Math 255: Spring 2018
Practice Final Exam

NAME: SO LUTIONS

Time: 2 hours and 45 minutes

For each problem, you must write down all of your work carefully and legibly to receive full credit.
For each question, you must use theorems and/or mathematical reasoning to support your answer,
as appropriate.

Failure to follow these instructions will constitute a breach of the UVM Code of Academic Integrity:

e You may not use a calculator or any notes or book during the exam.

e You may not access your cell phone during the exam for any reason; if you think that you
will want to check the time please wear a watch.

e The work you present must be your own.

e Finally, you will more generally be bound by the UVM Code of Academic Integrity, which
stipulates among other things that you may not communicate with anyone other than the
instructor during the exam, or look at anyone else’s solutions.

I understand and accept these instructions.

Signature:
Problem Value Score
1 4
2 5
3 8
4 12
5 8
6 15
7 8
8 8
9 8
10 8
11 8
12 8
GC 8
TOTAL | 100 (or 108)




Problem 1 : (4 points) Compute 8! (mod 29).

29=3- +5 = 372
Y= § +7 =2~ (5-3)= 2375
=3 +2 =2(8-5)-6=2%-3§
3= 24 = Z'g”%CZQ—%'g)
= 11-3-3-29
So €= || (mod 29)

Problem 2 : (5 points) What is the (multiplicative) order of 2 modulo 11?

Cne YW ==V =0 | the, ordar of 2 diuides
\0; so It @n be 1,2,6 o2 O

2'22% 1 (madll)
Pz 4 %\ Crod i)

21942 2102252210%] (madll)
S wew 2=\ wod \OVA Bwler'S ™eoeom (o2 Gpmat's

QN WIC prive) - So the opdon 0F 2 imaco
S 10, Gouwsy L6 A p‘aiwﬁi\ve oot ot (| |
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Problem 3 : (8 points) Give all positive integer solutions to the equation 39z + 51y = 3.

hl= 29+ (L 2= 239~ 312
29=3.(Lt% = 30- 3(51-39)
=4 = 4.39 -3 5|

20\)73  and 3|2 56 thepe are (witger Soluhans
o tWS egquahon

B PARRAMIAR Solwhon TC  Xp=Y Yp="3
K X=Xet 2-t=UHtilt

+ P

The forwwais 2 Xp s Lep

y=Yp— &t = =3 (3t
179 "

Now we fnd winad ¢ give posive X -y

¥=4*\11 70 Yy=-3-Bt 70
\1t7 -4 -37 3¢
172 -37+¢
17 =
€70 ¢n® tez te-| swe te#

™R 0N NO VOMALS of + Haat govh‘g'ﬁ,}j bothh Hhase
CONSTRANS S0 THeR ae o POCNVE infeger. Solwhons
4o tWiC Qa\\m;\\'cr\/\



Problem 4 : (12 points) Solve the following equations. For each equation, give all distinct
solutions (if there are more than one) and be sure to clearly indicate which ring the solutions belong
to.

a) 4z =5 (mod 6)

We have (Mb)=2 bwk 2¥5 <o thee
ane o ColWhonS 10 HAuS CONGRUEN (R -

b) 13z =1 (mod 17)

(13,17)=1 So thepe i & WMque goluhav)

=12+Y i=13-% Y o -
\\;=3-q+\ =123-3(11-13) = 4 3-307

So (x2137'=2 Y4 (wod 17)

c) 15z =10 (mod 25)

15,25)25 amd 5110 Sothene will ke coluhonS

Dwide theowgn:  BX= 2 (wod B)
Lx= 4 (modY)
x=4  (mod5)

o [x= WAL\, 2% Umod 29) |
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Problem 5 : (8 points) Solve the following systems of equations. Be sure to give all distinct
solutions (if there are more than one) and to clearly indicate which ring the solution(s) belong to.

a) z=1 (mod 2), 3z=1 (mod5), 4z=5 (mod 7)

e moduwd ape Copewre So we Cun do CRT dmeoh};
M=20 %2252V (wmod?2)
M= W Ya= W'2U'2-) (wmod §)
M2=10  ¥32107=F ' =(u) "2 -2 (mod 7)
Don't gt o Pt e eqUARINS in the CorREt
fopm, %=\ (wnod2) X2 (modb) x:'lo?—?)(mod'))

%2 \-236-\=2-14-{ —=3.10-2 (mod 70)

2 35-2% - 60 = 2528 10Z |1 (wed 10)
[%=\1 (mod 10)|

b) 2z =4 (mod 24), 3z=38 (modv 10), 2z =22 (mod 45)
T™he wodwd ae Vot coprime | so it we Solve each
XZ2 (Wmod L) %= (modiD) %2\l (wmod45)
. e € chors:
Cphv W:zfa(modﬁ) «=6=0 Lmodl) wz|\ = | (mod B)
=2 (modd) %2621 (madB)  #z1=2(wod )

Veep: ¥=2(wmodd) %=L (modd)  X=1(modb)
MEU5 2O 22 (med U )
My=20 $2=2120 2725 (modd)
Ms=3b ¥3=36 =172\ (modd)
%z 2 U5\ § 2205+ 1Bl = 401200136 (mod 130)
° = 00+20+30 (madio)
¥ = 140 (mod 1§0)]

P




Problem 6 : (15 points) Give all solutions to the following quadratic congruences.

a) 22 =65 (mod 128) i28=2-6Y= 22.2)=2>(b=24.8 =97

Fest Solve K=zp9=| (modg). ThiS has Soluhon XZl (mod §)

Ne¥r Save Wzbb=1 (madlb). TS has Soluhon x=( (med i)
Cor We covddy 1ift bud € we see +e Soluhon we,
dont have o)

Rkt Solve 265 | (madd)) . ™IS has Soluhan ¥z (mod32)
NORE SoWe, ¥=(52| (madeH) . TS has Solubon
%2\ (mode4)

Fnol- Sove W= 05 (ved12g8) b \hing.
Y, = \+3 2o (,\(‘-%hv\g equahiv | With \\9+ep back"
SN P=2)
(WMoY = 05 (mod 128)

Wt GHYo +32Y 2 E &S (mod 128)
GUYYo B Y (mod\28)
WoZ \ (wod) —> X =|1+32=33 (Wod 129)

Qe PEZ theve are Y Soluons
%222 (ynod 128) %233t =4] (mod 2%)
A2 -23245 (wod2§)  %=-97= 3} (wod 12%)

1%=21345@7 (mad 128)|




b) 2% =23 (mod 121) 2= | iZ.

Fiest we solve x*223z1 (wodll) , Thic s
SolMhon  %x=| (wod 1),
Next we \ift!
%= 1+ Yo
CiAlYo)™ = 23 (mod 121)
\* 22U, 1Y T 223 (wod (2Y)
Y, =22 (med ()
4o

\L

| (mod V)
So ¥ = W+ il=\) (mnod, L)

S PN G 0&&3 HUC WS 2 SOVWWNINS
XZ\L (wod \1)
Y2 ~VLZ 104 (wod \2\)

|x= 7,109 (wod mﬂ




c) 2> =9 (mod 20) 0= \,t . "(9"
So we <ol sepanately  %=dz i (modH ))
oo WAl Solwhons xX=\,3 C\mOdL})

onde =94 (pnod5) whwidh has Soluhon S
%= 2,5 (med G),

M=% W 5'z17= | (mod\)

VLU S = (1) "'=- (modb)

Co tre Solwhons wilbe  X= 54, — 12 (mod 20)

a=\,0,=2: ¥=5-8=-3=1] (wod 20)
%= 5-12 2 -7=13 (mod 20)

a‘s\,alz‘a:
a\;g.‘ql—;y_; x = 6-% = ) L mod 10)
= y= {6 -12= C

(%= 313,11 CW\OdZO)l




Problem 7 : (8 points) Let a be an integer. Show that a and a%"+! always have the same last

digit: 0. chow o™= mod 10)

. If (000)=1, we Can aypply Euler’'s Treoeam: Cince
@ L0) = \ok\’\)@—i) 0~ E'? =4, we have

qv\-r\ @ ) o= ", = Cwod 10)

Unt) _  ynel
. TE (0,10)=2, then  QFO0 (mod2) SO AT=g"g

ond. a™ = o (mod2). A0, (ab)=) , So \oj
feomat'e Theowam,  atz\ (modbH) So
o'z @)t az ez u\nodE), Snee o= (mod2)
and, o™'2a (Mad®), oy the Ohinese Romainder Theopon,
at"'=aq (mod\o)

o T (a,10)=5H | then a=O (modG) and SO o™= pza CmodE)
Moo Ca2)=1 so az\ (wmed?) and o™= |=a (wod2)
Aogin S a'™z a (mod2) ond a"™'= 4 (imod5) , then
a™'= o (mod \0)

.a'm\\vd W (A \0F\Q, tren a=0(mod 10) So

odr = O 2a (mod 10)

SINCE the 0Nl pocihve duvicors gf 10 are 12,510, a mugt ke
inone of thofe foue cages, o n any Case gt ('\modm),



Problem 8 : (8 points) In 1644, Mersenne asked for a positive integer with 60 distinct divisors.
Find one such integer that is smaller than 10,000.

T on=pl Pt ptt 1S ‘s pRIme- power
factorization, +aan

dln)= (et (et) ... (eetl)
1CHhe number of- dishnot diviCogs, H
So we have looking tog Some € €, .. Cec Wi

(e ) (ext)) ... (Cetl) =G0
out aQse W 1S NOT too b'\%, T™hiS can be done b‘éf
Picking tre €i'c o be as small as possible ; and then
e 'S o e Small Yoo.
We Wve go=2-320=2-2:16=2-2-3"%

ok etl=2 o g=)
A WE, CON o € _
S0 ° €4\ =2 = €=\
€3+ = 3 = €=12

CTy+\ = 5 7 ey=y
=P, 0, 932 p;‘ will Wave Co dishinatduvisons i P'\‘in

Now %o geep b Swall pick py=2, ps=3, p,=5, p=7 SO

h=2'.3%.5.7=109-25 = 14425 < 200 -50=10,000
10
(n=5%040)



Problem 9 : (8 points) Let n be a positive integer with 6[n. Show that d(n) <2

we have that  n= 25 3% P,e"" p,*
'\A)“ﬂh ,\l| *7/\, ‘Fz7/\ (SW\C@ C’l”)
‘and, The pi's ove pRimeS 25 | €2

Cpossily k=0 (Fno other PRImeS divide n)

I
: 1 = | L -' ,-'L
Then @)= n (17 3)(1 ‘_,( P;
< 7 N
A +6l¢j Hnepe othep primes
Cine 6N
¥ A
=n-1.2 T o
h —\'1 Y EU P\)
_ S - L
= o0 {g)

NOw i L=0, then kQCY\)z.I\g and. we axe done

OfneRWiSe, VRV Hhot each facton. == il |

W
So e prodmor ‘T I~L \q Tekefore Qin) < N
3

WNIOX ase, and. the coum \C peoved,
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Problem 10 : (8 points) Let a > 1 and m > 1 be integers, and let p be a prime. Show that if
p=a (mod m), then (a,m) =1 or a = p.

IE p=a (mod)  Yaen theee IS an wateger le with

Now et d=(awm), Then

p=d (5 3)

and, both % And, —"‘:T ave '\V\‘ccgem. Sincg Ri¢ a
prme, S ‘m\% posive dwisoRs aee | and 0, Snce
470, eitnee 4=\, in which case we awe oone
gne  d=aw)=\, or d4=p.

tkem= 4 kW=,

—

e _ QA

We \Wave ok a,p,m70, % Od\d M oope

P
oSiNe niegers. Tremefore 9 + K m =| ig onl
£ J P P S
@ogé\\o\a & =0, <o i#\ O o::p,



Problem 11 : (8 points) Let p be a prime. Prove that

(a+b)P =a?+ (mod p).

Note: You can use this fact on the Final Exam. It is sometimes called the Freshman’s Dream, for
" reasons you can perhaps imagine.

By the Bomial ™eorem

(0&+\O)P = %{_O ( p\) a? \OP—Y

\ — N, ®
whepe, &Pj:,&___ . LE 04V« P then
\ f\\'(p..\)\.
0L p-icp also, amd trepefore p does ot

divide . om lp-1),.  Trerefore p divides

<

\ : ,
_f_‘/,\q = kpg 33 and all feems 1 the middie are
\\,\V’\ .

y O WOIMIO P

o) = (P)ak + (§)a" b (wodp)
WP +a®  (wod )
= o’ +\o¥  (wodp)

\

\M
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Problem 12 : (8 points) Let p > 5 be a prime, and let a have order 4 modulo p. What is the
least residue of (a + 1) (mod p)?

S o W< oedee Y imodulo P, al=| (W)odp),
Therefore o~ = O (madp), Feom whith we Wil
Concwde 2. 4 ¢t
o - =@\ (2 a*+g+1)  (modp) and Since
Z[pZ Was ho nonteVidl Zero duvisors It follows
that™ cither.  AZ1 (modp) ; Whith 1S tmpossible
Gn@ oL was Opdee Y mod p, O A>ta*+at|ZOlmedp).
o Mo atdz= (W-N)) (wod P) . Feain we
mas conowde ot ot oz (mod ) VOM;G\A 39
hot poceiole. S o.has Gedertt wad y or a2 (medp)

Cowe Browboth 02 +a*tat\=0 (mod P) Ghd
A’z -\ (mnad p)

eeefore @'z at+uad+ 6t Yat|  (wod p)
= {+ (0>t a g +))+20%-3  (mod p)

= 2(-\)~2 (mod )
=Y (modp)

1

4 3
e \east geGdme, of ()Y ic P,_._I, ' ( Reemiger. thait

muctbe positie! )



Extra problem for graduate credit: ahd QG% WH’h (011 P):'

Problem 13 : (8 points) Throughout, let p be an odd prime. It might help to remember that
in this case p has a primitive root.

a) Shew that if 22 = @ (mod p) has a solution, then a5 =1 (mod p).
et v be a Solwbon, i€, = q (wod ). Then Eﬂ p)=I
as well.
Tren by, Fenmat's Theorem
N I =
=222 Za=  (mod p)

whove we use thad- p-l IS even so P ez,

b) Show that the converse is also true: If ¢*7 = 1 (mod p), then 22 = a (mod p) has a solution.
Conve (Lse\\é& .ot 4 e a pamihve oot of 0 and,
weite cxa%“" Oreod p) - for Some (h"fﬁﬂm K. (g
IS POSSIL Ginz & 1S a wiit and. g \S A primitivg foot)
wen |
kg
\-Q?—~(%) > twod P)
Swa A S o primitve eoot, 1t follows that L(.&‘_D IS &
YY\\&Q)Hp\i of P-\. Thi¢ ig Oﬁ\\% possible & éﬁ—i‘f hen

o S @& Soluh = ate
Lza (mod p) S & 30 0?5/ mm@'& X= 3/‘7‘ (mod p).



