MATH 124 LINEAR ALGEBRA HOMEWORK 7 SOLUTIONS Puck ROMBACH

Exercise 1

Show that for an n x p matrix A and a p X m matrix B, that if the im(B) = ker(A), then
im(AB) = {0}.

Solution. We have that
im(AB) ={ABv | v € R"}
= {Ad | @ € im(B)}
= {Ad | W € ker(A)}
= {0}.

Exercise 2

Suppose that V is a subspace of R”. Prove that any linear transformation T": V' — V can be
extended to a linear transformation S : R® — R”. In other words, prove that for any such
T'(V) there exists an S(Z) (defined for all # € R™) such that S(¢) = T'(v) for all 7 € V.

Solution. We have seen that we can define any linear map in terms of what it does to a
basis of the domain. So, if (51, ... ,ﬁ;) is a basis for V' (dim V' = p), then the linear map is
determined by T(gl), . ,T(E,,), since any U € V can be written as algl +--+ apﬁp and this
gives B . . .

TW)=T(a1fr1+ -+ apBp) = arT(B1) + -+ apT(Bp).

Now, we can extend the basis <51, o ,ﬁ;) to a basis (51, e ,Bp, 5p+1, e ,En> of R™. Then,
we can let S be a linear transformation of R™ defined by

This gives, for any v € V,
S(v) = S(algl +oee apgp) = als(gl) +--t aps(gp) = alT(gl) +o Tt apT(gp) = T'(2).

Note that the choice above for S (B_;)H), ..., S(B,) was arbitrary: anything works.




