Math 295 - Spring 2020
Homework 7

This homework is due on Wednesday, February 26. Problem 2 is adapted from Munkres’s
Topology, and problems 1 and 3, as well as the graduate credit problem, are adapted from
http://www.math.uchicago.edu/~boller/M203/script2version3.pdf.

1. Let X be any nonempty set and, for xy,xs € X, define

o ) 0 if 1 = 29, and
X1, To) = ]
b2 1 if zy # 9.

Show that d is a metric on X. This metric is called the discrete metric.
2. For x = (x1,29,...,2,), Y = (Y1, Y2, - - -, Yn) € R™, define
d(x,y) = lzr =yl + -+ |z — ynl.
Show that d' is a metric.
3. Let c: X x X — R be such that

1. For z1,29 € X, ¢(x1,22) > 0, and c(z1, x2) = 0 if and only if z; = xs.

2. For any x1, 29,23 € X, we have
c(xy, ) < c(xy,x3) + (22, X3).

(a) Show that for all z,y € X, we have c(x,y) = c(y,z). (In other words, ¢ is
symmetric. )

(b) Show that ¢ is a metric.

Extra problem for graduate credit:

1. Let p be any real number such that p > 1, and for x = (21, 3, ...,z,) € R", define

n 1/p
x|, = (Z |ﬂ?j|p> :
j=1

and for x = (z1,29,...,2,), ¥ = (Y1,Y2,- - -, Yn) € R,
dp(x, Y) = HX_YHP'

In this problem we will show that d, is a metric. The Triangle inequality is a bit tricky,
so several parts of this problem will be devoted to it.



Show that d,, is nonnegative (and positive if and only if x # y) and symmetric.

Show that the Triangle inequality is satisfied for d,, if and only if for all x,y € R",
%+ yllp < [x[lp + [[yllp-
Accordingly, let x,y € R". Let w € R™ be the following vector:
w = (|o1 + [P e +wlP7h o P,
Let ¢ be such that % + % = 1. Show that
Iwlly = Il + w12/
Still with ¢ such that § + £ = 1, show that

I+ yl5 < 1l wilg + 1y llp[wlg-

Hint: For this part you will need to use the fact that (z; + ;)P = x;(z; + ;)P +
yi(x; + y;)P~ 1, and to look up and use Holder’s inequality for sums.

Conclude that
Ix+yllp < lIxllp + [yl



