage of the structure of the variance�
covariance matrix V� this can be rewritten in terms
of summations over the n families as follows�P
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The GLS estimate of �� is then given by�

���GLS �
SSEGLS

N � 	
� ���

where

N �
nX
i��

si�si � ���	 ���

and si is the number of siblings in the ith family�
The OLS estimate of �� is obtained by dividing

the sum of squared residuals by its degrees of free�
dom�

���OLS �
SSEOLS

N � 	
�

�Y � �Y �T �Y � �Y �

N � 	
� ����

The estimated variance of the OLS regression co�
e�cient is then given by the following�

cvar� ��OLS� � ���T�����TV���T����������
�
OLS � ����

Assuming independence among sib pairs within
families leads to the following estimate of the vari�
ance of the regression coe�cient�

dvarI� ��OLS� � ���T����������
�
OLS � ��	�

When there are only two siblings per family� the
variance�covariance matrix of the squared sib�pair
di�erences is diagonal and the three estimates of
the variance of the regression coe�cient� Eq�����
Eq� ����� and Eq� ��	�� are identical�
The calculation of the correct null variance of the

OLS estimator is computationally intensive� Unlike
the variance of the GLS estimator given by Eq� ����
the overall matrix product given in Eq� ���� does
not decompose into sums of within family matrix
products�

�� The Null Distribution of the GLS

Test Statistic

Earlier results on the estimated variance of the GLS
regression coe�cient indicated some dependence on
the sibship size s and on the genetic parameters

Table �� Empirically Determined Number of Sib�
Pairs Needed in order that j Skewness j
 �� when 	
is Fixed at Baseline�

p h� s � 
 s � � s � �
�
 �� 
� �	 �

�
 �� 
	 �� �	
�
 �� �� �
 ��

�� �� 	� �� ��
�� �� 

 �� ��
�� �� 
� �
 ��

�that is� the gene frequency p and the heritability h�

of the trait�� Therefore� we expected this parameter
dependence to manifest itself in the null distribution
of the GLS test statistic�

tGLS �
��GLSqcvar� ��GLS � � ��
�

Thus� separate simulations were done for each
combination of the following genetic parameters and
no dominance at the trait locus� p � �
 and ���
h� � ��� ��� and ��� For each combination of the
parameters� ����� replications were used�

��� Mean� Variance� and Skewness of the

Distribution with 	 Fixed at Baseline

The mean of the tGLS statistic was not signi
cantly
di�erent from zero �range � ������ to ������� Its
variance was approximately equal to one �range �
���� to ������ There appeared to be no dependence
on the sibship size or the number of families with
regard to the mean or variance of tGLS�
The null distribution of the GLS test statistic was

found to be signi
cantly negatively skewed for stud�
ies with a small number of families� As the number
of families is increased� this skewness becomes neg�
ligible� The rate at which these asymptotic results
are reached depends upon p� h�� and the sibship size�
Higher heritability� more extreme values of p� and
larger sibship sizes lead to larger negative skewness
values�
The convergence to an asymptotic distribution

that is not skewed was fastest for p � ��� and
h� � ���� In this case between 
� and �� fami�
lies were needed before the skewness was not sig�
ni
cantly negative� For the various simulation pa�
rameter settings� Table � reports an estimate of the
number of families needed in order to have a skew�
ness value that is greater that �����



��� Selected Percentiles of tGLS with 	 Fixed
at Baseline

The fact that the GLS test statistic should follow
a Student�s t distribution led to a speci
c strategy
for modeling the percentiles of the null distribution
of tGLS� The simulated percentile points were re�
gressed on di�erent functions of the number of fam�
ilies in a study� Since the sibship size was found
to a�ect the rate at which asymptotic results were
reached� the percentiles of the null distribution of
tGLS were modeled separately for the di�erent sib�
ship sizes considered� Also� graphical inspection and
analysis of variance techniques indicated that the
genetic parameters under which the simulation was
performed were signi
cant predictors of the empiri�
cal percentiles of the null distribution for s ��� How�
ever� this was not the case for h� with s � 
�
The model used was

E�Yqns� � �qsk � �qsk���n�
k� k � � ����

where Yqns denotes the qth percentile of the distribu�
tion from a study with n families of sibship size s at
a particular combination of the genetic parameters�
Results were calculated for values of k in the range
from �

� to 
�

Using this model� the intercept� ��qsk� is an esti�
mate of the qth percentile of the asymptotic distri�
bution �Thode et� al�� ������ The following strategy
was used to model the percentiles of the simulated
distributions� First� the intercept was 
xed at the
value of the qth percentile of the standard normal
distribution� Then� k was chosen such that the re�
gression on ���n�k explained the highest proportion
of the variability in the percentiles� This procedure
suggested itself because R� was a convex function of
the transformation parameter k� with a maximumin
the selected range of k values� Three separate simu�
lations� each with ����� replications� were conducted
which enabled the calculation of a lack of 
t F statis�
tic� The associated test for lack of 
t� at the ��� level
of signi
cance� was signi
cant for less than �� of the
regressions� This occurred only when modeling per�
centiles from studies with s � 
 and s � � siblings
per family� For studies with s � �� the results sug�
gested that convergence of the percentiles may be a
power series in ���n�

�

� � The convergence was faster
for s � 
� with k � ����
With s � �� there was a trend in h� for a given per�

centile� Higher heritability corresponded to a larger

tted percentile in absolute value� For a 
xed value
of the gene frequency� p� this trend was strongest for

the larger sibships�
The e�ect of the slower convergence for larger sib�

ship sizes is apparent in Figure � which shows the
observed signi
cance levels for studies of n � ���
families at the nominal ��� signi
cance level�

Figure �� Observed Signi
cance Levels for Studies
of n � ��� families at the ��� level �p � �� and 	 is

xed at baseline��

��� Estimating 	

For studies with s � 
 siblings per family� each
sib pair shares a sibling in common� The intraclass
correlation coe�cient �	I provides a measure of the
correlation between di�erent sib pairs that share a
sibling� In this situation� the families serve as the
groups in an analysis of variance�
Not all sib pairs share a sibling in common in sib�

ships of size s � 
� If we let �	Ij denote the estimate
computed using only sib pairs that share sibling j�
then an overall intraclass correlation coe�cient es�
timate can be computed as the average of these s
estimates�

�	I �
�	I� � ���� �	Is

s
� ����

Table 	 lists the observed signi
cance levels for the
tGLS test statistic with the correlation between sib
pairs that share a sibling estimated by �	I � Results



Table 	� Observed Signi
cance Levels of tGLS with
	 estimated by �	I for studies of n � ��� families

Nominal Level
p h� s �� 	��� ��
�
 �� 
 ���� ��	� ����
�
 �� 
 ���� ��	� ����
�
 �� 
 ���� ��	� ����

�� �� 
 ���� ��	� ����
�� �� 
 ���� ��	� ����
�� �� 
 ���� ��
� ����

�
 �� � ���
 ��
� ����
�
 �� � ���� ��	� ���

�
 �� � ��	� ��
� ����

�� �� � ���� ��	� ����
�� �� � ���� ��	� ����
�� �� � ���� ��
� ����

�
 �� � ���� ��

 ����
�
 �� � ���� ��
� ����
�
 �� � ��		 ���� ����

�� �� � ���	 ��	� ����
�� �� � ���� ��
	 ���

�� �� � ���� ��

 ����
NOTE� Each entry is based on ����� replications for each

parameter combination�

are given for studies with n � ��� families and are
based on ����� replications for each combination of
parameters�

�� Discussion

In this paper we have investigated the null distri�
bution of the GLS test statistic applied to the H�E
regression procedure� The GLS test statistic that in�
corporates the baseline correlation among sib pairs
that share a sibling has a negatively skewed distribu�
tion for studies with a small number of families� The
degree of the skewness depends on the underlying ge�
netic model� This same dependence on the genetic
parameters is demonstrated by the 
tted percentiles
of the null distribution� The convergence of the per�
centiles is fastest for smaller sibship sizes�

Presumably� restricting the correlation between
sib pairs that share a sibling to the value of �	� is the
source of much of the parameter dependence� Thus�
simply modeling the baseline correlation is not ade�
quate� The value of �	� is correct when there is no

major gene causing the observed trait �i�e�� h� � ���
The correlation between sib pairs sharing a sibling
increases with increasing heritability�
Observed signi
cance levels were calculated for

the various parameter settings when 	 is estimated
rather than 
xed at the baseline value� Table 	 in�
dicates that empirical type I error rates are close to
nominal levels when 	 is estimated by �	I �
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