MATH 395 SPECTRAL GRAPH THEORY Rombach WEEK 2

Paths, products and equitable partitions

We will continue to work this week with the adjacency matrices of simple graphs. From last
week (and a little of this week), we know the following spectra for a few standard graph
classes:
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Exercise 1. Find the spectrum of P,, the path graph on n vertices.

Exercise 2. Let G be a d-reqular graph. Investigate the eigenvalue spectrum of G. Use this
method to find the spectrum of K, 5.

Graph products

We define three useful graph products. The tensor or Kronecker product G x H, the Cartesian
product GLH, and the strong product G X H. They are defined as follows:

V(Gx H)=V(GOH)=V(GKRH)=V(G) x V(H),

E(G xH)—{(u v)(z,y) | ux € E(G) and vy € E(H)},

E(GOH) = {(u,v)(z,y) | v =z and vy € E(H) or ux € E(G) and v = y},
E(G&H) E(G x H)U E(GOH).

Exercise 3. For two graphs H and G, write the adjacency matric Mgy g in terms of Mg
and My, and find the spectrum of G X H in terms of the spectra of G and H.

Exercise 4. For two graphs H and G, write the adjacency matric Mgoy in terms of Mg
and My, and find the spectrum of GU1H in terms of the spectra of G and H.

Exercise 5. For two graphs H and G, write the adjacency matric Mgxp in terms of Mg
and My, and find the spectrum of G X H in terms of the spectra of G and H.

Equitable partitions

An equitable partition of a graph G is a partition of the vertices V =1V, U---U V3, such that
there exist constants d;; for 1 <4, j, < n such that each vertex in V; has exactly d;; neighbors
in Vj.

Exercise 6. Find a nontrivial equitable partition of a graph for which you know the eigenvalue
spectrum, and look at the eigenvalues of the matriz B with B;j = d;;. Formulate a conjecture.

Exercise 7. Prove your conjecture from the previous exercise.
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