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Deformation of tame admissible covers of curves

Stefan Wewers
wewers@exp-math.uni-essen.de

Abstract

Let X be a semistable curve over a complete local ring and let
p:Y — X be a tame admissible cover of the special fiber. To lift 5 to
a tame admissible cover p : ¥ — X, it suffices to lift 5 locally in small
neighborhoods of the singular points. The present paper gives a proof
of this result using formal patching. As an application in the case of
smooth curves, a proof of Grothendieck’s Theorem on the tame fun-
damental group of smooth projective curves in positive characteristic
is included.

Introduction

Let X be a semistable curve over a complete local ring and let 5: ¥ — X be a
tame admissible cover of the special fiber. Choose a horizontal divisor D C X
lifting the branch locus D C X of 5. To deform j to a tame admissible cover
p Y — X, ramified along D, it suffices to lift 5 locally in small neighborhoods
of the singular points. To do so, one has to choose roots of local parameters of
the singular points of X. Hence, deformations of g exist in general only after
a tamely ramified extension of the base ring and are in general not unique.
In the case of smooth curves, however, deformation of tame admissible
covers is always possible and is unique. This result was first proved by
Grothendieck and used in his theory of specialization of fundamental groups,
[8]. In [9] deformation of mock covers is studied and applied to tame funda-
mental groups. These results can be reformulated in terms of deformation of
tame admissible covers which are unramified over the singular points. In [23],
deformation of admissible covers over complete discrete valuation rings are
described. This is used to construct a specialization morphism of fundamen-
tal groups of curves with semistable reduction. The fundamental group of the
special fiber, classifying admissible covers, is described by a graph of groups.
There are also many results on deformation of covers of curves which are not
admissible. They are all proved using some version of either formal or rigid
patching. Let us only mention the result of Harbater [10] that every finite
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240 WEWERS: Deformation of tame admissible covers of curves

group is a Galois group over Q,(x) and the proof of Abhyankar’s conjecture
in [22] and [11].

The deformation theorem proved in this paper is used in [13], [19] and 23]
to compactify Hurwitz spaces. For this application it is important to have a
precise uniqueness statement and to work over quite general complete local
rings. Even though rigid patching has often shown to be the more flexible
approach, in particular for covers with wild ramification, in the present situ-
ation formal patching seems to be more appropriate. The potential and the
mechanisms of formal patching are certainly well known to algebraic geome-
ters. But there seems to be no reference for this particular result which is
reasonably self contained and accessible for a wider audience.

Therefore, the present paper has two goals. First, to give a rigorous proof
of the general deformation theorem of admissible covers. Second, to make
formal patching and its application to fundamental groups more accessible to
non-specialists.

The main result

Let R be a complete noetherian local ring with separably closed residue field
k and let X/R be a projective nodal curve. By this we mean that the special
fiber X := X xp k has at worst ordinary double points 21,...,2, € X as
singularities and their complete local rings on X are of the form

Ox e =2 Rl[wi,vi | wivi =],

where the isomorphism is induced by elements u;,v; € Ox, with ¢, := uv; €
R. The elements u;,v; can even be chosen from the henselian local ring
Ox.z C Oxz,. In other words, X is locally around z; (in the étale topology)
isomorphic to the standard nodal curve Spec Rlu;, vi|uv; = t]-

Let D C X be a mark on X, i.e. a horizontal divisor which is étale
over Spec R and does not meet the singular points. A tame admissible cover
p:Y — (X,D) is a finite morphism between nodal curves, which is tamely
ramified along D, étale over X*™ — D and verifies the following condition over
the singular points. Let y; € ¥ be a point lying over one of the singular points
;. Then y; is a singular point of Y/R, ie. Oy,; = R[s;,s;|r;s; = 7;]] with
7; :=rjs; € R. Moreover, we can choose 7;,5; € Oy,y; such that r;-” = u; and
s;’ = v; for an integer n; prime to the characteristic of k and u;,v; € Ox
as above.

Suppose we are given a tame admissible cover p : ¥ — (X, D) of the
special fiber X := X xp k of X. For every point y; € Y lying over a
singular point z; € X we can choose 7;,5; € Oy, with 7;5; =0, 1"}1’ = U
and 5;-” = v;, where u;,v; are as before and @;,v; denote their restrictions
to the special fiber. A deformation of p to R is a tame admissible cover
p: Y — X with p xg k = p. For every deformation p of j there are unique
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lifts rj,s; € Oy, of 7;,5; with r}’ = w, s}’ =wv; and 7; := r;s; € R. Thus
the deformation p determines a tuple (7;); of elements of R with 7,° = t;.
Let us call the tuple (7;) the deformation datum for p corresponding to the
deformation p. Qur main result can be stated as follows.

Theorem: The assignment
p— (Ti=ris));

induces a bijection between isomorphism classes of deformations of p to R
and the set of tuples (1;); of elements of R with ‘r}” = t;. Moreover, the iso-
morphism between two deformations with the same deformation datum (7;);
is unique.

This theorem appears as a claim in [13] (page 61 f) for simple covers and in
[19], §3.23 in the same generality as above. In the case that R is a complete
discrete valuation ring and D = 0 it is proved in [23]. The surjectivity of the
map in the theorem is proved in [12] for the case R = k[[ry,... ,7,]]. Other
special cases of the theorem appear in various papers dealing with Galois
action on fundamental groups, e.g. in [13].

Outline

Section 1 serves an an introduction to formal patching. We explain the general
idea of the proof and present the necessary tools, namely étale localization,
descent and Grothendieck’s Existence Theorem. In Section 2 we show that
every tame admissible cover is étale locally isomorphic to a cover of a certain
standard shape. To show this, we introduce local coordinate systems of a
nodal curve at an ordinary double point. Section 3 contains the proof of the
main result. In Section 4 we give a proof of Grothendieck’s theorem on the
tame fundamental group of curves in positive characteristic. The appendix
contains some results about étale ring extensions and henselization which are
used in this paper.

Throughout, we assume that the reader is familiar with the definition
of a scheme. However, we have tried to keep the references as accessible
as possible. Most proofs make only references to Hartshorne’s book or a
standard textbook on commutative algebra.

I thank David Harbater and Helmut Vélklein for helpful discussions about
the content of this paper.

1 Formal patching

This section is an introduction to formal patching, as it is understood in
this paper. The reader familiar with this circle of ideas can skip it without
problems. The general reference for this section is [8].
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We start in 1.1 with an outline of the proof of our main result from a
more general point of view. More precisely, we explain those ideas of the
proof which are independent of the special case of admissible covers. This
outline motivates the following subsections, where the tools we need to do
formal patching are presented. These are étale localization, étale descent and
Grothendieck's Existence Theorem.

1.1 Outline of the proof

1.1.1 Let R be a complete local ring with residue field k. Let X be a
scheme over R. We write X := X xp k for the special fiber. Let P be a
property of morphisms of schemes which is local, in an appropriate sense. To
fix ideas, we assume that a morphism with property P is finite.

Problem 1.1.1 Suppose we are given a morphism g : ¥ — X with property
P. Does there exist a morphism p : ¥ — X with property P such that
Y=Y xpgh?

The present paper deals with this problem in the case that a morphism
with property P is an admissible cover of curves. In the rest of this section
we show that, under certain general conditions on the scheme X and on
the property P, Problem 1.1.1 can be solved using standard techniques of
algebraic geometry,

1.1.2 The main idea is to solve Problem 1.1.1 first locally and then to
glue the local solutions together to a global solution. To do this, we choose
an open covering (U;)ier of X. Then (U; := U; N X); is an open covering
of X and (V; := p~(0;))i is an open covering of ¥. Moreover, the maps
pi : Vi — U; induced by p have property P (since P is a local property). For
1) € lwelet U;; :=U;NT;, U,-J =U;N Uj and V,] =V.N VJ

Condition 1.1.2 If the covering (U;); is chosen sufficiently fine, then the
following holds.
(i) The morphisms p; : V; — U; can be lifted to morphisms pi Vi — U
with property P.

(ii) For ¢ # j, let U be an open subset of U;;, and let U := U N X and
V= p~Y(U). Given two morphism p; : Vi — U and p, : Vo — U lifting

plv : V — U and having property P, there exists a unique isomorphism
a: Vi = V3 with ppo o = p; and a|y = Idy.

Provided we use the right notion of an open covering, Condition 1.1.2 is
sufficient to solve Problem 1.1.1. Given the local lifts p; : V; — U; of (i},
Condition (ii) makes sure there are unique isomorphisms

aig i 7 U) == p7N(UL) (1)
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with p; o a;; = p; and ;; = Id. Their uniqueness forces the a;; to verify
the cocycle relation

ai.j|p;1(u.»|j,k) ©° O‘j.k|p;1(u,-lj'k) = ai,klp’:l(U,'IJ',k)v (2)

where U; jx := Ui NU; N Uy for 4,5,k € I. In this situation we can glue the
schemes V; along the isomorphisms a; ; and obtain a scheme Y together with
a morphism p : Y — X such that p; = ply;. It follows that p is a lift of 5
with property P, solving Problem 1.1.1.

In the case that the U; are Zariski open subsets of X, this gluing process is
given as an exercise in [14] II, Exercise 2.12. But it is in general very difficult
to choose a sufficiently fine Zariski covering such that Condition 1.1.2 holds.
An elegant solution for this problem is to replace the Zariski topology by the
finer étale topology. This means that we replace open subsets U; C X by
étale morphisms U; — X and the intersections U; N U; by the fiber products
Ui x x U; (for the moment we will keep the old notation). In the context of the
étale topology, the gluing process described above can be accomplished with
the theory of descent. This theory is a generalization of both-Zariski gluing
and Galois descent. We will see in Section 1.2 that the descent theorem we
need here reduces immediately to an algebraic lemma dealing with faithfully
flat descent of modules.

1.1.3 Whether we can find a covering (U;); of X verifying Condition
1.1.2 depends of course on the property P. In Section 2.3 we will show that
if P means being an admissible cover of curves, then we can find an étale
covering of X of a certain standard shape. For such a covering Condition
1.1.2 (i) is then easily verified. This is the only part of our formal patching
process dealing with the special situation of admissible covers. In our version
of formal patching, Condition 1.1.2 (ii) depends on the following étaleness
condition.

Condition 1.1.3 There is a dense open subset Uy C X such that p: ¥ — X
is étale over Uy N X and all lifts p : ¥ — X of 5 with property P are étale
over Up. Moreover, for a sufficiently fine open covering (U;); of X and for
i # j we may assume that U;; C Up.

In the case of admissible covers of curves, one can take for U the complement
of the branch locus inside the smooth locus of the curve. Then Condition 1.1.3
holds if & is algebraically closed.

Assume that Condition 1.1.3 holds. Then the morphisms p;; : Vij — Ui
are étale and any lift of 5;; to p;;: Vi; — Ui has to be étale. The following
lemma shows that if R is artinian, then Condition 1.1.3 implies Condition
1.1.2 (ii).

Lemma 1.1.4 Let A be a ring with a nilpotent ideal I; let A:= A/I. Then
every finite étale A-algebra B lifts uniquely to a finite étale A-algebra B.
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If R is artinian, then m™ = 0 for n > 0. We may assume that the open
subset {7 C U ; of Condition 1.1.2 (ii) is affine, I/ = Spec A. Then I := mA
is a nilpotent ideal of A and V = p~}(U') = Spec B for a finite A-algebra.
Assume moreover that Condition 1.1.3 holds. Then we may assume that B
is étale over A, and Condition 1.1.2 (ii) follows from Lemma 1.1.4.

1.1.4 We have seen that we can solve Problem 1.1.1 if R is artinian and
the Conditions 1.1.2 (i) and 1.1.3 hold. We would like to extend this result
to the case that R is a complete noetherian local ring. The problem is that
we can not apply Lemma 1.1.4 in the same way as before. Note that even if
A is a finitely generated R-algebra, A is in general not complete with respect
to the ideal J := mA. It is easy to see that the analogous version of Lemma
1.1.4 is actually false in this situation. To get around this difficulty we need
a further condition.

Condition 1.1.5 The ring R is noetherian and complete and X is a projec-
tive scheme over R.

For n > 0 let R, := R/m™*! and X, := X xp R,. Assume that the
Conditions 1.1.2 (i) and 1.1.3 hold if we replace the R-scheme X by the R,-
schemes X,. Then we can use Lemma 1.1.4 and étale descent to construct a
sequence of finite morphisms p, : ¥, — X, with property P such that ¥, =
Yor1 XRoy, Ra and Y = Y;. In this situation and under Condition 1.1.5 we
can apply Grothendieck’s Existence Theorem (see Section 1.4). This theorem
shows that there is a finite morphism p : ¥ — X such that ¥, =Y xz R,
for all n > 0. It remains to show that p has property P. Since this depends
strongly on P, we formulate it as the last condition.

Condition 1.1.6 If the morphisms p, : ¥, — X, all have property P, then
p Y — X has property P.

1.2 Etale localization

We are going to introduce some terminology related to the étale topology of
a scheme. All the definitions are restricted to affine étale morphisms. This
is all we will need and it reduces the technical background. Throughout, X
denotes a separated scheme.

1.2.1 A morphism of schemes ¢ : U — X is called affine étale, if
U = Spec A is affine, its image ¢(U) is contained in some affine open subset
Spec B C X and the ring extension B — A induced by ¢ is étale (see the
Appendix for a definition of ‘étale’).

Lemma 1.2.1 Let ¢ : U = SpecA — X be an affine étale map. Then
for any affine open subset Spec B C X containing ¢(U), B — A is étale.
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Moreover, if ¢’ : U’ = Spec A’ — X s another affine étale map, the same
is true for the projection of the fibered product U xx U’ to X and for any
morphism U’ — U of X -schemes.

Proof: The first claim follows from the fact that ‘étale’ is an open condition
(see the Appendix). For the second claim, take V := Spec BNSpec B', where
Spec B C X (resp. Spec B’ C X) contains ¢(U) (resp. (U’)). By [14] II,
Ex. 4.3, V = Spec B” is again affine (here we use that X is separated). By
the construction of fibred products in [14] II, Thm. 3.3, we get U xx U’ =
(UNe~ V) xv (U'N(¢")71V) = Spec A” with A” (A®p B")®pgn (B"®p' A).
The B"-algebra A” is étale by Lemma 3.1.2 (i), proving the second claim.

If there is any X-morphism f : U’ — U, then we can take one Spec B C
X containing both ¢(U) and ¢'(U’), and then f is given by a B-algebra
morphism A’ — A, which must be étale by Lemma 3.1.2 (ii). This proves the
last claim, u

An (affine étale) covering' U of X is a family (¢; : U; — X);e; of affine
étale morphisms whose images cover X.

Given a covering U = (U; — X)ier, we will frequently use the following
notation.

Uij=UixxU;, Upjp=UixxUjxxUs, 4,j,k€l

Note that, if the U; are Zariski open subsets of X, then we actually have
Ui; =UiNUj, Uije = U; N U; N Uk. We have lots of natural maps:

U — U:— Uy E . (3)
i iJ ik
The two arrows in the middle we call pf'lj) (projection to the first factor, {7;)
and p (ploJectlon to U;). On the right hand side, we have three maps qIUJ)L
1=1,2,3, for the projection leaving out the I-th factor.
By Lemma 1.2.1, U;; = Spec A; j, Uijx = Spec A; ;. Therefore (3) cor-
responds to a complex of ring morphisms:

=€BA,-:’A"- @A,J:A'”- P A (4)

'J'

Lemma 1.2.2 Assume X = Spec A aﬂ‘ine. Then:

(i) Canonically, A" = A'@4 A" and A" = A' @, A’ Q4 A’

(ii) The natural morphism A — A’ is faithfully flat
Proof: By the construction of fibered products in the affine case, 4;; =
Ai®4 Aj and A;jr = A; ®a A; ®4 A, This proves (i). A — A’ is étale,
therefore flat. It is faithfully flat because Spec A’ = U; — X = Spec A is
surjective ([17] 4.C (iii)). [

Inote that we give ‘covering’ (recouvrement, I"Jberdeckung) a different meaning than
‘cover’ (revétement, Uberlagerung)
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1.2.2 Let k be a field. A geometric point of X is a scheme morphism
@ : Speck — X such that & is an algebraically closed field. Let = : Speck —
X be a geometric point. An (affine étale) neighborhood of z is a pair
(U7, 2"), where I/ — X is an affine étale morphism I’ — X and 2’ : Speck — U
a lift of 2 to /. Frequently, we will write {7 instead of (I, 2’) and call it simply
a neighborhood of 2. Let E{(.X,z) denote the category of neighborhoods of
x. A morphism (I}, 2,) — (U2, 22) is a commutative diagram

Speck = Speck = Speck
| = | = r
Uy — Uz — X

If a morphism from U} to Uy exists, we will say that Uy is smaller than Us.
Let E4'(X,z) be the full subcategory of all connected neighborhoods.

It follows from Lemma 5.2.1 that E{'(X,z) is a filtered inverse system.
Therefore we can define the (strict) henselian local ring of X at r as

Ox.:=lmA4, U =SpecA € EI'(X,x) (3)

Of course, for every neighborhood I/ = Spec A of z, Ox ; is the henselization
of A — k, as defined in the Appendix. We define the (strict) complete
local ring Oy, of X at 2 to be the completion of Oy ..

1.2.3 Local decomposition of finite morphisms Recall that a mor-
phism f : ¥ — X of schemes is called finite, if for every open affine subset
U = Spec A C X the preimage f~'(U) = Spec B is affine and B is a finite A-
algebra, i.e. finitely generated as A-module. Then we can write Y = Spec B,
where B is a finite Ox-algebra on X, i.e. a coherent sheaf with an additional
algebra structure (see [14], I1.3 and ILEx. 5.17).

Let f:Y = SpecB — X be a finite morphism and x : Speck — X a
geometric point. Since k is algebraically closed, Y x x Speck = Spec k™ for
some n > 0. The n idempotents of k™ correspond one to one to the lifts
Yiyerr 1 Yn : Speck — Y of z to V.

If / = SpecA — X is an affine étale neighborhood of z, then V :=
Y xx U = SpecB, where B is a finite A-algebra. By Lemma 5.1.2 (i),
V = Spec B — Y is an affine étale map.

Lemma 1.2.3 For every sufficiently small connected étale neighborhood U =
Spec A of z, V = Spec B is a disjoint union of the form
V=V, V,=SpeB,

i=1

such that Vi = Spec B; — Y is a connected neighborhood of y;. Moreover,

OY,y.' = I_E} Bi ®a A,v
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where A’ — k runs over E{'(A — k).

Proof: Let A be the henselization of A with respect to A — k and B =
B®4 A. Since A — B is finite and A henselian, we obtain a decornposition
B = @™, B; into local factors. For a sufficiently small A’ — k € Ei'(A — k).
we have B ®4 A = @;B; such that B; = B; @4 A. This proves the first
claim. Checking the universal property of henselization (Remark 5.2.2) we
see that B; is the henselization of B with respect to the ring morphisms
B — k corresponding to y;. Now the second claim follows from the definition
of henselization. ||

We will say that a neighborhood U’ with the properties formulated in
Lemma 1.2.3 decomposes the finite map f. We may also state this as
follows: by choosing an arbitrarily small affine étale neighborhood U of r.
its inverse image on Y is the disjoint union of arbitrarily small affine étale
neighborhoods V; of y;.

1.3 Descent

A quasi-coherent sheaf M on a scheme X is an Ox-module which is, over ev-
ery affine open subset [/ = Spec A, represented by an A-module /. More pre-
cisely, given an affine open covering (U; = Spec A; C X); of X, M corresponds
to a family of A;-modules M; together with isomorphisms M; ®a, Ai; —
M;® 4, A; j verifying a natural cocycle condition (where Spec A; j = Ui xx U; )
The thecmrjr of descent shows that this is still true if (U; = Spec A; — X); i
an étale covering, as defined in the last section. Moreover, this also worl\s
for finite Ox-algebras B. Since the latter correspond to finite morphisms
p: Y — X, descent is the right tool to glue finite morphisms, as described in
1.1.2,

1.3.1 Let X be a scheme and M a quasi-coherent sheaf of O x-modules
over X (see [14], IL.3). Given an affine étale map ¢ : U = Spec A — X, the
inverse image ¢*M is a quasi-coherent sheaf on U = Spec A, so it can be
written as

GM=M (6)

where M is an A-module ([14] II Proposition 5.4). If ¢’ : U’ = Spec A’ — X
is another affine étale map and f : U’ — U is an X-morphism, we can
write (¢/)*M = M' and the relation ¢’ = ¢ o f induces a natural A’linear
isomorphism

M =M@ A (7)

Now let U = (p; : U; = Spec A; — X); be an affine étale covering and M
a quasi-coherent sheaf on X. Then ¢;M = M;, where M is an A;-module.
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Using the notation introduced in Section 1.2, the relations ; op(J) =;op; J’
induce a family a = (ay;);; of A;j-linear isomorphisms

aij M@y Ay — _M-®A Aij. (8)
For each triple ¢, j, k, the family (o ;) gives rise to A, ;s-linear isomorphisms
P M @4, Aijx — M Q4 Aiju
,Jk P M@ Aije —— My ®a, Aijk (9)
”A P Mi®4; Aijr —— M; @4, Aiju

x_]k

For instance, af Jlk is defined by @i ®, (3) 4 A jk, where e[_}J,\ : A j — A is the
LI7 ]

natural morphism and where we have identified (M, ®a; Aij) ©a,; Aijk with
M; @4, Aiji and (M; ®@a, Aij) Oaiy Aijx wWith M; ® 4, A; k. The other two
cases are similar. A tedious but formal Veriﬁcation shows that the following
cocycle relation holds for every triple ¢, j, k:

x(lj)k °© 0‘(3)1. = a(i,k (10)

Conversely, let (14;); be a family of A;-modules and (e ;);; a family of 4;;
linear isomorphisms as in (8). The datum (M;, ;) is called a descent
datum on the covering i if the family of isomorphisms a(“ derived from
the ¢; ; as in (9) verifies the cocycle relation (10). A morphlsrn of descent data
from (M, a; j) to (N;, B:;) is given by a family of A;-linear maps f; : Af; — N,
compatible with a;; and f; ; in the obvious way. Another formal verification
shows that

M — (.Mi,ai,]-) (11)

defines a functor from the category of quasi-coherent sheaves on X to the
category of descent data on U.

Theorem 1.3.1 (Descent for quasi-coherent sheaves) The functor de-
fined by (11) is an equivalence of categories. In particular, for every de-
scent datum (M;, a; ;) on U there exists a quasi-coherent sheaf M on X with
i,«":M = A/f,'.

Proof: For a proof of this theorem and much more general results, see e.g. [20]
Chapter VII or [1] Chapter 6.1. We will explain how to reduce the theorem
to a problem on faithfully flat descent of modules.

First assume that X = Spec A is affine. Let (M;, o; ;) be a descent datum
on Y. Then M’ := @;M; has a natural structure of an A’ = @®;A4; module.
Using Lemma 1.2.2 we obtain canonical A’-linear isomorphisms

Mo, A=MesA =P Mo, Ay,
& " (12)
A R4 M = @ ‘guj R4 A= @ A[, ®A} A{.]‘.

1,] 1,7
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Therefore a descent datum (M, a;;) on U gives rise to a a datum (M, a).

where M’ is an Amodule and a : M'Q A — A @ s M isan A" = A'® 4 A"~
linear isomorphism. The cocycle relation (10) corresponds to the relation

a(s) [} a“) = a(2)’ ('13)
with A”-linear isomorphisms

aV o AQuA QM T AR M @4 A
a? A QuA QM S M@ A QA (14)
a(z) M A/®AA;'[’®AAl =g A:’['@AA,@AA'

obtained by tensoring « on the left, in the middle and on the right with Id...
Remember that we are assuming X = Spec A and we can therefore identify
a quasi-coherent sheaf M on X with the A-module M :=T'(X, M). In this
case we have M’ = &;M; = M ®4 A'. and «a is defined by a; ® (m ® a2) —
(a1 ® m) ® ay. We can therefore reformulate the statement of Theorem 1.3.1
as follows. Given a faithfully flat ring homomorphism A — A, the functor

M — (M':=M®4 A a) (13)

is an equivalence between the category of A-modules and the category of
descent data for the morphism A — A’. For a proof of this statement, see
e.g. [18] I Remark 2.21.

The general case of Theorem 1.3.1 now follows quite easily. We can cover
X be affine Zariski open subsets V, = Spec B,. It is easy to see that for
every p we can restrict our descent datum (M;, a; ;) on U to a descent datum
on the étale covering Uly, = (Ui xx V, = V,) of V, = SpecB,. Applying
Theorem 1.3.1 in the affine case, we obtain quasi-coherent sheaves M, on ¥,
corresponding to B,-modules M,. Using the fully faithfulness of the functor
(11) in the affine case we get isomorphisms M, |v,av, = M,|v,av,, because
both sheaves correspond to the restriction of the descent datum (A, o) to
the affine open subset V, N V,. The uniqueness of these isomorphisms forces
them to satisfy the usual cocycle relation. By [14] II Exercise 1.22 we can glue
the M, to a quasi-coherent sheaf M. By construction, M corresponds to
the descent datum (M, «; ;). A similar argument shows the fully faithfulness
of (11) in the general case. |

1.3.2 Let X and U be as before and let B be a finite Ox-algebra. Regard-
ing B as a quasi-coherent sheaf on X, we obtain a descent datum (B;, ;).
where the B; are finite A;-algebras and the «;; are isomorphisms of A; -
algebras. We say that (B;, e ;) is a descent datum for finite Oyx-algebras on
Uu.

11
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Corollary 1.3.2 The functor B — (Bj, ;) is an equivalence between the
category of finite Ox-algebras and the category of descent data for finite Ox-
algebras on U.

Proof: Let (B:,q; ;) be a descent datum for finite O x-algebras on U. The
algebra structure of the B; is given by A;-linear multiplication maps m; :
B; @4, Bi — B;. These maps verify certain identities corresponding to the
rules for multiplication in a ring. Using the fact that the a;; are algebra
morphisms, the family (m;); is easily seen to be a morphism of descent data.
By Theorem 1.3.1 we obtain a quasi-coherent sheaf B on X together with
a morphism m : B @oy B — B of quasi-coherent sheaves. The morphism
m verifies the same identities as the m; and defines thus a structure of Ox-
module on 5. It remains to show that B is actually a finite O x-module. In
view of the construction of B in the proof of Theorem 1.3.1, this follows from
the following fact. Let M be an A-module and A — A’ a faithfully flat ring
extension. Then Al is finitely generated over A iff M’ := M @4 A’ is finitely
generated over A'. [ ]

1.4 Grothendieck’s Existence Theorem

Let R be a complete local ring with maximal ideal m and let X be a scheme
over R. Forn > 0, let R, := R/m™! and X, := X xpg Rn. Note that X, is
a closed subscheme of X. In particular, X := X is the special fiber of X.

A formal coherent sheaf on X is a family (My )30 of coherent sheaves
M, on X, together with a system of isomorphisms

Yn,m M QR, R, = Mo, n>m (16)

such that Gim © (Cam Orm Ri) = tpng for alln > m 2 L For instance,
given a coherent sheaf M on X, we can define the formal coherent sheaf
M = (M @p Ry)n, called the formalization of M. There is an obvious
notion of morphisms between formal coherent sheaves. Formalization is a
functor

M — M:=(M®gr Ru)n (17)

from coherent to formal coherent sheaves. A formal coherent sheaf M’ on
X is called algebraizable, if there exists a coherent sheaf M on X with

M= M.

Theorem 1.4.1 (Grothendieck’s Existence Theorem) Let R be a com-
plete noetherian local ring and X a projective scheme over R. Then (17) is
an equivalence of categories. In particular, every formal coherent sheaf on X
is algebraizable.
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The proof of this theorem in {7}, Chapter 3, uses the cohomology of co-
herent sheaves. In [14] this cohomological machinery is developed under less
general hypotheses. Below we give a proof of Theorem 1.4.1 which follows
closely the original lines of [7] but only relies on results proved in [14]. First
we state the corollary which we will need to do formal patching.

Let X/R be as in Theorem 1.4.1 and let B be a finite Ox-algebra (see
Section 1.2.3). Regarding B as a coherent sheaf, we define its formalization
B := (B,). Each B, is a finite Oy, -algebra and the isomorphisms B, ®g,
R,, = B, respect the algebra structure. Therefore we call B a formal finite
Ox-algebra. The following Corollary is implied by Theorem 1.4.1 in the
same way as Corollary 1.3.2 1s implied by Theorem 1.3.1.

Corollary 1.4.2 Assumption as in Theorem 1.4.1. Every formal finite Ox -
algebra is uniquely algebraizable.

1.4.1 Before passing to the proof of Theorem 1.4.1 we fix some notation
and recall some general facts. Since X C Py by assumption, we can consider
coherent resp. formal coherent sheaves on X as coherent resp. formal coherent
sheaves on P%. Therefore, we may assume that X = Ph.

X = P} has a standard affine open covering (U; = Spec A;);, where A; =
R[T,/T;,... ,T./Ti],i=0,...,r. Let M be a coherent sheaf on X. For every
sequence ¢y, ... ,5, with 1 <4 < ... <ip, <rweput Uy, 4 i=UyN...NL,
and A{il,... Vip = F(U,

treripsM). In a standard manner we obtain a complex

Pm; — PM; — DM — (18)
1,] k

i Lk

of R-modules (see [14] I1.4). Note that M; = T'(U;, M) (resp. M;; :=
[(U;;, M) etc.) are finitely generated A;-modules (resp. finitely generated
A;j = Ai[Ti/T;)-modules etc.). For ¢ > 0 we define the cohomology group
HY(X, M) as the ¢-th cohomology group of the complex (18). By [14] III,
Thm. 4.5 this coincides with the definition of cohomology via derived functors.
In particular, H°(X, M) = I'(X, M) are the global sections of M.

Let M’ = (M,), be a formal coherent sheaf. Note that we can consider
M, as a coherent sheaf on X. We will write _»'U}"J = T(Ui, My), M,-‘:} =
I(U;;, M) etc. For n > m the natural morphism M, — M, induces
morphisms
M® — ™, MY — M, (19)

i Ly 0

and hence a compatible system of morphisms H7(X, M,) — HY(X, Mp).
We define the cohomology of a formal coherent sheaf by

HI(X, M) = lim HI(X. M,). (20)
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The main ingredient of the proof of GET is the Theorem on Formal Functions
([14] 11, Theorem 11.1). It states that for any coherent sheaf M on X and
¢ > 0 we have

HO(X, M) = lim H'(X,M,) = H'(X, M). (21)

T

1.4.2 Let M’ = (M,), be a formal coherent sheaf on X = Pj. Ve
will say that M’ is generated by a finite number of global sections if there
are elements my, ... ,m; € H°(X, M’) whose images generate the A; -module

!‘" for all 1 <7 <r,n > 0. Given a formal coherent sheaf M’ and k € Z.
we deﬁne its k-th twist of M’ to be M'(k) := (M (k))n (see [14] IL3).

Proposition 1.4.3 Let M’ be a formal coherent sheaf on X = Pp. Then for
k>0, M'(k) is generated by a finite number of global sections.

Proof: Let R:= @n>om™/m*+! be the graded ring associated to A. Consider
the sheaf M := @n>om" M, as a quasi- coherent sheaf on X := ]F" We claim

that M is a coherent sheaf. In fact, M is generated as an O g- module by its
subsheaf Mg, which is a finitely generated Ox,-module. Note that we have

HY(X, M) = P HY(X, m" M,). (22)

n>0

BV [17) 10.D, R is noetherian. Hence we can apply [14] III, Theorem
, to conclude that for k¥ 3> 0 the coherent sheaf M(k) is generated by
a ﬁmte number of global sections and H"(X,,M(L)) =0foralg>0 In
particular, Mo(k) is generated by a finite number of global sections and
HY (X, m" M, (k) = 0 for all n > 0 (use (22)).
The short exact sequence 0 — m™ M, 4, (k) — Mappi(k) = My(k) — 0
yields an exact sequence

HX, Myg1 (k) — HO(X,Ma(k)) — HY(X, m"™ Moy (k ))=0(

showing that the first morphism is surjective. Choose a set my,... ;7 €
H(X, M o(k)) of global generators of Mo(k). Using inductively that the first
map in (23) is surjective, we can lift them to global sections my,... ,m; €
H(X, M'(k)). By Nakayama’s Lemma, their images in H°(X, M, (k)) gen-
erate M, for all n > 0. This is exactly what we wanted to prove. |

1.4.3 Now we are going to prove GET. Let M, N be coherent sheaves
on X. Then there is a coherent sheaf Hom(M,N) such that Hom(M,N) =
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HO(Hom(M,N)) ([14] I1.5). Formalizing this construction we obtain a for-
mal sheaf Hom(M,N) such that Hom(M,N) = H°(Hom(M,N)). The

Theorem on Formal Functions (21) implies
Hom(M, N') = Hom(M, N). (24)

This proves the fully faithfulness of the formalization functor M — M.

It remains to show that for any formal coherent sheaf M’ on X we can
find a coherent sheaf M with M’ = M. By Proposition 1.4.3 we can find &
such that M’(k) is generated by a finite number of global sections. Therefore
there exists a natural number [ and a surjective morphism O — M'(k) of
formal coherent sheaves. Twisting with —k we obtain a surjective morphism
f': Ox(—k)) — M’. Applying this procedure once more to the formal
coherent sheaf Ker(f’), we obtain an exact sequence

Ox(-K)" L+ Ox(-k) L= M — 0. (25)

The first two formal sheaves are obviously algebraizable. Hence the fully
faithfulness of the formalization functor guarantees the existence of a mor-
phism ¢ : Ox(—k)" — Ox(—k)" of coherent sheaves such that ¢’ = g. Let
M be the cokernel of g. Then M ®p R, = M, because both sides are the
cokernel of g,. Hence M’ = M. |

2 Tame admissible covers

Tame admissible covers are finite morphism between relative nodal curves
with a particular local ramification behavior. Our goal is to show that locally
in the étale topology all tame admissible covers have a certain standard shape.
This is done in Section 2.3. Section 2.1 and 2.2 contain some preliminary
results.

Section 2.1 gives a detailed study of the strict complete local ring of a
curve at an ordinary double point. The deformation theory of a curve in a
neighborhood of an ordinary double point depends on the way one can choose
and lift the so called formal coordinate systems. Since this will turn out to
be crucial for the deformation theory of tame admissible covers, we do it
very carefully. Note however that under the assumption of a reduced base
ring (which suffices for most applications), proofs would become substantially
simpler.

In Section 2.2 we use the results of 2.1 to study étale neighborhoods
of ordinary double points. Technically, this means to compare the strict
complete local ring of such a point to the sbrict henselian local ring. We also
give the analogous statements for smooth points, which are much easier to

prove.
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2.1 Formal double points

Let 4 and R be complete noetherian local rings. Denote their maximal ideals
by m q R and M 4 4 and the residue fleld R/m by k. Let R — A be a
faithfully flat local ring extension.

The ring A is called a formal double point over R if there exists a pair
u, v of elements of A such that

(1) t:=wuv € m,
(i) u,v induce an isomorphism A = R[[u,v|uv = t]] of R-algebras.

In this case, the pair (u,v) is called a (formal) coordinate system for A/R. |
Any element f € A can be written uniquely in the form

f'=a0+2a§ui+2a:~'vi (26)

i>0 >0
with ag, ¢}, € R. We will call (26) the (u,v)-expansion of f.

Proposition 2.1.1 Let A, R be as in the first paragraph of this section. As-
sume that A .= A/mA is a formal double point over k. Then:

(i) Every coordinate system (4,9) of A/k lifts to a coordinate system (u,v)
of A/R. In particular, AJ/R is a formal double point.

(i1) Every pairr,s € A with rs € m such that
M=<r,s,m>
is a formal coordinate system.

Proof: Let (4,0) be a coordinate system for A. Note that for every pair u,v €
A lifting @, 0 the induced ring homomorphism R[[u,v]] — A is surjective, since
it is surjective mod m. We have to find lifts u,v such that vv € R. To do
this, we will construct inductively a sequence of lifts u,,v, € A of 4,v and
a sequence of elements t, € m (for n > 0) such that u, = Upt1, Vn = Vng1
mod m™*A t, =t mod m"*! and u,v, =t, mod m"tl

To start, take any pair ug, vo lifting @, ? and let ¢, := 0. Suppose we have
already constructed u,,v,,t, for some n > 0. Then we can write

.
UpVn = by + § Ai g unle
§i>0

=t, + dgp + E aio Uy, + 5 ag,; vl mod m"t24

>0 >0

(27)

with a; ; € m™*t, For the first equality we have used the fact that an element
of m"*! A4 can be written as a power series in u,,v, with coefficients in m™+1,

—



WEWERS: Deformation of tame admissible covers of curves 255

. . — J=1
For the congruence we have used u,v, € mA. Let upy) := uy — S ag vl

i>0
and vny4; = v, — y_ a;gui l. Using (27) we obtain
>0
UnpiUngpl = Unlp — 3 Aol — D dojvi  mod m*+?4 _
i>0 J50 (28)
=1, + doo mod mit2 4.

Hence the induction step is done if we define t,1, 1= t,+ago. Let u = limu,,
v:= limv, and t := limt,. Then u,v lift ¢, and wv =1 € m.

The following argument is taken from [6], Lemma 2.2. Consider the short
exact sequence of R-modules

0 — I — R[u,vjuv=t]] — A — 0. (29)

The homomorphism on the right is the one induced from the above choice
of u,v € A. Since A is R-flat, (29) remains exact after reduction modulo m
(see [16] XVI, Lem. 3.3). But k[[&, 5|as = 0]] = A/mA is an isomorphism by
hypothesis, hence I = mI. Since R[[u,v|uv = t]] is noetherian, the ideal I is
finitely generated and Nakayama’s lemma implies I = 0. This proves (i).

Let r,s be as in Statement (ii) of the proposition and let (%, %) be some
coordinate system for A/k. Denote by (7,3) the reduction of (r,s) to A

Write
F=a0+Za§ 11"+Za:-'17",
i>0 i>0 .
| | (30)
s=bo+ Y ba+y W,
>0 >0

with coefficients in k. Using 73 = 4% = 0 one finds step by step that the
following holds: first, aghy = 0, next ay = by = 0 and finally that either
@ = =0ora =b =0forall i >0 (we may assume the latter).
By assumption the maximal ideal of A is generated by 7,5. This can only
happen if a}, b # 0. Therefore the power series in (30) ate in one variable
and invertible. This proves that (7,3) is a coordinate system for Afk. The
argument used at the end of the proof of (i) shows that (r,s) is a coordinate
system for A/R. ]

Proposition 2.1.2 Let A/R be a formal double point. Then the set of ideals
{ud, vA} and the ideal tR (with t := uv) are the same for any choice of a
coordinate system (u,v).

Proof: First, let us assume that there exists a coordinate system (u,v) of A/ R
with uv = 0. Under this assumption, we will prove that for every coordinate
system (r,s) of A/R, we have rs = 0 and either rA = uA and sA = vA or
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rA =uvA and sA = ud. Write

r=aop+ E au' + E alv',

i>0 i>0 (31)
s=1bo+ Z bt + Z bl
i>0 i>0

Since (r,s) is a coordinate system, the (u,v)-expansion of rs consists only of
a constant term. Computing the (u,v)-expansion of rs using (31) and uv = 0,
one obtains

n—1

aohl, + Z albl_; + anbo = 0,
=1
n—1

aob',: + Z ag'b:,-—i + a:b() = 0,
=1

for all n > 0. Reducing (31) mod m and applying the arguments from the
proof of Proposition 2.1.1 (ii) (following (30)) we can assume abf # 0
mod m and af, b, =0 mod m. Forn =1, (32) states

aobll + a,llbo =0 . agbll’ + alllb(] =0 (33)

Rewrite this as by = —(a}) aol} and ag = —(b]) " a{bo. Plugging the second
equation into the first yields bo(1 — (a\ )~ "a{b}) = 0. But the second factor
is congruent to 1 mod m, hence by = 0. By symmetry we obtain ao = 0. In
particular, this proves rs = 0.

Next we prove by induction that al, b, = 0 for all ¢+ > 0. Assume that
this is true for all i < N for some N > 0. Then (32) with n := N + 1 states
a,by = 0 and @%b} = 0, therefore by = d; = 0. We have shown that r (resp.
s) is a power series in u (resp. v) starting with an invertible coefficient for the
first power. This proves 74 = uA and sA = vA and hence the Proposition in
this special case.

The general case follows casily. Let (u,v) be a coordinate system and
¢ := wv. The ideal I := tR is the minimal one such that v = 0 for every
coordinate system (,) of A/IA over R/I. The ideals uA and vA are the
inverse images of uA/tA and vA[tA. [

Let A/R be a formal double point, (u,v) a coordinate system and n a
natural number. Define
= Anng(u"d) ={e€ A|a" = 0} d A4,

34
= Anng(v*A) = {e €Al " = 0} 4 A, (34)

R B
dfrtd

and P, := P, 1, P, := Py Using the uniqueness of the (u,v)-expansion, a
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straightforward verification shows:
Pin={) aw' |at'=0(=1,...,n=1), ait" =0(i >n)} C vA,
= (35)
s, = {Zaiui lat'=0(i=1,...,n=1), ;t" =0 (t>n)} Cud,
=1
where ¢ := uv € m. From this we see immediately that
Pu.n N Pu,n . Pu,n ’ Pv,n = (0) (36)
and (inside A)
RN (Pyn+ Pon) = (0). (37)

Proposition 2.1.3 (compare with [19], §3.7 and §3.8) Let (u,v) and (u', )
be coordinate systems of A/R and n > 1 such that uA = w'A. There are
unique units a,b € A% with

(W) = au™, (V)" = bv", ab e RX
Proof: Put t := wv and ' := w'v’. Consider the case n = 1 first. By
Proposition 2.1.2 there are units o/, ¥ € A* with v’ = a’u, v' = b'v. Let

(oo} oC
a't = ¢y + Z cu' + Z v, e, ¢l e €R. (38)
=1 i=1

be the (u,v)-expansion of a'b’. Using its uniqueness and t/ = w'v' = (a'V)t e R
we conclude ¢t = ¢t = 0 for every ¢ > 1. Therefore (33) tells us that the
sum in (38) is of the form

at=cot+e+e, ER, ¢ €P,c€P, (39)

which is unique by (36) and (37).
Every pair (a,b) of units of A with 4’ = au, v/ = bv is of the form

a=a+X\b=bV+pu, AXEP,u€P, (40)
By (36) we have Au = 0, so using (39) and (40), we get the decomposition
ab=a't' + VA +d'u=co+ (c; + ¥'A) + (2 + a'A) (41)
in R+ P, + P,. Since it is unique, ab € R is equivalent to
A=—(¥)""e, p=—(d)e,. (42)

This proofs at the same time the existence and the uniqueness in the case
n=1.

For general n, deduce the existence of a,b € AX with (v/)" = au®, (v')" =
bo™ and ab € R by using the case n = 1 and taking n-th powers. Any
other pair a, ¥’ € A* with the same properties can be written as «/ = a + A,
b = b+ pu, with A € P,, and i € P,n. As above, one gets the unique
decomposition a'b’ = ab+ bA + au € R+ P,, + P,,, and one can deduce
A= =0, which proves the uniqueness of a, b. |
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2.2 Marked nodal curves

2.21 Let R be a noetherian ring. A curve over R is a scheme X which is
flat and of finite presentation over R such that all geometric fibers of X/ R are
reduced curves. A nodal curve is a curve X/R such that all geometric fibers
have at most ordinary double points as singularities. We write X*™ C X
for the smooth locus of the morphism X — Spec R. A mark on a nodal
curve X/S is a closed subscheme D C X*™ such that the natural morphism
D — Spec R is finite étale. Hence D = Spec R’ for a finite étale R-algebra
R'. We call the pair (X/R, D) a marked nodal curve.

Remark 2.2.1 Being a marked nodal curve is local in the étale topology.
More precisely, let X be a scheme over a noetherian ring R, D C X a closed
subscheme and (U'; — X); an étale covering. Then (X/R, D) is a marked
nodal curve if and only if (U;/R, D x x U;) is a marked nodal curve, for all z.

2.2.2 Let X/R be a nodal curve, k a field and z : Speck — X a geometric
point whose image is a closed point of X. Let X C X be the fiber of the
morphism X — Spec R containing the image of . The composition of =
with the morphism X — Spec R corresponds to a ring morphism R — k. Let
R = = OspecR,s (r€SP. R = = Ospecn,s) be the strict henselization (resp. strict
completion) of R with respect to k.

In this subsection we assume in addition that the image of x is a singular
point of X. Since X/R is nodal we have Oy, = k[, 0]t = 0]]. We will say
that z is a geometric double point of X/R.

Proposition 2.2.2 Let X/R be as above and x : Speck — X a geometric
double point of X/R. Then the complete local ring Ox o is a formal double
point over R (see Section 2.1).

Proof: By the definition of a curve, there is a Zariski open subset U/ =
Spec A C X containing the image of  such that A is flat and of finite presen-
tation over R. By Proposition 5.2.3 (i) and (ii) the complete local ring Ox -
is a local flat R-algt_ebra. Let m := Ker(R — k). Since U := Spec(A/mA) is
an open subset of X containing the image of x, Proposition 5.2.3 (iii) shows
that Og , = Oxz/mOx .. Hence the Proposition follows from the definition
of geometric double points and Proposition 2.1.1 (i). i

If « : Speck — X is a rational double point, Proposition 2.2.2 shows
that there exists a pair u,v of elements of Ox, such that ¢ := wv € R
and Oy, = R[[u,vluv = t]]. Such a pair (u,v) will be called a formal
coordinate system for X/R at z. Note that the ring extensions R—R
and Oy — Oy are faithfully flat, in particular injective (Proposition 5.2.3
(i1)). We will call a pair w,v of elements of Ox . a coordinate system for
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X/R at x if t := wv € R and (u,v) (regarded as a pair of elements of Ox.z)
is a formal coordinate system.

Proposition 2.2.3 Let X/R be as before and x : Speck — X a geometric
double point. There erists a coordinate system (u,v) for X/R at z. Let
(u,v) be any coordinate system for X/R at x and R' € EA(R — k) such that
t == uwv € R'. Then for every sufficiently small affine étale neighborhood
U =SpecA — X of z, the natural morphism R'[u,v|uv = t] — A is étale.

Proof: The first assertion is a consequence of Proposition 2.2.2 and Artin’s
Approximation Theorem. We will not give the details of the argument, be-
cause a much more general statement is proved in [3] XV, Corollaire 1.3.2.
For the second assertion, let (u,v) be any coordinate system for X/R at z.
By definition, ¢ := uv € R, hence we can find R’ € Et'(R — k) with ¢t € R".
Let U = SpecA — X be a neighborhood of z. Replacing 4 by A @r R’
we may assume that 4 is an R'-algebra. By the definition of Ox, we may
assume that u,v € A. We obtain a natural morphism R'[u,vjuv = t] — A.
Since U = Spec A — X is a neighborhood of z, A is equipped with a nat-
ural morphism A — k; the composition R'[u,v|uv = t] — k sends u,v,t to
0. Taking the completion of the rings R'[u,v|uv = t] and A with respect
to the morphism to k, we obtain an isomorphism R[u,v|uv = t]] = Ox.--
Hence, by Proposition 5.2.3 (v) the morphism R/[u,v|uv = t] — A is étale in
a neighborhood of the maximal ideal Ker(A — k). Replacing U = Spec A by
a Zariski open neighborhood of this point completes the proof of the Propo-
sition. |

Given a coordinate system (u,v) of a geometric double point on X/R, a
pair (R',U = Spec A — X) as in Proposition 2.2.3 will be called a coordi-
nate neighborhood for (u,v). Frequently we will omit the ring R’ from our
notation.

2.2.3 Let R, X and z : Speck — X be as in the first paragraph of 2.2.2.
Now we assume that  is a geometric smooth point on X/R. By this we mean
that the image of z is a smooth point of the fibre X C X on which it lies. In
addition, let D C X be a mark on the nodal curve X/R. For an affine étale
neighborhood U = SpecA — X of z, let Dy := D xx U. Then (U, Dy) is
again a marked nodal curve. Since U = Spec A is affine, Dy = Spec(A/I)
for an ideal 7 4 A ([14] II, Corollary 5.10). By definition, R — A/I is finite
étale. There are two cases to consider. First, if the image of z lies on X — D,
then for any sufficiently small neighborhood U = Spec A — X of 2 we have |
I'= A and Dy = 0. On the other hand, if  lies on D, Proposition 5.2.3 (iii) |
and (v) imply |

R=0p,=0x./I0x,, R=0p,=0x./I0x,. (43)

—
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Proposition 2.2.4 Let z : Speck — X be a geometric smooth point on the
marked nodal curve (X/R, D). There ezists an element z € Ox z such that
for every sufficiently small affine étale neighborhood U = SpecA — X of x
the natural morphism R[z] — A is étale. Moveover, if x lies on D, we can
choose = such that Dy is defined by the equation z =

Proof: We will assume that z lies on D. Since z is a smooth point of X
we have Og . = k[[z]]. Similarly to what we did in the proof of Proposition
2.1.1 (i) and Proposition 2.2.2 one shows that Ox, = R[[z]]. Here = is
any lift of Z to Ox,. Let U = SpecA — X be a neighborhood of = and
I 4 A such that D xx U = Spec(A/I). Let [:=I0x,. By (43) we have
RN/ I= R. Therefore z — a € I for some a € ™ 4 R. We may replace z by
: +a, hence z € I. Now Nakayama's Lemma implies I = 20x. Using [17]
24.E (i) we conclude that I0x, = 2'Ox . Actually, we may assume that
z = 2’ € Ox,. After shrinking U = Spec A we may assume that z € A and
I = zA. Completing the natural morphism R[z] — A with respect to k we
obtain an isomorphism R[[z]] = Ox,. Hence, after shrinking U = SpecA a
little bit more, R[z] — A will be étale. i

If z lies on D, an element z € Ox, with Oxz = R[[z]] and I =:0x-
will be called a formal coordinate for D at z. If = is moreover an element
of Oz, it will be called a coordinate for D at .

2.3 Tame admissible covers

2.3.1 Let (X/R, D) be a marked nodal curve over a noetherian ring R
(see Section 2.2) and p : Y — X a finite morphism of schemes. Moreover, let
y : Speck — Y be a closed geometric point and z := poy. Since p is finite.
it induces finite local ring extensions

0/\',-": — Oy, Oxe — OY,y- (LL—L)

As in Section 2.2, R (resp. R) denotes the strict henselization (resp. the strict
completion) of R with respect to k. The first (resp. second) arrow in (44) is
a morphism of R-algebras (resp. R-algebras).

Definition 2.3.1 (see [13] §4) Let p, = and y be as above. We say that
p:Y — X is tame admissible at y, if the following holds.

(i) Assume that ¢ is a geometric double point. Then Oy, is a formal double
point over R. Moreover, there exist a formal coordinate system (u,v) of
Ox.z, a formal coordinate system (r,8) of Oy, and an inleger n prime
to the characteristic of k such that (44) sends u to " and v to s".

(i) Assume thatx is @ smooth point lying on D. Then there exist a formal
coordinate z € Ox » for D, an element w € Oy, and an integern prime
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to the characteristic of k such that Oy, = R[[w]] and (44) sends z to

w™,

(iii) If x is @ smooth point not lying on D then Oy, = Ox ;.

The morphism p is called ¢ tame admissible cover of (X/R,D) if it is
tame admissible at every geometric point y of Y.

Part (ii) and (iii) of Definition 2.3.1 are usually stated as follows: the mor-
phism p is étale over X*™ — D and tamely ramified along D. Let

RerR(X):={p: Y =X}

be the category whose objects are tame admissible covers of (X/R, D) and
whose morphisms between objects Y — X and Z — X are morphisms of
schemes Y — Z compatible with the maps to X.

2.3.2 Consider the following situation. Let (X/R, D) be a marked nodal
curve and p : ¥ — X a finite morphism. Let y : Speck — Y be a geometric
closed point such that z := p oy is a geometric double point of X and such
that p is admissible at y. We want to study p in a neighborhood of y. Let
U = Spec A — X be a neighborhood of z which decomposes p (see Section
1.2.3). Then there is a unique component V' = Spec B of U xx Y which is a
neighborhood of y. We will refer to V' as the local inverse image of U at y.

Proposition 2.3.2 Let (u,v) be a coordinate system at x. If U = Spec A —
X is a sufficiently small coordinate neighborhood for (u,v) then

B=Ars|rm=us"=vrs=r7],

where V = Spec B is the local inverse image of U at y, n an integer prime to
the characteristic of k and 7 € RN A. In particular, Y/ R is a nodal curve in
a neighborhood of y and (r,3) is a coordinate system at y.

Proof: Let A4 := O\rr, B .= Oy'y, A= Ox . and B .= = Oy,. By hypothesis
we have u,v € A, t := ww € R and A = R[fu,vJuv = t]]. By Deﬁnitior}
2.3.1 there exist formal coordinate systems (u/,v') for A and (r,s') for B
such that (r')* = «’ and (¢')* = v’. From Propos1t1on 2.1.2 we know that
there exist unique elements a,b € AX with u = au’, v = bv’ and ab € Rx.
By Hensel's Lemma we can choose ¢,d € AX with ¢® = a and d* = b. Then
(ed) = ab € RX, therefore we have ¢d € R, by Hensel’s Lemma. Let
r=cr'and s :=d¢, Then r" =u, s" =vand 7 =rs € R. But r*,s" € B
and " € R, hence by Proposition 5.2.3 (vi) we have r,s € Band r€R.

Let By = Alr,s|r" = u,s" = v,rs = 7]. Since A — B, is a finite
local extension, B, is henselian. There is a natuml local morphism B, — B.
Taking completions at both sides we obtain an isomorphism, because the

_
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completion of By is easily seen to be isomorphic to B = R[[r,s|rs =]l
With Proposition 3.2.3 (v) we conclude B = B,. Therefore, if U = Spec A
is sufficiently small, V' = Spec B is as stated in the Proposition. The other
statements follow easily. |

We need a slight strengthening of Proposition 2.3.2. Let Y C VY be the
fiber of Y/R on which y lies. Then Oy, = Oy, /m0Oy,, where m is the
maximal ideal of R (compare with the proof of Proposition 2.2.2). Let (u,v)
be a coordinate system for X/R at x. Write 4,v for the image of u,v in

Ox.=0x,/00x,.

Proposition 2.3.3 Notation as above. Let (7,3) be a coordinate system for
Y aty such that 7™ = 4 and 3" = 0. Then there is a unique coordinate system
(r,8) for' Y at y lifting (7,3) such that ™ = u and s" = v.

Proof: By Proposition 2.3.2 we can choose a coordinate system (r',s") for
Y at y with (+')* = u and (s')* = v. Then the coordinate system (r,s) we
are looking for is of the form r = ar’, s = bs’ with a,b € Oy and ab € R*.
Then r™ = u and s* = v is equivalent to a™(r')" = (7')* and b"(s')" = (s')".
By Proposition 2.1.3 this is equivalent to ™ = 1 and " = 1. Applying
Proposition 2.1.3 to Oy, we find that (r,s) is a lift of (7, 5) if and only if the
reductions @,b of «,b are uniquely determined n-th roots of unity. Now the
Proposition follows from Hensel's Lemma. |

2.3.3 We continue with the notation fixed in the first paragraph of 2.3.3,
but this time under the assumption that z is a smooth point of X/R lying on
D C X. In analogy to Proposition 2.3.2 and Proposition 2.3.3 we can show
the following.

Proposition 2.3.4 Let z be a coordinate for D at z. IfU = SpecA — X
is a sufficiently small coordinate neighborhood for z and V = Spec B its local
inverse image at y, then

B = Alw|w" =z]

Here n is an integer prime to the characteristic of k. As an element of Oy,
w is uniquely determined by z and the image of w in Oy, = Oy, /®0y,.

3 Deformation theory

This section contains the main deformation result. In 3.1 we give the nec-
essary notation and the precise statement (Theorem 3.1.1). Moreover, we
sketch how this theorem can be generalized to the case of a non algebraically
closed residue field, using Galois descent.
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3.1 Statement of the main result

3.1.1 Let R be a noetherian complete local ring with algebraically closed
residue field & = R/m. Let (X/R, D) be a marked nodal curve where X is
projective over R. We write X := X xpg k for the special fiber and D :=
D XRr k C );’.

Let 5: Y — X ¢ Rcrf()_() be a tame admissible cover. A deforma-
tion of 5 to R is a pair (p,A), where p : ¥ — X € Rer3(X) is a tame
admissible cover and A : Y xg k = Y is an isomorphism in the category
Revy (X). An isomorphism from one deformation (p1,A1) to another (p2, Az)
is an isomorphism f : ¥; = ¥; with ppo f = p; and Ay o (f x Id;) = A;. Let

Defs(R) = {(p,4) }/« (43)

be the set of isomorphism classes of deformations of 5 to R. Most of the time
we will identify the special fiber of a deformation with Y, i.e. we will assume
A = Idy and write p € Def;(R).

3.1.2 Before stating the main theorem we have to fix some notations.
The special fiber X has a finite number of ordinary double points, which
we denote by zy,...,z, € X (they can be identified with the corresponding
geometric points x; : Speck — X). Let I’ := {1,...,r}. By Proposition
2.2.2 we can choose coordinate systems (u;, v;) for X at z;, ¢ € I'. Recall that
u;, v; are elements of the strict henselian local ring Oy, such that ¢; 1= u;v;
is an element of R and Ox ., = R[[u;, vilu;v; = t;]]. We write 4, 9; for the
image of u;,v; in Og ;, = Ox /MmOy ,. Then (4;,%;) is a coordinate system
for X at ;.

Fix 7 € I’ for a moment and let p7'(z;) = {y; € Y | ; € J!} be the
fiber of p over z;, indexed by a finite set J!. By Proposition 2.3.2 there exist
coordinate systems (7;,3;) for Y at y; such that 7’ = @; and §;’ = ¥, for
integers n; prime to the characteristic of k, for all j € J/. Let J’' be the
disjoint union of the sets J; for ¢ € I’ and let & : J' — I' be the map sending
JEJ tou.

Let p € Def;(R) be a deformation of g to R. For j € J' and i := k(j),
Proposition 2.3.3 shows that there is a unique lift (rj,s;) of (7;,§;) to a
coordinate system of ¥ at y; such that r;’ = u; and s’ = v;. Note that
7; = r;8; is an element of R with 7;’ = ¢;. This defines a map

Def;(R) — T(R) (46)
(0, A) = (75 = sjmj)jers

where T(R) := {(j);jes | 7 € R, 77 = t(;)}. An element (r;); of T(R) will

be called a deformation datum. Note that the map (46) depends on the

choice of the coordinate systems (u;,v;) and (7;,3;). Using the assumptions

and notations of 3.1.1 and 3.1.2, we can now state the main theorem.
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Theorem 3.1.1 The map ({6) is bijective. Moreover, if two deformations
of p are isomorphic, then this isomorphism is unique.

The proof of this theorem will be given in Section 3.2, following the outline
given in Section 1.1.

3.1.3 In the statement of Theorem 3.1.1 we have assumed that the residue
field k of R is algebraically closed. This is more than we really need. A careful
inspection of the proof of Theorem 3.1.1 shows that we only have to assume
that the singularities of X and the points on D = D xpg k are k-rational
and that k contains enough roots of unity. For instance, this holds if & is
separably closed. But one can prove much more.

Suppose R is a complete noetherian local ring with arbitrary residue field
k. Let k* be a separable closure of k and let R be the strict completion of R
with respect to k°. Let (X/R, D) be a projective marked nodal curve. Write
X := X x gk for the special fiber and X := X xp R.Letp:Y — (X,D) be
a tame admissible cover and j° its base change to k°. Base change from R to
R induces a map

Def,(R) —+ Defs(R). (47)

Let G := Gal(k*/k) be the Galois group of k. Note that the action of G on
k* extends naturally to an action on R.

Remark 3.1.2 There is a natural action of G on Def,;.(f?). The map (47)
induces a bijection Def;(R) =& Defs(R)“. In particular, if j is unramified
over the singular points then there is a unique deformation p of 5 to R.

The first two statement of this remark are a variant of Weil’s Descent
Criterion and can be proved using étale descent. The third statement follows
from the first two and from Theorem 3.1.1. Note that Theorem 3.1.1 can be
applied to X/R Hence we have a bijection Defﬁs(f%) = T(R), where T(R) is
defined as in (46) in terms of coordinate systems of X at the singular points.
The induced G-action on T(R) can be determined from the natural action of
G on the strict complete local rings of the singular points of Y. In particular,
if X/R is smooth or if p is unramified over the singular points, T(R) has
exactly one element.

As remarked in the introduction, the results of [9] about deformation of
mock covers with tame ramification can be reformulated in terms of tame
admissible covers which are unramified over the singular points. Therefore,
by Remark 3.1.2, Theorem 3.1.1 implies the results of [9]. However, the more
general results of [10] on mock covers with wild ramification do not follow
from Theorem 3.1.1.
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3.1.4 Suppose that X is a smooth projective curve over a complete
noetherian local ring R, and let D C X be a mark. We will call tame
admissible covers of (X, D) tamely ramified covers.

Corollary 3.1.3 The functor
RerB(X) = RexD(X)

reducing tamely ramified covers of X to the special fiber X := X xpk is an
equivalence of categories.

Proof: In the case of smooth curves, Theorem 3.1.1 and Remark 3.1.2 show
that tamely ramified covers lift uniquelv To prove Corollary 3.1.3, it remains
to show the following. Let p : Y — (X,D) and n: Z — (X, D) be tamely
ramified covers. Denote their reductions to X by pand 7. Let f: Z — ¥ be
an X-morphism. Then f lifts uniquely to an X-morphism f:Z — Y.

Using the result of Section 2.3, it is easy to see that C := p~}(D) C Y
is a mark and f a tame admissible cover of (¥, C). We already know that f
lifts to a tame admissible cover f : Z' — Y. It follows that po f : Z/ — X
is a tame admissible cover. Moreover, po f is a lift of 7. But since lifting is
unique we may assume that Z' = Z and po f = 1. [ ]

In Section 4 we will use Corollary 3.1.3 to construct a specialization mor-
phism for tame fundamental groups.

3.2 Proof of the main theorem

In this Section we give a proof of Theorem 3.1.1 following the outline given in
Section 1.1. In 3.2.1 we choose an étale covering of the curve X and fix some
notation. In 3.2.2 we prove the theorem in the special case of an artinian
base ring. In Section 3.2.3 we prove the general case by successively lifting p
to the artinian rings R, := R/m"*! and applying Grothendieck’s Existence
Theorem.

3.2.1 Notations and assumptions are as in Section 3.1.1 and 3.1.2. In
addition, we assume that R is artinian. This means that m¥ = 0 for some
integer NV > 0. The scheme Spec R consists of a single point and the closed
embedding X C X induces a homeomorphism of the underlying topological
spaces. Recall from 3.1.2 that z;, ¢ € I, are the singular points of X, that Yis
j € J', are the singular points of Y and that the map & : J' — I’ is defined
by p(y;) = zx(j)- We have chosen coordinate systems (u;,v;) (resp (7;,3;))
for X at a;, 1 € I', (vesp. for Y at y;, j € J',) such that r = @) and

o) =35 .
bj = 'vh-(_)).

The closed subscheme D C X consists of a finite set of smooth points
Tppty.or 25 € X. Let I" := {r+1,...,s}. Fori e I" let g~} (z;) = {y; € Y |
J € J!'} be the fiber over z;, indexed by J/. Let J" := UjepnJ!, I :=T'U I",
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J := J'UJ" and extend & to amap & : J — I with £(j) = ¢ for j € J{'. For all
i € I, choose a coordinate z; € Ox 4, for D at z; (Proposition 2.2.4). For all

€ J!', choose an element w; € Oy, such that Oy, = O, ['sz'jlu_I;j = 3],
as in Proposition 2.3.4.

Fori € I, let U; = Spec A; — X be an affine étale neighborhood of z;. We
may assume that U; is a coordinate neighborhood, for the coordinate system
(uiyv;) if ¢ € I’ and for the coordinate z; of D if i € I”. Hence, we have
étale ring morphisms Rlu;,v; | ujv; = t;] — A; for 1 € I' and R[z] — A, for
1€l Let Up:=X —{z; |1 € I} C X and Iy := T U {0}. We may assume
that Uy = Spec Ay is affine. Then U := (Ui)ier, i1s an affine étale covering
of X. In the sequel we will keep the open subset U fixed and continue to
shrink the neighborhoods U;, 7 € I, as necessary. Then Y will always remain
a covering of X. Hence we may assume that for all ¢ € I the image of U;
on X is contained in Uy U {z;}. This implies that for ¢ # j the image of
U;;:=U; xx U; on X is contained in Uj.

Let U := (U- =U; xx X),e]o be the restriction of U/ to X. Fori € I
(resp. i € I"), U; := Spec A; — X is a coordinate neighborhood for (%, ;)
(resp. for %), where A; = A;/mA;. Since P Y — X is a finite map, we can
write ¥ = Spec B for a finite Ox-algebra B. Let @ = (Ci, @ ;) be the descent
datum for B on U (Section 1.3). In particular, C; is a finite A;-algebra such
that U; x ¢ ¥ = Spec C;. Note that the neighborhoods U; of z; can be made
arbitrarily small by choosing U; small. We may therefore assume that we
have C; = @N(j)=l’Bj, where

5) =1, 75, =0] (48)
for j € J{ and

B = Ai[w; | 0}’ = Z] (49)
for j € J! (see Lemma 1.2.3, Proposition 2.3.2 and Proposition 2.3.4).

3.2.2 Let p : Y — X be a deformation of 5 to R. We can write ¥ =
Spec B for a finite O g-algebra B with B = B Qg k. Let a = (C;, a,;) be the
descent datum for B on U. It follows that @ = @ ®g k. By the Propositions
2.3.3 and 2.3.4 there are unique lifts (r;, sJ) of (7},3;) (resp. w; of w;) with
r;j = ux(;) and s = Vu(j), J € J' (resp. w = zu(j), J € J"). Moreover, we
may assume that’ C’ ®x(j)=iBj, where

Bj=Ailrj,si |y =u, sy =vj, rjs; =7},  1i=risi€R(30)
for j € Ji,
B; = Aifw; | w}’ = ] (31)
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for j € J and B; = B; ®g k for all j € J. Since p is étale over Uy, Cp is
an étale Ap-algebra. For the same reason and our choice of the covering &,
Ci®a; Aij and C; ®4; A ; are étale A, j-algebras, for¢,jEel, 1#7.

Now let p' : ¥’ — X be another deformation of p to R inducing the
same deformation data (7;); as p. Let Y’ = SpecB’ and o' = (C},qa};) be
the corresponding descent datum for B’ on U. Since Cy and Cy are étale Ao-
algebras with Co®pk = Cy = C4@rk, there is a unique Ag-linear isomorphism
fo: Co = C§ with f g k = Idg, (Lemma 3.1.1). After shrinking the
neighborhoods U;, ¢ € I, we find A;-linear isomorphisms f; : C; — C} with
fi®rk = Idg,, because (43) and (49) depend, up to unique isomorphism, only
on the deformation data (7;);. Moreover, the f; are uniquely determined by
their values on the coordinates r;, s; and w;. It follows from the Propositions
2.3.3 and 2.3.4 that the f; are unique. We claim that the family (f;) is an
isomorphism of descent data between o and «'. This follows from the fact
that Ci ®4, Aij, C; ®4; Aij, C: ®u; Aij and CJ' D4, A;; are étale Ai,j-algebra.s
and from Lemma 35.1.1. By Corollary 1.3.2 the family (f;) descends to a
unique isomorphism f : ¥’ — Y between the deformations p' and p. This
proves the second statement of Theorem 3.1.1 and the injectivity of the map
(46) in our special case.

To prove the surjectivity of the map (46), let (r;); € T(R). For¢ € I,
define a finite A;-algebra C; = @,(;)=iB; by the expression given in (30)
and (31). By Lemma 5.1.1 we can lift Co to a finite étale Aq-algebra Cp.
Using our assumptions on the covering U, it is easy to see that for all 7 #
7y 1,7 € Iy, Ci ®4; Aij and C; @4, Ai; are étale A, j-algebras. Therefore
we can apply Lemma 5.1.1 once more to construct A;;-linear isomorphisms
Q¢ C; R4, Ai,j = Cj ®Aj Aij with o ORr k= & ;. Let o := (C,',Ot,'_j).
Since o @ k = &, the uniqueness statement of Lemma 5.1.1 forces a to be
a descent datum. By Corollary 1.3.2, a determines a finite Ox-algebra B,
hence a finite morphism p : Y = Spec B — X lifting 5. By construction, p is
a tame admissible cover. This completes the proof of Theorem 3.1.1 in the
special case,

3.2.3 We are now going to prove Theorem 3.1.1 in the general case. For
n >0, let R, := R/m™*! and X, := X xg R,. In particular, Xo = X.
Let p: Y — X be a deformation of g to R with deformation datum (7;);.
Think of p as a finite O x-algebra B with Y = Spec B. The finite Ox,-algebra
B, := B®&p R, corresponds to the delormatwn p Xg R, of p to R, with
deformation datum (r J( );. Here -rj ) denotes the image of 7; in R,. Using
the special case of Theorem 3.1.1 and Grothendieck’s Existence Theorem
(Corollary 1.4.2), we see that p is determined by the deformation datum (;);
up to unique isomorphism.

Conversely, let (1;); € T(R) be a deformation datum. Applying Theorem
3 1.1 in the case of an artinian base ring, we obtain a compatible system of lifts

: Yy — X, with deformation datum( ")),. Write Y, = Spec By, then B’ =
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(By)n is a formal finite Ox-algebra. By (irothendieck’s Existence Theorem
(Corollary 1.4.2) we obtain a finite Ox-algebra B with B, = B®n R,. Let
Y := SpecB. All we have to show is that p : ¥ — X is a tame admissible
cover.

Let # € X be a singular point of the special fibre and y € (). Choose a
formal coordinate system (u,v) for X at x and write A= Ox. = Rlu,vjur =
t]]. Since p is finite, B := Oy, is a finite local A-algebra. It follows from
Proposition 5.2.3 (iii) that Oy,, = B/m™1B. By the construction of Y5,
there exist elements ry,sn € B/m““}_? with 78 = Uy, 85 = Un, Tn 1= Tads €
R, and B/m““B = Rul[rn,8n | Tasa = Tn]]. Moreover, we may assume that
(Pr1s Sngr) lifts (r“,sn). Since B is complete, we find elements r,s € B with
image ry,8, in B/m™*! such that r* = u, s° = v and 7 := 13 € R. By
the local criterium of flatness ([17] 20.C Theorem 49), B is a flat R-algebra.
Hence, by Proposition 2.1.1, we have B = R|[r,s|rs = 7]]. We have shown
that p is tame admissible at y (Definition 2.3.1 (i)). By similar arguments
one shows that the same is true if z is a smooth point of X . This completes
the proof of Theorem 3.1.1. |

4 Tame fundamental groups of smooth curves

Let X be a smooth projective curve over a complete local ring R with alge-
braically closed residue field, and let D C X be a mark. Corollary 3.1.3 states
that tamely ramified covers of the special fiber (X, D) lift uniquely to tamely
ramified covers of (X, D). This result was first obtained by A. Grothendieck
and used to prove his famous theorem stating that the prime to p part of the
tame fundamental group of a smooth projective curve over an algebraically
closed field of characteristic p is the same as it would be in characteristic 0.

So far, [§] is the only complete reference for this result. For the special
case of étale fundamental groups there is the more accessible account of [20].
In both expositions Grothendieck’s Theorem is deduced from facts about
fundamental groups of rather general schemes. We will see in this section
that the case of tame covers of smooth projective curves can be handled with
much less machinery. We are roughly going to prove the following. Let R be a
mixed characteristic discrete valuation ring with algebraically closed residue
field of characteristic p > 0 and X a connected smooth projective curve over
R with a mark D C X. Then there is a surjective specialization morphism
from the tame fundamental group of the generic geometric fiber (X, Dg) of
X to the tame fundamental group of the special fiber (X, D). Moreover, this
specialization morphism induces an isomorphism on the prime to p parts of
the tame fundamental groups.
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4.1 The tame fundamental group as a Galois group

Let k& be an algebraically closed field and X a smooth connected projec-
tive curve over k. In this case, a mark D C X of X/k is a finite set
D = {x,,... 2.} of closed points of X. Tamely ramified covers of (X, D) cor-
respond to finite tamely ramified extensions of the function field #(X) of X.
Thus we can define the tame fundamental group 72 (X) as the Galois group
of the maximal algebraic extension of k(X), tamely ramified over z,... ,z;.
This is classical valuation theory for function fields in one variable. Moreover,
if k is of characteristic 0, 72(X) is the profinite completion of the topological
fundamental group 7;°°(X¢ — {z1,-..,2,}). This follows from the Riemann
Existence Theorem. In this subsection, we list all the facts we need about
tame fundamental groups of smooth projective curves over an algebraically
closed field.

4.1.1 If a € X is a closed point, the local ring Ox , is a discrete valuation
ring with quotient field k(X). This induces a bijection between closed points
of X and discrete valuations of k(X ) which are trivial on k. If z € k(X) is a
local parameter for «, the complete local ring is of the form Ox,, = k[[z]].

If p: Y — (X,D) € RexP(X) is a tamely ramified cover (see Definition
2.3.1) and Y is connected, the function field k(Y') is a finite extension of k(X),
tamely ramified over the valuations corresponding to the points zy,... , ..
In fact, let y € p~'(z;) and consider the natural extension Oxq, — Oy, of
valuation rings; passing to the complete local rings, we obtain Oy,, = k[[w]] =
Oy z;[w|w™ = z] for a suitable choice of local parameters z and w and with n
prime to the characteristic of k (see Definition 2.3.1 (ii)).

Conversely, let L/k(X) be a finite field extension which is tamely ramified
over z,,... , &, and unramified everywhere else. Then L = k(Y") for a smooth
connected projective curve Y over k. Moreover, the birational map induced
by the inclusion k(X) — L = k(Y) extends uniquely to a tamely ramified
cover p: Y — (X, D).

This correspondence between function fields and connected curves carries
over to non connected curves. Let p : Y — (X, D) be any tamely ramified
cover and let Y;,...,Y, be the connected components of Y. The function
ring of Y is defined as the finite k(X)-algebra k(Y) := k(Y;) ® ... @ k(Y5).
The extension k(Y)/k(X) is tamely ramified over 1, ... ,z, and unramified
everywhere else. We obtain an equivalence between RcrkD (X) and the category
of finite k(X)-algebras, tamely ramified over zy,... , 2, (from now on we will
tacitly understand that ‘tamely ramified over zy,... ,,’ implies ‘unramified
everywhere else’).

4.1.2 Choose an algebraic closure k(X) —  and let 2 C  be the
maximal subextension tamely ramified over zy,...,2,. Then Q/k(X) is a
Galois extension. Choose a closed point « € X — {21,...,2,} and a discrete
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valuation & of ) extending the valuation of k(X) corresponding to a. Define
the tame fundamental group of (X, D) with base point a as the Galois
group of  over k(X):

7P(X,a) := Gal(Q/k(X)). (32)

It may seem strange that 7P (X,a) does not depend on «. But the choice of
a and @ determines the way in which 72(X,a) classifies all tamely ramified
covers of (X, D). For our purposes it suffices to consider only Galois covers
of (X, D).

Let G be a finite group. A G-Galois cover of (X,D,qa) is a tamely
ramified cover p : ¥ — (X, D) € RexP(X) together with an isomorphism
G = Autx(Y) such that Y is connected and G (as automorphism group of
the cover p) acts transitively and without fixed points on the fiber p~}(a). A
pointed G-Galois cover of (X, D,a) is a G-Galois cover p: Y — (X, D)
together with a choice of an element b € p~!(a).

Let p: Y — (X, D) be a G-Galois cover. Then £(Y')/k(X) is a finite field
extension and G acts as a group of k(X)-automorphisms on k(Y’). We can
identify p~!(a) with the set of valuations of k(Y") extending a. Since G acts
transitively and fixed point free on this set, k(Y")/k(X) is a Galois extension
with Galois group G. Moreover, if we choose an element b € p~!(a) there
is a unique embedding ) : k(Y) — Q over k(X) such that A;'(@) = b (as
valuation of k(Y)). The restriction map on the Galois groups induced by A
is a surjective continuous homomorphism 72 (X, a) - G.

Conversely, any surjective and continuous homomorphism 72 (X,a) —= G
corresponds to a subfield L C 2 which is Galois over k(X)) with Galois group
G. If Y is the smooth projective model of L, i.e. L = k(Y), we obtain a
G-Galois cover p : Y — (X, D). Note that G acts without fixed points on
p~*(a) because a is unramified in L = k(Y). Moreover, there is a unique
distinguished element b € p~'(a) corresponding to the restriction of @ on

L = k(Y'). We have proved the following:

Proposition 4.1.1 The choice of @ induces a bijection between isomorphism
classes of pointed G-Galois covers of (X, D, a) and surjective continuous mor-
phisms 7P(X,a) - G.

Let g,r > 0. Let Iy, be the profinite group with 2¢ + r generators
ar,biy. .y agy by, ¢y, ... ¢ and the single relation

[, b1] < oo < ag byl rer -6 =1 (33)

Remark 4.1.2 If the ground field k is of characteristic 0 and the curve X of
genus g, we obtain an isomorphism

T,, — 72(X,a).
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To prove this fact, one may assume that k is a subfield of C. One can show
that the natural homomorphism 7P (X¢,a) — 7P (X, a) is actually an iso-
morphism, because any G-Galois cover of (X¢, D¢) is already defined over k.
By the Riemann Existence Theorem, 72 (X¢, @) is isomorphic to the profinite
completion of the topological fundamental group 7;°"(X¢ — {z1,... ,z,},a),
which is Ty .. See e.g. [24] for more details.

4.2 Tame covers over complete discrete valuation rings

In this section R will be a complete discrete valuation ring with algebraically
closed residue field k. We denote by K the quotient field of R and by K an
algebraic closure of i'. We work out several details about smooth projective
curves and tamely ramified covers over R which are used in the proof of
Grothendieck’s Theorem.

4.2.1 Purity of branch locus First we need some preliminaries about
regular local rings of dimension 2. See [17], Chapter 17, or {2] VIII §3 for
more details.

Let A be a noetherian local domain; denote its residue field by k, its
maximal ideal by m and its quotient field by K. The ring A is regular of
dimension d iff its completion Ais.

From now on, assume A to be regular of dimension 2. Let S4 be the set
of discrete valuations v of K such that the valuation ring 0, contains A. If
v € S4 then p := AN m, is a prime ideal of height 1. The localization A
is a discrete valuation ring, hence 0, = A . Regular local rings are normal,
therefore equal to the intersection of their localizations at primes of height
one. We see that

A=) o (54)

vESH

Let v € S4 and p := AN m, be as above and choose a € p — m?. By [2] VIII,
5.3 Proposition 2 and Corollaire 1 we conclude that A := A/aA is regular and
that (@) is a prime ideal. Since dim A = 2 we have in fact p = (a), and Ais
a discrete valuation ring. Moreover, we have v/(a) = 0 for all o' € S4 — {v}.
We will call an element ¢ € A with the above properties a parameter of A
at v.

The following lemma is a special case of the Purity Theorem of Nagata
and Zariski, also called ‘Purity of branch locus’. Its proof is an adaption of a
proof given in the Appendix of [4]. For much more general versions of Purity,
see e.g. [8] X.3.

Lemma 4.2.1 Let A be a noetherian regular local domain of dimension 2, K
the quotient field of A and L/K a finite extension. Then the integral closure
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B of Ain L is a finite A-module of rank (L : K]|. Moreover, B is étale over
A ff L/K is unramified over Sy (the set of valuations dominating A).

Proof: Let Sp be the set of discrete valuations w of L lying over some
valuation v € S4. Denote the corresponding valuation ring by O, and put

=)0 (ci) (55)

wE€Sp

From (54) we can see that A C B. As intersection of integrally closed domains
of L, B is itself an integrally closed domain of L. Hence, if we can show that
B is a finite A-module then it will follow that B is the integral closure of 4
in L.
Let v € Sy be any valuation of K dominating A and choose a parameter
a for A at v. Since the localization A, is a discrete valuation ring, Bay 1=
Nujug Ow is the integral closure of Ay in L. By standard valuation theory
B(a) is a free A)-module of rank [L : K]. Therefore B(y)/aB, is a free
A(a)/ aA(a)-module of rank [L : K]. Let A := A/aA and B := B/aB. Using
the fact that v(a) = 0 for all v € Sy —{v,} it is easy to see that the A-algebra
:= B/aB injects into By,)/aBy,). Since A is a discrete valuation ring, it
1ollows that B is a free A-module of rank < [I : K]. Nakayama’s Lemma
implies that B can be generated (as an A-module) by [L : K] elements. But
L is the quotient field of B, therefore B is free over A of rank exactly [L : K.
Let by,...,b, be an A-basis of B and § be the discriminant of B over A
with respect to b;,...,b,. Now L/K is unramified over S4 iff v(6) = 0 for
allv e Sy iff 6 € A* iff B is étale over A (Lemma 5.1.2 (iv)). This completes
the proof of the lemma. H

If L/K is tamely ramified in only one place of S4, we can use Abhyankar’s
Lemma to prove another version of purity. Its formulation is simpler if we
work with strict complete local rings.

Lemma 4.2.2 In the situation of Lemma 4.2.1, assume that A is complete
with algebraically closed residue field. Assume moreover that L/ K is tamely
ramified over some valuation vg € S4 and unramified over Sy ~ {vo}. Then
L/K is purely ramified at vo and the integral closure of A in L is of the form

B=A[p| b = ad.

Here e is the ramification index of vo in L and a € A is a parameter of A at
Vo.

Proof: For any natural number e prime to the residue characteristic of g
we put K, := K[b[b° = al; this is a finite extension of K of degree ¢, purely
ramified in vo and unramified over S4 — {vo}. Moreover, A, := A[b | b* = d]
is the integral closure of A in K,; it is a complete regular local domain of
dimension two (see [2] VIII, 5.4).
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Let L. := L - K, (inside some algebraic closure of A'). By Abhyankar's
Lemma (see e.g. [20], Appendix to Chapter IX) and the hypothesis we can
choose € such that L./H/, is unramified at the unique extension of vy to K.
Hence it is unramified at all discrete valuations dominating A.. Now Lemma
4.2.1 applies, showing that the integral closure B, of A, in L. is finite étale
over A.. But A, is strictly henselian, therefore we have B, = A, (Proposition
3.2.3 (v) ) and L C K,. In particular, vy is purely ramified in L. Hence, if
we choose ¢ to be its ramification index, then L = K, and B = A.. ]

4.2.2 Specialization Let X be a connected smooth projective curve over
R. It is a regular scheme of dimension 2. We will use the notation X := X x gk
for the special fiber, X := X x g K for the generic fiber and X := X xpg K
for the geometric generic fiber. Note that X is an integral scheme, because it
is both regular and connected (use [14] II Proposition 3.1 and the fact that a
regular connected scheme is irreducible). We will denote its function field by
K(X).

Let  be a closed point of the generic fiber X (which we consider as an
open subset of X). The point z corresponds to a discrete valuation of K'(X)
which is trivial on K. The local ring Ox, is the corresponding valuation
ring. Let i’ be the residue field of x and R’ the integral closure of R in K’.
Then R’ is a complete discrete valuation ring, purely ramified over R. Since
X/R is projective, the morphism Spec K’ — X corresponding to z extends
uniquely to a morphism Spec R — X ([14] II, Th. 4.7 and Th. 4.9). Let
be the image of the special point of Spec R’ on X. The point Z is the unique
closed point of the special fiber X contained in the Zariski closure of z on X.
We will call & the specialization of = and write  ~ Z.

Let Z € X C X be a closed point of the special fiber. The local ring Ox z
is a regular local ring of dimension 2 with quotient field K (X). Let Sz be
the set of discrete valuations of X (X) dominating Oxz. A valuation v € Sz
corresponds to a point on X of codimension 1 whose Zariski closure contains
#. Hence we can identify Sz with the set {z € Xk | z ~ Z} U {n}, where 5
is the generic point of the unique irreducible component of X containing Z.
Therefore (34) becomes

Oxz=([) Oxz) N Oxy. (36)

TT

Let D C X be a mark on X (see Section 2.2). In particular, D = Spec R
for a finite étale R-algebra R'. But since R is strictly henselian we have R’ =
R&...® R. Therefore D is the Zariski closure of a finite set {z1,... ,%,} C
Xy of I-rational points whose specializations zi,...,%, € X are pairwise
distinct. We will identify D with the set {z,,...,2,} and write X (K) for the
set of N-rational points of X ().
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Lemma 4.2.3 Let X be a smooth projective curve over R and let D =
{zy,...,2.} be a mark on X.

(i) For every closed point Z € X there exists a point x € X (K) with z ~ .

(i) Let p:Y — (X, D) be a tamely ramified cover and a € X(K) such that
its specialization @ is not an element of the reduction {Z,,...,3,} of
D. Then for any point b € p~'(a) there is a unique point b € Y ()
with b~ b and p(b) = a.

Proof: Let @ € X. By Proposition 2.2.3 we have Oxz — R[[z]] for some
local coordinate z. Hence we can embed K (X) (which is the quotient field of
Oxz) into K ((z)). This defines a discrete valuation v, with residue field K’
on K'(X). It is clear that the point 2 € X(K) corresponding to v, specializes
to & This proves the first claim. In the situation of (ii), p is étale at b.

Therefore Oxz — Oy, proving the second claim. |

4.2.3 Reduction Now we assume in addition that the geometric fibers
Xy and X are connected. For any finite extension K’/K, let R’ be the
integral closure of R in K’. Then X' := X x g R’ is a smooth projective curve
over R'. The scheme X' is still connected, has special fiber X and function

field K/(X") = K(X) ®x K.

Proposition 4.2.4 Let p : Yz — (Xg, Dg) be a tamely ramified G-Galois
cover. Assume that the order of G is prime to the characteristic of k. Then
there exists a tamely ramified cover p: Y — (X, D) with pg = p xp K. Its
reduction p: Y — (X, D) is a G-Galois cover.

Proof: By assumption Yy is connected. The G-Galois cover pg is already
defined over some finite extension K’ of K, i.e. there is a tamely ramified
G-Galois cover pgr @ Yo — (Xgv, Div) with pg = pro X g K. Note that
the corresponding extension of function fields K'(Y)/ K'(Xf) is a G-Galois
extension. Our assumption on G allows us to apply Abhyankar’s Lemma.
More precisely, after a tamely ramified extension of K’ we may assume that
the discrete valuation of A’(X’) corresponding to the generic point of X is
unramified in K'(Yx).

Let Y’ be the normalization of X’ in K’(Yg) and p’ : Y’ — X’ the natural
map ([14] IT Ex. 3.8). By construction Y’ is a normal integral scheme with
function field K/(Y’) = R’(Yx). We claim that p’ is a tamely ramified cover
of (X", D).

Let # € X be a closed point and let B be the integral closure of Ox: s
in K'(Yg/). By Lemma 4.2.1 B is finite over Oxsz. Therefore the fiber
(P)~Y%) = {g1,---,¥s} is a finite set and B is its semi-local ring (i.e. its
localizations are exactly Oy ;). In particular, p' is a finite morphism.
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Let Sz := {x € Xp+ | 2 ~ 7} U {n} be the set of discrete valuations
of K'(Xp) specializing to z. If z ¢ {%,,...,3,} then K'(Yx/)/K'(Xx) is
unramified over Sz. If # = Z; then it is tamely ramified over x; and unramified
over S; — {x;}. Using Lemma 4.2.1 and Lemma 4.2.2, we conclude that p' is
a tamely ramified cover of (X', D').

Let 5 := p’x gk be the reduction to the special fiber; it is a tamely ramified
cover of (X, D). By Corollary 3.1.3 it lifts uniquely to a tamely ramified cover
p:Y — (X, D). The uniqueness of lifting implies o’ = p xp R'. Therefore
Pk =pxr K.

Note that there is a natural G-action on Y’ inducing a G-action on ¥ and
hence on Y. To prove that 5: Y — X is in fact a G-Galois cover, it remains
to show that ¥ is connected. Assume that ¥ is the disjoint union of two open
subset Y,Y;. Then the natural maps Y; — (X, D) are still tamely ramified
covers, for ¢ = 1,2. Lift them to tamely ramified covers ¥; — (X, D), =1,2.
By the uniqueness of lifting, we conclude that ¥ is the disjoint union of ¥
and Y. But Y is an integral normal scheme and hence connected ([14] II
Proposition 3.1). Therefore one of the ¥; must be empty, proving that Y is
connected. ]

4.3 The specialization morphism

Let G be a profinite group. We define the prime to p part of G as the
inverse limit over those finite quotients of G' which are of order prime to p and
denote it by G?'. It is a profinite quotient of G. If ¢ : G — H is a continuous
morphisms of profinite groups, ¢ factors to a continuous morphism ¢#' : G» —
HP'. Note that surjectivity of ¢ implies surjectivity of ¢*". Remember that
[, . denotes the tame fundamental group of a smooth projective curve of
genus ¢ with r marked points in characteristic zero (Remark 4.1.2).

Theorem 4.3.1 (Grothendieck) Let X be a smooth projective curve of
genus g over an algebraically closed field k of characteristic p > 0 and
g, &1, .. T, be pairwise distinct closed points. Let D := {%,,...,%,}. Then
there is a surjective homomorphism of profinite groups

Lgr — WID()—{,aO)
inducing an isomorphism on the prime to p parts, i.e. I‘Z:r S orD(X, a0)”

The proof of this theorem will be given in the rest of this section. In
4.3.1 we construct a lift of X to characteristic 0. In 4.3.2 we construct the
specialization morphism between tame fundamental groups. In 4.3.3 it is
shown that this specialization morphism is injective on the prime to p parts.

4.3.1 Let X be a smooth projective curve over an algebraically closed
field of characteristic p > 0 and let D = {Z,,... ,&,} be a mark on X. Let
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R = W(k) be the ring of Witt vectors over k; it is a complete discrete
valuation ring of characteristic 0. We adopt the notations K, i etc. from
Section 4.2. By Proposition 4.3.2 below we can lift X to a smooth projective
curve X over R; its geometric generic fiber X is connected. By Lemma
4.2.3 we can lift 7,,...,7, € X to K-rational points z,,...,2, € X(&).
This defines a mark D := {x,,...,2,} on X.

Proposition 4.3.2 Let X be a smooth projective curve over k.
(i) There erists a smooth projective curve X over R with X = X xpk

(i) If X is connected, then for any X as in (1) the generic geometric fiber
Xr = X xp K is connected.

Proof: We will give a proof of (i) only in characteristic different from 2. For
the general case, see e.g. [8] III. If char(k) # 2 then there exists a simple
morphism f : X — P} (see [5] Proposition 8.1). In particular, f is tamely
ramified, having only ramlﬁcatlon of order 2. Therefore we can lift f to a
tamely ramified cover f : X — Pk (Corollary 3.1.3). This proves (i) in this
special case.

Assume that X is connected and that X is a lift of X as in (i). Let
R be the integral closure of R in K. Then Xp := X xp R is a smooth
projective curve over the valuation ring R with special fiber X. Since the
natural morphism Xz — Spec R is closed ([14] II Theorem 4.9), every closed
subset of Xp must intersect the special fiber X. Therefore Xp is connected.
A connected regular scheme is integral. Therefore Xz C Xp is integral and
in particular connected. u

4.3.2 Let (X, D) be as constructed in 4.3.1. Choose a closed point ap €
X —{z,,...,%,}. By Lemma 4.2.3 (i) we can choose a point ¢; € X(/) —
{z1,...,%,} which specializes to ag. We will regard ao (resp. a,) as base
points on X (resp. Xg). As in 4.1.2, choose an algebraic closure k(X) — (o
and let Qg be the maximal subextension of 2 which is tamely ramified over
Zi,... ,Zy. Extend the valuation on k(X’) corresponding to ¢g to a valuation
o on Q. Similarly for Xg: let ; be an algebraic closure of A'(X), 0 the
maximal subextension tamely ramified over zi,... ,z, and &; a valuation of
2, lying over a;. As in 4.1.2, we define the fundamental groups

P8 (X, ay) == Gal(Qy/K (X)), 72(X,a0):= Gal(/k(X))  (57)

We can interpret Lemma 4.2.3 as follows. The process of specialization a; ~
@ is a ‘path’ in X — D connecting ag with «;, and tamely ramified covers
of (X, D) have a unique lifting property with respect to such paths. In close
analogy to topologlcal covermg space theory, this lifting property defines a
motphism 7 ‘rl (X a)) — mP(X,a0) of fundamental groups.
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Proposition 4.3.3 There erists a natural surjective morphism of profinite
groups

¢ 1 % (X, a) — 7P(X,a0).

Proof: Let G = 7P(X,a0)/H be a finite quotient. By Proposition 4.1.1 it
corresponds to a pointed G-Galois cover 5: Y — (X, D). Let by € 57 (ao)
be the distinguished point.

Corollary 3.1.3 states that we can lift p to a tamely ramified cover p :
Y — (X,D) with automorphism group G. In particular, G acts on Y.
Lemma 4.2.3 (i1) shows that specialization defines a G-equivariant bijection
pr'(a1) = p~'(ao). Hence G acts transitively and fixed point free on p;(.l(al).
By Proposition 4.3.2 (ii) Yz is connected. Hence pg : Y — X is a G-Galois
cover. Let by € pz'(a;) be the unique lift of by over a; (Lemma 4.2.3 (i) ).
Consider py as a pointed G-Galois cover with distinguished point b,. By
Proposition 4.1.1, pg corresponds to a surjective continuous homomorphism
on : LR (X g, a1) — G.

We claim that the maps ¢y are compatible (where H runs over all normal
subgroups of finite index) and lift to the desired surJectlve morphism ¢. To
prove this we have to show the following: if G' = m D(X,ao)/H' is a smaller
quotient than G, i.e. H C H', and ¥ : G — G’ is the natural map, then
body=om.

Let 5/ : ¥' — X be the pointed G'-Galois cover corresponding to the
natural map 7P (X, ao) — G’ (with distinguished point bp). Let p': Y/ — X
be its lift to R and b, be the lift of b in (p')"'(a1). Let Ay : K(¥Y') —
2, be the unique embedding such that /\,,_;1((11) is the valuation on K(Y”)
corresponding to the point 4. The map ¢x is the restriction map of Galois
groups corresponding to Ay .

By the definition of G and G we have a natural inclusion k(Y") c
k(Y) C o of Galois extensions, such that the restriction map from G =
Gal(k(Y)/k(X)) to G' = Gal(k 5(Y?) /L(X)) is the natural map. It induces
an X-morphism f : ¥ — ¥’ such that f(b) = b;. By Corollary 3.1.3 f
lifts uniquely to an X-morphism f : ¥ — Y. The uniqueness statement of
Lemma 4.2.3 (ii) implies that f(b)) = &,. Let p : K(Y’) — K(Y) be the
inclusion of function fields induced by f. We have

Ay = Ay 0 pt, (38)

because both embeddings restrict &, to the valuation corresponding to b). If
we translate (58) into the corresponding equation for maps between Galois
groups, we obtain 1 o ¢y = ¢p+. This proves the proposition. |

4.83.3  We are now going to finish the proof of Theorem 4.3.1. Remember
that I is an algebraically closed field of characteristic 0. By Remark 4.1.2
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we can identity 7r1Df"(XI;-,a1) with I'y ;. Thus, the proof of Theorem 4.3.1 is
complete if we are able to show that the morphism ¢ given in Proposition
4.3.3 is injective on the prime to p parts.

Reconsidering the construction of the specialization morphism, we see that
we have to prove the following. Let G be a finite quotient of Tr{jf"(X;;—,al) of
order prime to p. Then the natural map ¥ : 7r1Df"(XI;-,a1) — (G factors over
0.

¢ corresponds to a punctured G-Galois cover pg : Yr — Xg (with dis-
tinguished point b, € pl'{,l(al) . By Proposition 4.2.4 we can find a tamely
ramified cover p : ¥ — X with pg = p xg \'. Its reduction p := p xg k is
a (-Galois cover, which we consider as punctured by the specialization by of
b;. Therefore p corresponds to a surjective map x : 7P(X,a0) — G. By the
construction of ¢ we have ¥ = y o ¢. [ ]

5 Appendix

For the convenience of the reader, this appendix contains some results about
étale ring extensions and henselian rings which are used in this paper. Our
main reference is [21]. See also [18] Chapter I, §3.

5.1 Let A, B be rings, ¢ : A — B a morphism and q € SpecB. A —
B is called unramified at q, if pB = q and the residue field extension
A /pA — B /qB is separable (where p = ¢7!(q) € Spec A). We say
that B/A is unramified, if it is unramified for all ¢ € Spec B. Assume for
a moment that B is finitely generated as an A-algebra. Then A — B is
unramified at q iff A — B is ‘net’ at q (in Raynaud’s terminology, see [21]
I, Def. 4) iff (2574) = 0 (see [21] III, §4, Prop. 9 u. Ex. 1). Since p/4 is a
finitely generated B-module, being unramified is an open property on Spec B
(supp Qg4 C Spec B is closed).

A — B is called étale, if it is of finite presentation, flat and unramified.
A — B is called formally étale if for every A-algebra C' and ideal I 4 C
with J? = 0 the canonical map

Hom(B,C) — Homu(B,C/I) (39)

is a bijection. By [21], Chapitre I, Definition 2 and Chapitre V, Corollaire 1,
A — B is étale if and only if it is of finite presentation and formally étale.

Lemma 5.1.1 Let A be a ring with a nilpotent ideal I; let A:= A/I. Then
every finite étale A-algebra B lifts uniquely to o finite étale A-algebra B.

Proof: This follows from [21] V, Thm. 4, and from Nakayama’s Lemma. ®

Lemma 5.1.2 Let A be a ring and B,C be A-algebras.
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(i) If A — B is étale, then s0 is C — B®4C.

(ii) Let B — C be an A-algebra morphism. If A — B and A — C are étale,
then B — C' is étale.

(iii) If A— B and B — C are étale, then A — C is étale.

(iv) Assume that B is a finite free A-algebra and let (§g74) 4 A be the dis-
criminant ideal. Then A — B is étale if and only if /4 € A*.

Proof: As remarked above, a ring extension is étale if and only if it is formally
étale and of finite presentation. This implies the Claims (i), (ii) and (iii),
because the analogous statements hold both for formally étale and for finitely
presented morphisms. To prove (iv), note that A — B is étale if and only if
it is unramified. By [21] III Proposition 10 and 11, A — B is unramified if
and only if B®4 (A /pA ) is a separable A /pA -algebra, for all p € Spec A.
It is well known that the latter holds if and only if 65,4 & p (see e.g. [18] III
Proposition 3.1). u

5.2 Let A be a ring and A — k a morphism to some field k. Denote by
E1(A — k) the category of étale A-algebras B equipped with an A-algebra
morphism B — k. Morphisms between objects B — k and C — k are
A-algebra morphisms B — C compatible with the maps to k. If such a
morphism exists, then we say that C — k is smaller than B — k. A ring is
called indecomposable if it is not the direct sum of two rings (equivalently,
Spec A is connected, [14] II Ex. 2.19). Let E{/(A — k) be the full subcategory
of indecomposable objects of Ei(A — k). ‘

Lemma 5.2.1 Let A — k be as above and B — k, C — k € E{(A — k).
If C is indecomposable, then there is at most one morphism from B — k to
C — k. In any case, there exists an indecomposable D — k € Ei'(A — k),
smaller than B — k and C — k.

Proof: See [21] VIII §2, Prop. 2. [
The Lemmas 5.1.2 and 5.2.1 allow us to define the direct limit
A=lim A, A —>keEV(A—k). (60)

The ring A is called the henselization of A with respect to A — k. There
is a natural A-algebra morphism A — k. If k is separably closed, then Ais
called a strict henselization of A at Ker(4 — k).

A local ring A is called henselian, if every finite A-algebra is the direct
sum of local factors (see [21], I, Def. 1). Or, equivalently, if A verifies Hensel's
Lemma ([21] I, Prop. 5). The ring A is called strictly henselian if it is
henselian and its residue field is separably closed. From [21] Chap. VIII, we
get
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Remark 5.2.2 A is a local henselian ring and its residue field A/t is the
separable closure of A/p inside k. A — A is flat and unramified. If A is
noetherian, A will be noetherian, too. A — I satisfies the following universal
property: for every henselian local A-algebra B, equipped with an A-algebra
morphism B — k, and whose residue field contains the separable closure of
A/p inside k, there is a unique A-algebra morphism A — B compatible with
the maps to k.

We define the completion A of A with respect to A — k as the completion
of A at its maximal ideal. If k is separably closed, A is called the strict
completion of A at Ker(A — k).

Proposition 5.2.3 Let A be a noetherian ring, A — B be a finitely presented
morphism and B — k a morphism to a field k. Then:

(i) There are natural local morphisms A — B (resp. A — B) between the
henselizations (resp. completions) with respect to k.

(ii) If A— B is flat, A— B and A — B are faithfully flat.
(iii) If B = A/I for some ideal I 4 A, then B=A/IA and B = A[IA.

(iv) A— B is unramified at q := ker(B — k) iff A — B is surjective iff
A — B is surjective.

(v) A — B is étale at q iff A = B is an isomorphism iff A Bisan
isomorphism.

(vi) A is integrally closed in A.

Proof:

(i): A — B exists by the universal property of henselization (see Remark
5.2.2). The existence of A — B is a direct consequence.

(ii): If A — B is flat, its base change A — B ®4 A is flat, too. But
B @, A is the limit of the B®4 A’ — k € EI(B — k), where A’ — k runs
over E{/(A — k). Conclude with [21] VIII, §2, Prop. 5 that B is also the
henselization of B®, A w.r.t. its natural morphism to k, i.e. B®a A— Bis
flat. Now transitivity of flatness and [17] 4.A shows that A — B is faithfully
flat. As A is noetherian, all other rings we use are noetherian, too, and
A — A, B — B are faithfully flat ([17] 23.L Cor. 1). Look at the factorization
A—A®; B — B. The first arrow is faithfully flat by the base change rule,
the second one is completion at the maximal ideal of A@j B, hence faithfully
flat, too. Again, transitivity shows that A — B is faithfully flat.

(iii): We have a natural morphism A/IA — B. Since A is henselian
and A — A/I4 a finite local morphism, fl/bi must be Ilenselian.‘By the
universal property of henselization, there is a morphism B — A/IA, which
is easily seen to be the inverse of the morphism of the first sentence.
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(iv): If A — B is unramified at q, then it is net in a neighborhood of
q. By [21] V, §1 Thm. 1, we can find A" — k €EV'(A — k) and B' — k €
E'(B — k) with B’ = A /I’ Now (iii) implies B = A/J-l The surjectivity
of A— B immediately implies the surjectivity of A — B. Now assume the
latter. Then A — A and A — B are unramified, hence there composition is
unramified, too. Thus, A /p — B /q — B/mB is separable and pB = g
(where fiy, fg are the maximal ideals of A, B and p = ker(4 — k)). Now
the faithful flatness of B — B and fag = qB implies pB, = q, hence A — B
is unramified at q.

(v): If A — B is étale at (and then also around) q, the definition of the
henselization immediately shows that A = B, which trivially implies A = B.
Assuming the latter, we conclude as in the proof of (iv) that A — B is
unramified at q. Now the faithful flatness of A — A and B — B and (17]
4.B show that A — B is flat, therefore A — B is étale in a neighborhood
of q.

(vi): Let @ € A be an element which is integral over A. Then A’ :
A[a] C A is a finite local extension of A. But the completion of A and 4’ is 4
for both rings. By (v), A — A’ must be étale. Therefore A’ = A and « € A.

|
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