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Exercise 1. Show that the center of a direct product is the direct product of the centers
Z(Gy x Ga X -+ X Gp) = Z(G1) X Z(G2) X -+ x Z(Gy).

Deduce that a direct product of groups is abelian if and only if each of the factors is abelian.

Solution. Suppose that (z1,...,2,) € Z(G1)xXZ(G2) %+ - -xZ(Gy). Then, for any (g1,...,9n) €

G1 x -+ x Gy, we have

(Zla ce 7ZTL)(917 ce ,gn) = (Zlglv e ,ann) = (glzlv cee 7gnzn) = (gla cee 79”)(217 .o '7ZTL)'

Therefore
Z(G1) x Z(Ga) x -+ x Z(Gp) C Z(G1 x Ga X -+ x Gy,).

Furthermore, if (21,...,2,) € Z(G1x Gy x---xGy). Then, for any (g1,...,9,) € Gy X+ -xGp,
we have

(21915 -y 2n0n) = (215, 20) (915 - s Gn) = (915, gn) (21, - oy 2n) = (9121, - -+, GnZn)-

Therefore

Z(G1 x Ga x -+ x Gp) CZ(G1) x Z(G2) x --- x Z(Gy).

This establishes the result. Since any group G is abelian if and only if Z(G) = G this implies
the second claim.

Exercise 2. Let A and B be finite groups and let p be a prime. Prove that any Sylow
p-subgroup of A x B is of the form P x ) where P € Syl,(A) and Q € Syl,(B).

Solution. Let |G| = p®m, where p fm. We also have that |G| = |A|-|B|. Therefore, we have
that |A| = p{'m; and |B| = p§ms with a1 + as = a. Clearly, there exists Sylow p-subgroups
of G of the form P x @ where P € Syl,(A) and Q € Syl,(B). The only part to show is that
no other Sylow p-subgroups of G exist.

Let A={(a,1)|a € A} <G, and similarly for B. Suppose that H is a Sylow p-subgroup of
G. Then H N A is a Sylow p-subgroup of A, and H N B is a Sylow p-subgroup of B. If both
H N A and HN B are maximal, then H must be of the form P x @) where P € Syl,(A) and
Q € Syl,(B). Suppose that H N A is not maximal. Then if P € Syl,(A), we obtain a new
p-subgroup P x H N B, such that

|[H| <|HNA|-|[HNB| < |P x HN B,
which is a contradiction.

Exercise 3. Give the number of non-isomorphic abelian groups of the following orders: (a)
225, (b) 1600, (c) 1155.

Solution. Let p(n) denote the integer partition number of n, i.e. the number of ways that
n can be written as a sum of positive integers a1 + - - - + ag with a; < --- < ag.

(a) We have that 225 = 32-52. Using the fundamental theorem of finitely generated abelian
groups, we see that the number of abelian groups is p(2) - p(2) =2-2 = 4.

(b) We have 1600 = 2¢.52. Similarly, the number of abelian groups is p(6)-p(2) = 11-2 = 22.

(¢) We have 1155 =3-5-7-11. There is only one abelian group on 1155 elements.
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Exercise 4. Give the list of invariant factors for all abelian groups of the following orders: 5.2.2
(a) 270, (b) 9801, (c) 165.

Solution. Let p(n) denote the integer partition number of n, i.e. the number of ways that
n can be written as a sum of positive integers a1 + - - - + ag with a1 < --- < ag.

(a) We have that 270 = 2 - 3% . 5. The integer partitions of 3 are 3, 2 +1, 1+ 1 + 1.
Therefore, we have the following groups on 270 elements (the invariant factors are the
indices):

2270, Zgo X Zg, Z30 X Zg X Zg.

(b) We have 9801 = 3*-112. The integer partitions of 4 are 4, 3+1, 2+2, 2+1+1, 1+
1+ 14 1. The integer partitions of 2 are 2, 1 + 1. Therefore, we have the following
groups on 9801 elements:

ZLiggo1, Lgo1 X L1, Lzoer X L3, Liogr X 133, L1ogy X Ly,
Ly X Zig9, Zi1oge X Zig X 13, %99 X L33 X L3, Lze3z X Lz X Ly X L3, L33 X L33 X L3 X Z3.

(c) We have 165 = 3 -5 11. There is only one abelian group on 165 elements: Zig5.

Exercise 5. Give the list of elementary divisors for all abelian groups of the following orders: 5.2.3
(a) 270, (b) 9801, (c) 165.

Solution.

(a) We have that 270 = 2 - 3% - 5. The integer partitions of 3 are 3, 2+ 1, 1+ 1+ 1.
Therefore, we have the following groups on 270 elements, in terms of their elementary
divisors:

(Zg) X (227) X (Z5), (Zg) X (Zg X Zg) X (Z5), (Zg) X (Zg X Zg X Zg) X (25).

(b) We have 9801 = 3*-112. The integer partitions of 4 are 4, 3+1, 2+2, 2+1+1, 1+
1+ 14 1. The integer partitions of 2 are 2, 1 + 1. Therefore, we have the following
groups on 9801 elements:

(Zg1) x (Z121), (Zg1) x (Z11 X Z11)

(Za7 x Z3) X (Z121), (Zay x Z3) x (Z11 X Z11)

(Zg x Zg) X (Z121), (Zg X Zg) x (Z11 X Z11)

(Zg x Zg X Z3) X (Za21), (Zg X Zs3 X Zs3) X (Z11 X Z11)

(Z3 x Zg X L3 x Z3) x (Z121), (Z3 X Zs x Lz X Z3) X (Z11 X Z11).

(c) We have 165 = 3-5-11. There is only one abelian group on 165 elements: (Zs3) x (Zs) %
(Z11).




