Math 255: Spring 2018
Practice Exam 2

NAME: SOLUTION S

Time: 50 minutes

For each problem, you must write down all of your work carefully and legibly to receive
full credit. For each question, you must use theorems and/or mathematical reasoning to
support your answer, as appropriate.

Failure to follow these instructions will constitute a breach of the UVM Code of Academic
Integrity:

e You may not use a calculator or any notes or book during the exam.

e You may not access your cell phone during the exam for any reason; if you think that
you will want to check the time please wear a watch.

e The work you present must be your own.

e Finally, you will more generally be bound by the UVM Code of Academic Integrity,
which stipulates among other things that you may not communicate with anyone other
than the instructor during the exam, or look at anyone else’s solutions.

I understand and accept these instructions.

Signature:

Problem Value Score
1 12
2 6
3 8
4 8
5 8
6 8
GC 8
TOTAL | 50 (or 55)




Problem 1 : (12 points) Solve the following equations. For each equation, give all
distinct solutions (if there are more than one) and be sure to clearly indicate which ring the

solutions belong to.

a) 4z =6 (mod 18)

(U\B)=2 and 216 v

2X=3 Cmod A) S0 RIS 6 Cwodd)

2725 (mod)

b) 3z =2 (mod 19)

(39 =\

became, 36132~ (modiq)
372 -0 =12 (wod 19)

K= 2\322627 (yrod|4)

c) 92 =7 (mod 15)

(419)= 3 bwt 347
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Problem 2 : (6 points) Solve the following system of equations. Be sure to give all distinct
solutions (if there are more than one) and to clearly indicate which ring the solution(s) belong
to.

6x=6 (mod?24), 3z=6 (mod9), 9z=7 (mod 14)

e ¥ N
(b24)= b andblb  (239)=3 and (a.4)=1

— ,, _3le
E—\CWM lxazmw\g)\ /

M= +5 \:g'(;* o So A7=-3=2 |l (modl)
A= +4 S22 el G-
5= Ut =5-4+5 =25 =2 (mod I4)

= _a)-9= 2.14->
2 (14-4)~ 1 ‘ X2 7 (lmodl“?)(

<27 wodlY S equivalewt to X=Tmod 7 orf x=0 wod ]
X= ) mod ) X= | mod )

L2\ (od2) S mpued béy X2 | (mod4)

o we Solve [v( | Cmodd) x= 2 (med3) X“:
>0 ‘ =1 0m X2 2 m 20 (mad])

M=21=21 W Z2TE 121 (nodY)
M2=H2 2% Xa22%72 172 (imad?)
M3y 9 xa AN '+ woddel- Swco Az =

212001228110 (mad %)
Z 2456 (med€h)

= 7 (modBY) ; \ %= 77 maod Sﬂ




Problem 3 : (8 points) If pis a prime, show that for any integer a,

@+ (p—1la=0 (mod p).
By WiSon's Theoem,  (p-0! =-1 (mod. p)
S aPelp-Naz af-a (madp)

ow RSt e (aP)=1. Ten by Fepmat's Lt
WOW\) QP";\(MOA\OB) So OLPECLUY\Odp)

ond AP-0Z 0 (mod p),

Which compietes
e peoog

TE (oyp)el, Hen (aup)=p QNG e only positue
ANISORS of pare | and p. T (ap)=p, than
Pla ) and. e hove Shown Hat s IWPLES fprgt
Q=0 Lynod p) . Thetefore

a¥ -0 = OP-020-02 0 Cwod p)

D and case,  af +(p11azp Cmed p)



Problem 4 : (8 points) Find the remainder when 15! is divided by 17.
Sirce 1T i peime; by wilsons Treogem
bl=-1 Cmod 17)

Vot thatr Lp!=15!-16 and l(a£~l6mdl7)j

>0 5! = 16l <167 (mod 17)
= (=) 1) (modiT)

| (mod 1)

il

repefore 15! has rmaunder | whan divided,

o5 1



Problem 5 : (8 points) Show that o(n) is odd if and only if n is either a perfect square
or twice a perfect square.

Lomnd Lot A7\ haue pRWe- pOWRE deCowm (SN
- n= P pLE - P&, TnEN N S a perfect square it and
ov\\vX\'G e 1S even for =Ll - F,
R0k, Swppoe That n=d* fop OMe dez (e nita
penfect Sauare)- Wede d=4fia. . a®  for the
PRI ~POWCE decompoSihon ot d, Then .
o = @faf. . of ) =g g8
and. +aiS (S the prime—power. decomposthan of n Cing it
1S uwnigvwe . Trerefore =@ wikndur tosg of SMMA
’P{ﬁqlt\ o eaon \ O.V\d =2, (S W\&eg\ CVON.
Conversaly, i each €l iSeven, oy <i=2f £ €%, then
n= 2 26 p2f =(pf pfe. pf)" o n=dl
for d=pl'ps®. pf* ardn iS o pertect cquare. |
A~
NoW 0= ¥ acwsuad Them

SOy JTA PNy e

. —————————————
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P, P Pe-

ThiSis 0dd '(melo\n\é e ??Cf»ﬂ_
Pr-d

ovel=

-

L= [tpreps, «-I—P.F'Q




1 p; is odd, the oum F prepe R, whith
Contains €i+l odd teews, 1S odd if and only
e HelfiC odd (s a sumofan
v mamogn of 0dd Torms 1€ Even), Trepefore
the gum 1€ 0dd A+ and ol £ e 18 cven,

TEP=2 , the  Sum P P4 pE i always
odd, G0 Qi Can be even o odd «

Tretefore ") --

, o(n) € odd ow\dcrma e (S even
for eaon py odd  (each Pix2), ThiS Conclndes
the ppoof, becamse € all €i's are even than n
K a - -»
\ AEWde’ Squaee amnd i the power of 2
odd then n i e a perfect squaee,



Problem 6 : (8 points) Let w(l) = 0 and, for n > 1 let w(n) denote the number of
distinct prime divisors of n. In other words, if n = p{*...pf* is prime-power decomposition
of n, then w(n) = k.

a) Give the definition of a multiplicative function.

LE £ e & its domann e poSihve w\&e@mg

WO 0 \mulRpucave o ging, only if
Uiy =\ Wmplies TN} = () f(n)

b) Prove that f(n) = 2*(™ is multiplicative.
et myne#, minol be eladively petme .
™Then theil pume-powel fackrizaiony are

e e - _ | | -
=D, ( 27.1-' Pfk. m Y\._q‘ lqzel' . qp,fQ- (e(;l"F‘a\)

OO Pixdy L any Ly (1o pame appeart in hoth
TRUOR Rarons! )

Trevetore e, prine ~power fachE2akon of 1y, L
- ‘Q 'ﬁp_ L £ i
oz e, e Kﬂl.ﬁ‘{fl g te cne all the ppimes

Ape duShnct
Co We \have \J\)QW\)'; \’;) \-OC"ﬂZ,QI ondl &,\)(mn): K*‘—Q
Then 11 Plows Hhod- iE Umn)=)
RN Y Kt+8
)= =272 28T WO QWD )
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Extra problem for graduate credit:

Problem 7 : (8 points) Let p be a prime of the form p = 1 + 4k. Show that

<<1_9_;_1>|>0 =-1 (mod p).

Bg wilSon's Treoreiy, Cp)! 21 (mod p)

We have;
= L2 (B () el (o)

Zi.7 .. k %)((P" P%‘) “Q,_(‘P__(P'Z))’(\D'(F’”)
(modp )

ol VR

()= @07 (/) 21 ety

o5 ()

Gince p= k) p2 = KD 2k iC even)
L 2

R\

i

N e
So C)= 2\ | Trepefore

Sz ()L )" (med p)
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