Chapter 4

Light and Matter-Waves and/or Particles

Chapters 4 through 7, taken in sequence, aim to develop an elementary understanding of
quantum chemigtry: from its experimental and conceptual foundations (Chapter 4), to the
one-ectron atom (Chapter 5), to the many-dectron atom (Chapter 6), and finally to the
molecule (Chapter 7).

The present chapter builds to a point where the wave function and uncertainty principle
emerge-heuridtically, at least-as a way to reconcile the dualistic behavior of waves and
particles. Electromagnetic waves undergo interference; so do €ectrons. “Pinging”
atoms trandfer energy and momentum; so do photons. A confined wave develops

danding modes, so does the eectron in hydrogen. The hope is to ingtill, above all, a
respectfor the manifold difference between a deterministic macroworld and a datitical
microworld.

The exercises have a further unashamedly practical goal: to help a reader become adept
at handling some of the fundamental (yet mathematically smple) equations that underpin
quantum  mechanics.

1. The relationship connecting the wavelength, frequency, and speed of a wave
(especially as applied to electromagnetic radiation): 2 v = ¢

2. The arithmetic of interference,
(Wa+vs) =Wi+w+2u v,
and the double-dlit diffraction equation as a corollary: d sinf = nil
3. The Planck-Einstein formula: E = h v

4. The momentum of a photon: p = g-
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3. A wave crest gppears only once per cycle. To observe 7200 crests a one point in
space is therefore to observe 7200 completed cycles.

(@ Convert hours into seconds.

7200 cycl Th, 1 i
v:—hcﬂxié@—mim—églerl: 2.0 cydes s = 2.0 Hz

Two cycles, on the average, are completed every second; the frequency is 20 Hz.

(b) Period (T) is the reciprocal of frequency (v):

The time needed to complete one cycle (the period) is 0.50 s.
4. The 10 1 crests delineate 100 full cycles:

Cycle: |<—'>|<—2—>|---| 10 |

Crest: 1 2 3 100 101

Since 100 cycles (not 101) are executed over a distance of 20 cm, the average wavelength
Is 0.20 cm, or 0.0020 m:

- 20cm . Im
~ 100 cycles” 100 cm

=0.0020 m (per cycle)

5. Given the speed (») and wavelength (h),

u=100ms"’

A=2m (distance between troughs)

we solve for the frequency (v) and period (7) of the wave:
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Ficure 4.1 Wave patterns for Exercise 7. The upper panel shows the sinusoidal disturbance itself,
oscillating positive and negative with an amplitude of 10 units. The intensity, depicted below, is
everywhere positive and has a maximum value of 100 units (the square of the amplitude).
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(@ See the graphs displayed in Figure 4.2 (next page). The wavelength off+ g remains
the same as forfand g done, but the combined amplitude doubles and the combined
intendgty  quadruples:
Amplitude: 4+ 4=10+10=20
Maximum intensity: (A + 4)* = 20% = 400
(b) With A = 10 for bothfand g, the combined intensity
] oc 4 A% sin® 0 = 400 sin®

oscillates between a minimum of 0 (when sin? 6 = 0) and a maximum of 44% = 400 (when
20— 1)
sin” 0 = 1)

0< 1 <400
(c) Energy is maximum at crest and trough.

(d) Energy is minimum (zero) where the disturbance is zero: midway between crest and
trough.

9. Dedructive interference. Here we have two waves equa in amplitude and frequency,
but differing in phase by = radians (1807):

f = 4sin0

g=Asin(0+m)=-Asn6

The oscillations are out of step by haf a cycle: When T isat acrest, gisin atrough;
when T isin atrough, g is a acrest. See Figure 4.3 on the second page following.

(@ The two waves, out of phase by 180°, annihilate each other. The combined amplitude
and intendty are both zero-flat lines:

Amplitude
__O
Intensity
_O

(b, ¢, d) Energy is zero everywhere.
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Wave Amplitude
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FIGURE 42 Wave paterns for Exercise 8. The combined amplitude of identicd waves f+ g (upper
panel) measures 20 units, twice the vaue found for the uncombined wave in Figure 4.1. The
maximum intensity, the square of the amplitude, measures 400 unitsfour times the vaue obtained
from the uncombined wave.
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Wave f: Relative Phase = 0

Wave g: Relative Phase = 180 Degrees
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FIGURE 4.3 Wave patterns for Exercise 9. Out Of phase by one haf-cycle (180°), the two
disturbances interfere destructively. Their combined amplitude and intensity are zero.
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10. The waves will combine congtructively, in phase, when their path lengths differ by
some integrd number of waveengths

dsin6 = nA, (n=12,..))

For n = 1 (the first maximum) we find that the corresponding wavelength is5.0 x 1 07" m,
or 500 nm:

A= dsine = (10 X 10—6 m)(Sin30°)

Inm
=50x1077 mx e m=5.0><102 nm

See pages 113-| 15 of PoC and dso Example 4-3 (beginning on page R4.8).

11. Use asin the preceding exercise, the double-dit diffraction equation with n = 1:
dsinf@=nk =2 (n=1)

Specifying a wavelength of exactly 1 mm, for example, we see that a dit spacing of
29 mm will produce (within two dSgnificant figures) a diffraction maximum at 20™:

The remaning vaues follow directly:

A(m)  d(m)

@ 100 29x107
d 10°  29x10°
(© 10° 29x107

Exercises 12 through 15 pertain to the classcal picture of electromagnetic radiation.

12. We use the term eectromagnetic wave to describe the influence produced by an
oscillaing dectric and magnetic fidd. Propagating in vacuum &t the speed of light,

cx3.00x 103 ms™!

the influence exerts a force on charged particles and dectric currents. Wavelengths range
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from zero to infinity, in prindple, with the corresponding frequendes determined
recprocaly:

Av=c¢
See pages 105-| 11, R4.2-R4.3, and Examples4-1 and 4-2in PoC.

13. In vacuum, dectromagnetic waves propageae a the same speed regardless of
frequency:

c=2.99792458 x 108 ms™!
Thedigance travded in 1 .O00 s istherefore the same for each of the frequencies Sated:
(2.99792458 x 10 m s™1)(1.000 ) = 2.998 x 10* m ~ 3.00x 10* m

quesTioN:  Are there drcumdances under which the oead of light will vary with
frequency?

ANSVER  Yes, the phenomenon is very common. Fird, the vaue c is fixed only
in vacuum. Everywhere dsein any maeid medium (pladic, glass, dlicon, waer,
air, . .. —electromagnetic waves travel a spesds slower than 2.99792458 x 108 ms™,
dthough the devidion in ar is vay dight. A paameter cdled the index of refraction (n)
relaes the goeed in a maerid (u) to the spead in vacuum (©):

C
u=-
n

The index is different for different substances Ydlow-green light near 5500 A, for
example, travds through ar with » = 1.0003, but it travels through water with # = 1.33
and through gasswith » =~ 1.6.

Second, even in the same materid, the index of refraction varies with frequency
and wavdength. We ssethis very efect, cdled dispersion, in the colors of the ranbow.
Vaious wavdengths of visble light travd at different goeads through a glass priam,
digoerang into bands of colors as the rays emerge a different points

Remeamber, findly, that we often use the term “light” to meen dectromagnetic
radiation in generd, not jud the redtricted portion of the gpectrum known as visible light.
Digpersdon properties vary widdy across the dectromegnetic goectrum, and a materid
trangoarent to, say, X rays may wel be opague to ultraviolet or visble light.

questioN:  Granted, dectromagnetic radiaion travels dower than c in a
medium-but can it sometimes travd fader then ¢ as wdl?

Ansver:  No. Classcd dectromagnetic theory fixes ¢ as the maximum speed of
tranamisson, dtaineble only in vecuum. Further, Eingein's theory of spedd rdativity
(see Chapter 2 1) shows thet no Sgnd of any kind may convey information faster then c.
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QUESTION: The universe goparently imposes a large but finite speed
limit: ¢ = 300 x 10* m s, the spead of light in vecuum. But now we know thet light in
amaterid (not vacuum) aways propageates a some goeed u slower then c. Is it possble
for an object or gnd to trave fader than « in a given maerid?

ANsweRr: Yes, and the phenomenon can lead to interesting effectssometimes
even to an dectromagnetic “shock wave’ andogous to the sonic boom produced by a
upersonic arcraft.
14. To cdaulae the wavdength, use the rdationship
AV=_C
wherec=2998x 10° ms™. For example (with v = 7.67 x 10"° H2):

2998 x 108 ms™
7.67x10%s™!

c
A=—= =391x10°%m
Vv

Converting prefixed units as nesded,
1Hz= 10" kHz=10°MHz=10"° GHz =1 5™

we then detlermine the full s2t of wavdengths

\Y; (s'l = H2) A (m) COMMENT
(@ 767 x10" 391 x107° utravidet (~ 400 A)
(b) 7.70x10° 3.89x 107 radio (770 kHz)
(¢ 317 x10° 9.46 x 107! radio (3 17 MH2)
@  103x10° 291x10™ microwave (103 GHz)
(&) 5.00x10" 6.00x 107 vishle (600 nm, 6000 A)
® 802x10" 374 x 107 infrared (~ 4 pm)

FHgure 4-4 and the text on pages 11 Ol 11 of PoC provide arough breskdown of the
dectromegnetic goectrum according to wavdength and frequency.

15. Here we cdculae the frequency v given the wavdength A. Subditute
c=2998x 108 ms™
into the equation

Av=_C
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and solve for v, meking use of the fallowing converson factors
1m=10"mm=10%pm=10°nm=10" A
One cdculation of this type should suffice ChooseA =0.761 A= 7.6 1x 107! m
¢ 2998x10 ms™
=—= :394)(10‘8 -1
VI T 7610 m >
Conault pages 110+ 11 in PoC to assgn eech wavdength to its portion of the
dectromagnetic  goectrum:;
A (m) V(s’ls Hz) COMMENT
(@ 761 x 107! 394 x 10" X ray (0.761 A, borderliney)
® 4.01x 107 748 x 10" microwave (401 mm, borderlire ir)
(¢ 115 x 10 261 x 10° radio (2.61 MHz)
(d 5617 x 1077 5.337 x 10' vishle (5617 A, 561.7 nm)
(e 218 x 1077 1.38 x 10" ultraviolet (2180 A, 218 nm)
® 106 x10°° 283 x 10" infrared (1.06 pm)

The shorter the wavdength, the higher the frequency.

Photons and the photoelectric effect are covered in Exercises ]§ through 24.
See Section 4-4, pages R4.3-R4.4, and Examples 4-4 and 4-5 in PoC.

16. Use the rdaionship
E=hv

between photon energy (E) and frequency (v), subgtituting the velue
h=6.63x107* Js

for Plancdk’s congtant and converting dl prefixed units of frequency into s™':
1Hz=10°MHz= 10" GHz=15"'

One sample cdculation (for v = 1 MHz) will illusrate the procedure:

10° 57!
E=hv=(663x107*J s)(l MHz x ): 6.63x10728J

MHz
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Rul results follow:

v(Hz=s™ E() COWVENT
@  10° 6.63 1078 racio (1 MHz, 300 m)
b) 108 6.63 x10726 racio (100 MHz, 3 m)
(© 109]’2 6.63 X 10‘2 microwave (1 GHz, 03 m)
d 10 6.63 X10~ infrared (0.3 mm)
(e 109 6.63 x107"° ultraviolet (3000 A)
® 10 6.63 x107'6 X ray (3A)

The higher the frequency, the higher the energy.
17. Combine the equation

Av=_C
with the Planck-Eingein rdaionship

E=hv

to obtain the dependence of phaton energy on wavdength:

E=—
A

Thus for a wavdength of exactly 1 m, the corresponding energy has magnitude hc:

(6626 x 10 J s)(2998 x 108 m s™')
| m

=1986 x107%]

he
E——}:=

To express this benchmark energy in kJ mol™, as requested, we convert joules into
kilojoules and multiply by Avogadro's number:

_ 1.986x10"25JX 1kJ  6.022x 102 photons
photon 10007 mole

E =1.196 X 10™* kJ mol ™!

Three digits will be enough, however, for our presant purposes, and S0 we shdl teke
E =1.99x 1072 Jper photon = 1.20x 10~ kJ mol™

a5 an goproximete reference vadue Energies for wavdengths other than 1 m scde in
inverse proportion, provided that prefixed units of length are reexpressed in meters:




Light and Matter- Waves and/or Particles 101

1 A (M  E (Jper photon) E (kJ mol™) COMMENT
| @ 10°  199x10% 120x 107 radio (1 m)
(b) 107 1.99x107% 1.20x 107" infrared/microwave (1 mm)
* © 10°  19x107" 1.20x 107 infrared (1 pum)
@@ 10°  199x107'¢ 1.20x 10° X ray (1 nm)
€ 107  19x1073 1.20x 108 y ray (1 pm)
| ® 10  199x10™"° 1.20x 10" yray (1 fm)
] The shorter the wavdength, the higher the energy.

18. A minor varidion on the preceding exerdse We use the rdaionship

hc

E=hv= —7\7
;’ to solve for frequency and wavdength:
:; ,_E _ke
~; " h T E

The cdculdtion for E =1 07 Jistypica:

E 0%y .
V- =6626x10%Js 1509 x 10
6.626 X 107 Js)(2.998 x 108 ms™
i 7\,:%=( ]0226‘] )=1986m

The full st of vaues is tabulaied beow to three digits

E(J) v(Hz =s7) A (m) COMMENT
(@ 10 151x10 199x10  radio (=20 m, 15 MH2)
® 0¥ 151x10®  199x10°  radio (=2 m, 150 MH2)
(© 102 151x10? 199x10™* infrared (=0.2 M)
@ 10 151x10"® 199x10” infraed (~20 pm)
e 107°  151x10" 199x10° infrared (=2 pum)
® 10 151x10° 199x10° Xray (=2 m)

As energy goes up, S0 does the frequency. The wavdength, shorter & higher energies

decreases in inverse proportion.
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19. Note the definition of dectricd power implicit in the Satement of the problem:

Y L ow (wat)

Power = —
tme S

(@ Given both power and time, we can cdculae the totd energy radiated:
Energy = power x time

To obtain avaue in joules, we nead only to convert the time from hours into ssconds

60. 3600
Energy :zj(l h x - S) =22x10°J

Wattage and time done--irrespective of wavdength-spedify the macrosoopic energy.
(b) The totd energy carried by N photons, EN, is the sum of N quanta (each equd to hv):

Nh
E, = th:—x—c-

Insarting the wavdlength A (given as 5000 A = 5.000 x 10”7 m) and the energy calculated
above (2.16 x 10° J before round-off), we then solve for »:

AE,  (5000x 107 m)(216x10°)
~ hc " (6626x 107 Js)(2.998 x10° ms™!)

= 5.4 x 10% photons

20. Cary over, from the preceding exercise, the expresson we derived for the photon
number N thet givesrise to atotd radiant energy Ey:

_AEy
~ hc

Subdiituting unit vaues for A and EN, we fird cdculae a reference photon number

N:hi (A=1m, E, =1J)

C

to be usad throughout:

(100 m)(1.00 J)

=5.08x 10 photons (1 m, 1
(6.626x 107 Js)(2.998x 1 0¥ ms™) Praors (tm 1)
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Vdues for dl of the requested wavdengths scde in direct proportion:

A (m) N

@ km 10 5.03x 10%
® m 10° 5.03x 10%
(€) mm 107 503 x 102!

(d) pm 10°  503x10'®
(¢) nm 10°  503x10"
() pm 1072 503 x10"
(8) fm 10 503x10°

The shorter the wavdength, the more energetic is the phaton. Fewer such photons are
needed to produce a given totd energy.

21. We use our workhorse equation

once agan, this time solving for the wavdength 24 that exactly matches the work
fundion (Ey = 343 x 1 077 J):

o (6.626x 107 7 5)(2.998x10° ms™) <70
"B, 343 1070 J =>FX m

The threshold wavelength is 5.79 x 1077 m (equivaently, 579 nm or 5790 A). Any
photon with a longer wavdength will have an enargy less than the required work
function, 343x 107" J,

22. Knowing the work fundtion (Ey = 3.69 x 107" J), we establish a maximum
wavdength above which no photodectron will be gected:

he (662610 Js)2998 x10°ms™')

= =538%x10"7 m (538nm
" = E, 369x10"°J 8 (538nm)

(@ A wavdength of 538 nm is judt bardy suffident to overcome the work function.
Each photon has an energy

h
E=hv=—f =369x107J

equd to Eo, as shown above for A = A,.
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Given the totd energy Ey ddivered by N photons,
Ex=Nhv =369x107%J

we then cdculate the number of quanta

E, 369x107'%J
= =369 10_|9311.00X103

(b) Wavdength = 500 nm. Here the individud photon energy

. (6.626 x 107 J5)(2.998 x 10* ms™")
— v 10-P—

A 500%x107"m =397x !

exceads the work function (Ey = 3.69 x 107 J), and therefore each photoelectron will
emerge with a cartain excess kindic energy:
Ex=hv = E

The number of such photodectrons, however, will be no greeter than the number of
incident photons thet deliver the known total energy (Ev = 3.97 x 1.07'¢ J):

E, 397x107'%J
hv ™ 397x 107 ]

N = =100x10°

(©) Photons with a wavdength of 600 nm are insufficently energetic, one by one, to
expd a phatodectron from the meta. No photocurrent will be produced under any
dreumstances, even though the totd energy (Ex = 3.3 1x 107 J) is comparativdy high.

23. Smilar to Example 4-5. A, fird, whether eech individua photon can ddiver
enough energy to gect an dectron:

(66261x107 1529979 x 108 m s™)

=45249x107" ]
4390x 107" m

E=h hc
=AV =——=
A

It can: The photon energy (452 x 107" J) is gregter then the work function (given as

441x 1077 ).
Note, in passing, that we have usad the converson

1A= 10"m

to reexpress A in metas Also, to minimize mechine arars in this paticular exerdse, we

quote h and c to five digits and (as usud) do not round off the intermediate results.
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(@ Any difference between the photon energy (E = hv) and the work function (Ey) is
caried away by the photodectron in the form of kinetic energy:

E, =hv-E,
= (45249 - 441) x 1077 ]
=0.1149x107°J

=11x 10°%J (2 4qg fig)
From the kinetic energy,
E, =—mv

we then compute the magnitude of the veocity:

2E,
m

V=

2(1149x107 ) [2(1149%x 10" kg m® 572)
"V 911x107 kg 911x107" kg

=1.59%10°ms™

=16x10°ms™ (2 g fig)
And dso the momentum:
p=mv
= (9.11x 107" kg)(159x 10° ms™")

=14x10Pkgms™ (2 dg fig)

(b) Each of N photons contributes
E=hv=45249x 107"
to produce a total energy of 5.00 joules:.

Ey = Nw=5001J
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The readting vdue of N is good to three sgnificant figures

w500

- _ 19
= a52aax100g  OX 10

If eech photon gects a photodectron (our impliat assumption), then illumination a this
intensity will produce 1.10 x 1 0'° photodectrons

24. Here the energy of a sngle photon,
E = hv= (6.626 x10™ Js)(6.63x10” ') =439x 10 J

is inuUffident to overcome the gated work function:
Eg= 441x107°J

No photocurrent will be produced.

Exercises in the next group deal with the de Broglie wavelength, illustrating its variability
even among microscopic particles. Exercises 25 and 28 demondtrate, for example, that
an eectron has not just one de Broglie wavelength, but rather it has as many de Broglie
wavelengths as it has possble velocities. Exercises 26, 27, and 29 show that particles
with different masses (electrons andprotons) will have the same de Broglie wavelength if
they have the same momenta-but not if they have the same velocity Exercise 30,
concluding the block, demonstrates that A s effectively vanishes for macroscopic objects.
See pages 133-136, page R4.4, and Example 4-6 in PoC.

25. The de Broglie wavdength

h h
Mg =~ = 1)

p my
is determined by the momentum of the patide
p=my

The momentum, in tum, is determined by the kingtic energy,

from which we deive an dterndive expresson for the megnitude ofp:

p=2mE, V)
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Combining equations (1) and (2), we then have a form
h h

Y

in which the kinetic energy is smply the difference between the photon energy (E = hv =
hclh) and the work function:

Ajep =

he
Ec=E-Ey="-E (4
Note that A (without subscript) denotes here the wavelength of the incident light, whereas
the subscripted Ag4eg in (3) denotes the de Broglie wavelength of the gected photodectron.
The units of Ages, findly, reduce properly to meters:

" o h Is (kgmzs'z)s _
“ \/2’”Ek \/ng B \/kg (kg m? s”z) )

(& Aridang from awavdength of 3.0 x 1 07 m, the energy of the photon matches-but
does not exceed-a work function of 6.6 x 107" J

he (6626 x107 Js)(2.998x 10 ms™)
A 3.0x107"m

=66x107"°]

With little or no excess kinetic energy,
E,=E-E,=(66-66)x10"J1=0
the photodectron behaves as if its de Broglie wavelength were approaching infinity.
(b) Subdtitute the vaues
A=28x10"m
E,=6.6x107"J
h=6626x10"Js

c=2998x 10 ms™!

m = 911x 107 kg

into the expressons for Ex and A4 derived above:
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x e
deB = m
The value obtained for Ageg is 2.2 X 10 m, gpproximatdy 2 nanometers

(0 Recdculae Aq4p UINg the same method as in pat (D), this time taking

A =25x 107 m for the wavdength of the photon. With more kingtic energy

imparted to the photon, the value of A4 g fals to goproximatdy | neanometer:
A =13x10°m

The de Broglie wavdlength decreases as the velodity of the photodectron increases.
26. Subditute
Mep=1A= 10 m

into the defining rdaionship,

h
p =
)\’ch

and lve for the momentum:

663x10*Js 6.63x107™ (kg m?s)s

= - = 6.63x10 ¥ kgms™
PE790 m = 100 m 107" kgms

The assodaed veodty follows directly:
p=mv

6.63x 107 kgm s!
9.11x107*' kg

v:—r%: =728 x10°ms™

27. The de Broglie wavdength,

7“deB =

Oil=
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Is identicd for any two partides that hgppen to have the same momentum. Thus a proton
with a wavdlength of 1 A,
M =1A=10""m

caries the same momentum as an dectron with an equivaent 1-A wavdength. Mass
does nat enter explicitly into the caculaion:

B h
)"deB

p

663 «10#1s 6.63x107 (kgm?s?)s
S0, T 107 m

=663 x10*kgms™
The veodty, however, derives from the rdaionship
p=mv
and scdes in inverse proportion to the mass

663x 10 kgm s™!

T67x107kg - 397x10°ms™

p
V==
m

The proton, more massve than the dectron, moves more dowly for a given amount of
momanum.

28. See Example |-6, beginning on page R1.14 of PoC, for the rdaionship between
voltage and dectricd work:

Work = voltage x charge tranderred

The valt, with units of joules per coulomb, oedifies the difference in potentid energy
between two paints in an dectric fidd:

1v=2
- C

An dectron, with negative charge of magnitude e = 1.60 x 107" C, thus has a kingtic
energy of 1.60 x 10™° J dfter accderating through a potentia difference of 1 volt:

% X (160x 107 C)=160x 107°J
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When the potenttid difference is incressed to 10* V, as here, the kinglic energy
goes up by the same factor:

104 J
E = c

=160x 1077

x(L60x 107 C)

=160x 105 kgm? 572

Subdtituting both this vaue and the mass of an dectron (m = 9.11 x 1 07*' kg) into the
expresson for kingic energy,

Ek =—my

we olve for the termind velodity (ignoring a smal rddivisic correction):

=593x10" ms™

9.11x1073'kg

m

2E, \/2(1.60x 107 kg m? 572)
V=, — =

The de Broglie wavdength, findly, is deteemined by the mass and vdodity together:

h  6626x10*(kgm’s?)s 1 .
deB = = 31 7 - 23x107"' m
mv (911x 107" kg)(593x 10’ ms™)

29. Since the charge on a proton,
e=160x10""C

has the same magnitude as the charge on an dectron, the proton atans the same kingtic
energy cdculated in the preceding example, Electricd energy is independent of mass

E, = voltage x charge trandferred = dectrica work

_100J x(L60x 107 c)

=160x1075)

=160x 107 kg m?s2

With the larger mass, however, the proton accderaes to a amdler velodty but to alarger
momentum-and consequently develops a amdler de Broglie wavdength.
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The veocity (from Ey = 3mv?):

=1384x10° ms™

2, \/2(1.60x 107 kgm s72)
V= =

m 167x107"kg

=138x 10°ms™ (3sg fig)
The de Broglie wavelength:

N h 6626x1 0™ (kg m*s?) s
“B T my T (167x107 kg)(1384 x 105 ms™

) =287x10™" m
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30. With objects so massive, the de Broglie wavelengths prove to be vanishingly small—

far samdler than any aomic or nuclear scae.

(@ Subgtitute mass and velocity into the de Broglie relaionship:

h  6.63x107(kgm?s?)s
Agep = — = ( I ) =95%x10""m
my (7okg) (O ms™)

(b) Reexpress 10 g as 0.010 kg:

h 6.63x 1074 Js
Mg = = = I
mv (0010 kg)(250 m's

) =27x10"* m

(c) Convert grams into kilograms and miles per hour into meters per second:

1k
S 0200 kg

200 g x 000 g

100 mi 5280 ft 12 in 254¢m 1 m 1h
TUX X X

_ -1
h mi fi in “100cm < 36005 +/ms

The resulting de Broglie wavdlength is 7.42 x 107° mt

h 6.63 X107 Js 35
Mjp="7"7= —=742x10% m
mv " (0.200kg)(44.7ms™)
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(d) The equivaence between mass (kilograms) and weight (pounds) in the earth’s
gravitationd field is dated in Table C-4 of Appendix C (PoC, page A64):

045392 kg = 1 1b
We convert pounds into kilograms and miles per hour into meters per second,

0.453592 kg
4000 Ib XT = 1814 kg

60mi  5280ft 12in 254e¢cm  1m 1h
- X - X - X

X - X _ - =26 -1
h mi ft in 100 cm 3600s 68 ms

from which we obtain the corresponding de Broglie waveength:

b 563X 1074 Js
mv (1814 kg)268 m 5™

Mien = ) =14x10% m

The reault is limited to two sgnificant figures by the initid vaue of veocdity.

The sat concludes with an exploration of the Heisenberg uncertainty principle, smilar in
spirit to the treatment of the de Broglie wavelength just above. Issues considered include
the basc operation and applicability of Heisenberg § equation, the difference between
momentum and velocity, the effect of mass, and the apparent restoration of deterministic
certainty in macroscopic systems.  See pages 142-1 44, page R4.5, and Example 4- 7 in PoC.

31. The uncertainty principle puts limits only on the simultaneous measurement of
momentum and position:

ApAx > =~h

We can measure either quantity (p or x) to theoreticaly arbitrary accuracy, abeit one a
the expense of the other.

Thus to determine an eectron’s momentum with vanishing uncertainty (Ap = 0),
we must do so under conditions where the uncertainty in postion,

Ax>l-l~
Ap

approaches infinity. To determingp with absolute certainty is to forfeit adl knowledge of
X, and-with perfect symmetry-to determine x with absolute certainty is to forfet dl
knowledge ofp. The two uncertainties are relative, not absolute; they stand in inverse
proportion.
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32. An dectron confined to a smdl region in goace manifests a large uncatanty in
momentum. We know where the partide is but we do not know what it is doing-its
Speed, direction, and momentum.

A poorly locdized dectron, by contragt, has a wel-defined momentum within the
limits of the Hasenberg uncatanty prindple The oreeds in momentum and vdoaty
decreese as the spatid interva becomes larger (Ax incresses).

Snce the pogtiond uncertainty in our presant system is dreedy fixed (Ax =
| x; = x11), the rdaed uncartainty in momentum is bounded by the Heisenberg
reaionghip. We continue to use the goproximate form:

ApAx > h

A>—h—
P> Ax

The uncertanty in veodty is then delermined draightforwardly from the definition of
momantum:

h
Ap=mAvy > —
pvax

h
Av>m

Note further thet the uncertainty in x,
Ax = |x3— x|

depends only on the difference between x; and x;, not on any absolute podtion. Hence AX
is the same in parts (a), (b), and (C),

Ax=1mm=1x10"m

and we dhdl use this vaue for a rough sample cdculaion (rounded off to just one digit):

A h 663 x107* (kg m* s’z)s
P> 1x107°m

~7x10'kgm s™!

h 6.63x107%(kgm?s?)s L
Av > = ~07ms
mAx (911 x 102 kg)( x10- m)

A complete st follows on the next pege.
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Ax (m) Ap kgms™)  Av (ms™h
(@ 107 > 7 x107" >7x 107!
® 107 > 7 x107 >7x 107!
© 107 > 7 x107 >7x 107
(d 10 >7x 10728 >7 x 107
(e 107 >7x107% >7x 10°

33. Given a vdue for the kinetic energy,

=16x 1071 J

= 1.6 x107" kg m*§~2
we cdculate the associated momentum and velocity.

Momentum:

p=12mE, =/2911x10 kg)(16x 10" kgm®s?) = 1.7x 1 0P kgms™
Veodity:
p=mv

17x10Bkgm s~

— ) -1
OILx10 kg oxioms

P
Vy=—=
m

To edimate the minimum Spreads in momentum, we then consult the corresponding
uncertainties Ap dready computed in the previous exercise-which remain fixed for a
given spread in pogtion, Ax:

Ax (m) p+Ap (kgms™) vEAv(ms™)
@@ 107 (L7x 1072y + (7x 1073 (19x 10"+ (7x 107
() 10° (L7 x 107y + (7 x 10728 (L9x 10"+ (7 x 10?)

e 107 (1.7 x107%) £ (7 x 1072y (1.9x 10") £ (7 x 10°)




4. Light and Matter-Waves and/or Particles
Obsave here that the indeterminecy in momentum,

A>—h—
P2 Ax
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Is inversdy proportiona to Ax and thus becomes more important as the opening narrows.

The percant uncertanties in momentum, for example, range from a mere
Ap
. x 100% = 0.000004%

when Ax = 1 mm to amore substantia 4% when Ax = 1 nm.

34. Use the same method as in Exerdses 32 and 33, this time subdtituting
m=167x 107" kg
for the mass of the patide.

Momentum:

p=2mE, = [ 167x10?" kg)(16 X107 kgm? s7) = 73 x10"2 kg ms™
Vdoaty:

=44x10° ms™

Vv =

p 73x107% kgms™
m~  167x107% kg

The vaues of Ap, dependent only on Ax, are the same for proton and dectron. The
proton’s 1836-fold larger mass, however, shows up in its smdler vaues of Av:

Ax (m) ptAp kgms™) viAv(ms™)
(@ 107 (73x 1072+ (7x 107 44x10%+ (@ x 107
b 107 (73x 1072+ (7 x 1078 44x10°)+ (4x 107
© 107 (73x102) + (7 x 107%) (44x10% + (4x 109

35. The method is the same as in the preceding three exerdses. Results are tabulated a

the top of the next page
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PARTICLE MASS (kg)  Ax (m) p+Ap(kgms™) viAv (ms™)

(a) He 6.65 X107 107 (15x10™M) 1+ (7x107)  (22x 10°) £ (1 x 107
10 (15x10M (7 x10%)  (22x10% (@ x10™)
107 (15x10) 2 (7x10%)  (22x10% % (1 x10%)

(b) N, 465x10% 1070 3B9x10)+(7x107)  (83x109%£(1x107)
10 (39x10?)+(7x10%) (83 X10H£(1x107)
10° (39x10%)+(7x10%)  (83x10%)+(1x10)

(C) CiHnOn 5.68 x 10 107 (L3x10®)+(7x10%)  (24x10% £ (1 x 10")
107 (13x10)+ (7x10%) (24 X109+ (1x107)
10°  (L3x10+(7x107%) (24 x10%+(1x 10%

36. The goproximate uncartainty in veoaty,
h
k C -
Av > oA
proves to be infintesmaly samdl for a macroscopic sysem. A large mass enaures that Av
will be atiny fraction of the vdodty: Aviv << 1.
(@ Converting grams into kilograms and microns into meters,

1ke
1000 ¢

m=100gx = 0100 kg

| m .
Ax=1pmx Flm:1x106m

we obtain Av in meters per sscond:

h 663x107 (kgm?s?)s
> -
mAx (0100 kg)(I x 107 m)

Av =7x10ms’

(b) The percent indeterminecy in veodty is minuscule

A 7x10 ms™
& 100% = 21 S 100% = (2x102¢)%
v Oms
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37. The description implies that Ap = 0. If so, then Ax must be infinite and we can say

nothing about the postion. The free eectron is, S0 to speek, a “big” particle, completely
delocalized. 1t might be anywhere. We don't know.

38. Near the nucleus, where the éectron’s indeterminacy in pogtion is smdl, its
indeterminacy in momentum is correspondingly large. See pages 150-1 51 in PoC.




