Math 255: Spring 2017
Final Exam

Name: SOLATION C

Time: 2 hours and 45 minutes

For each problem, you must write down all of your work carefully and legibly to receive full credit.
For each question, you must use theorems and/or mathematical reasoning to support your answer,
as appropriate.

Failure to follow these instructions will constitute a breach of the UVM Code of Academic Integrity:

e You may not use a calculator or any notes or book during the exam.

e You may not access your cell phone during the exam for any reason; if you think that you
will want to check the time please wear a watch.

e The work you present must be your own.

e Finally, you will more generally be bound by the UVM Code of Academic Integrity, which
stipulates among other things that you may not communicate with anyone other than the
instructor during the exam, or lock at anyone else’s solutions.

I understand and accept these instructions.

Signature:
Problem | Value | Score
1 4
2 4
3 10
4 12
5 9
6 6
7 12
8 10
9 8
10 10
11 )
12 10
TOTAL | 100




Problem 1 : (4 points) Please compute 7~ modulo 23.

22227+ \=-3L

T=270+) =7-3(23-37)
=] ~2-2032 +9.7]
=101 -32.727%

7210 Lrod 23)

Problem 2 : (4 points) Prove that if a is odd, then

(mod 8).

1
Hint: What are the possibilities for a (mod 8)7
eb 0 e 0dd, So Heee, 1S NEFE Wit 4= 2N+
By g dwvition odgptliom |, TR IS ¢ wikh £20,12,3
ord. 0= HTY, Then
0= 2(Hq1r)+ i= Bqr e\ = ( 8&qt] if r=p
/) %a+3 £ =
Y %G+5 f r=2
Sq+7 W =3
GO0 o=\,2,5 o 7 (nodt %)
) 2
C\'\@OU\"% (e, bi% Case ; we %@‘FH\&T a=

2

So 2| Lwod &) a0 odd.



Problem 3 : (10 points)

a) (4 points) If ged(a, n) = 1, please give the definition of the (multiplicative) order of a modulo
1.

af = | (‘modm}

b) (3 points) What is the order of 3 modulo 7?7
Since W(T)=¢, the opdor of Jcan e 12,360 6
32 3% (rnodT) 32| (rod7) by
T=AZ2%\ Crpd ) ot s Theomm o
3= 2320% (rod) 3 has oedop & modudo/,

c) (3 points) What is logs 6 in (Z/7Z)*?
Note: In the book, the author talks about the “index of 6 relative to 3 modulo 7 ,” and uses

the symbol ind3 6. This is exactly the same thing and you can just pretend thls is what it
says above.




Problem 4 : (12 points) For each of the following statements, state if it is true or false. Justify
each of your answers. There will be partial credit for this question.

a) Let ¢ be the Euler-¢ function from class. Then ¢(16) = ¢(2)¢(8).

1(p] O(ih ) = h-K = &
fa\ce! \Q(%Q) L-& % cX 1y
Y2)= 2"\ =|
wWd)= <-4 = ¢ (Noie that 52/9}#3)

b) The system of linear congruences

2 (mod 12)
6 (mod 15)

T =
z =
has a unique solution modulo n = 12 - 15 = 180.

false ! (12,5)=3 and 2%6 (mod 3)
CO thepe \¢ no solubon .
(TF theee, was o So fuhan, theee wowldd e a unigil
| Solhon  modualo (el 12,15)=60 SO 3 i
c¢) The equation < { MOHS m(_)()uﬁ {O ig O)

22=4 (mod G)

has the unique solution 2 = 2 (mod 6).
Fodee! i M\% Theown 0 2 we get x= 1 (med3)
Co thepe iC anothee Soluhon: x= 5 (i ¢ )

d) If z =0 (mod 2), then 2 =2 (mod 4).
Foose! TF x20 (mod2) than Hud hae 2 i€k
XZO0modd) op. x=2 (mod Y)
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Problem 5 : (9 points)

a) (4 points) Compute ged(36,102). You may use any technique you like, but you must justify
your answer.

\02= 2-3b +30
2L=20 t 6
20= 50

(?}Q?f”jl):é

b) (5 points) Please give all integer solutions to the linear equation

362 + 102y = 12.

6 (1L Sother ave iR Solunans
L= 26-30 = 36— (102~2-36)= 3. 36— I0L
S0 1= 636 — L 10,
and. We Get the et il Solwh on Kp= G, Y=
e wnfeger SoluhonS ape

= fp + L%ﬁ 6+t
LCM\O\ ‘&6%

U= — G t=-"21—-6T
\ﬁ \‘)W (0 0)



Problem 6 : (6 points) Consider the following system of simultaneous linear congruences:

z=1 (mod?2)
22=1 (mod 3)
2z=1 (mod 5)

a) (1 point) There is an integer n such that there is exactly one solution to this set of congruences
in Z/nZ. What is the value of n?

n= 30

b) (5 points) Solve this system of congruences. Xm { (i{ho d L)
] e W\ A, y il = -
FlRet we patin “Crandaed fopm” - o o )
A= 3 (modS)

Now we Wp?\% Cet:
M=15 %z (52 "2 (mod2)

Ma= 10 610721721 (med 3)
Mm@  HZET=\T =] (modS)

Co %z V15 1+ 2710 + 7.¢. (mod 30)
= 15 +20+1(§ (mod 30y

|\

2+20= 273 wade)



Problem 8 : (10 points) Give all solutions to the following quadratic congruences.

a) 2> =7 (mod 27) 2’),; 33 m ;%K 06{6&
Flest we solve Yz 72| (mod3), Thig has folwhen
*=|  (mod 3Y,

Next we Sole x=7 (mod 4) by (ithng;

XY~ (F3Y,)" 2T (mod 9)

+6Yo+9y," =7 (mod 4)
0y, = 6 (mod4)
29,2 2 Cmod 3)

Yo = ) (mod 3)

Go X,z 1+32 Y4 (mod 9)

F&MQ@% we Sove 27 (mod27) b\({) fif‘f‘ﬁhg:
W= Ay, ~s (4edy,) =z ] (mod 27)

6+72y, £ fly* 27 (med 27)
8y, -9 C(mod 27)
2, 2122 (mod3)
Y= ) Cmoc{ﬁ)
S0 NWEHEAZ13 (mod 27)

X213 (od 27) aind

Cine 3 (S odd, thepe ape 18 smbaﬁmg
J
X=~3= U (Mad21)




- K225 21 Umed§) . TS haS Solubang
*= 13,57 (mod §)

> K22520 (medS) . This WS S0 lution ¥20(meds)

Now We W CET o Gt A Sk i e
We W oy =1,3,51 and a,=0. Q@ g, =
need Mo Gnde %o oo Wl

M=5 %=5'25 (mod¥)

WS mod o
O we dzm%

O e SoluhINS Qe
X2 1 b-51 0225 (mod 40)
A2 35510215225 (od, 40)
Xx= 55 Stp= 152 5 Cmod UO)
= 1554 0z 5= (1% (mOdHo)



Problem 9 : (8 points)
a) Give all of the lifts of

T =

(mod 5)

2
to values in Z/10Z. In other words, if z =2 (mod 5), what can 2 be modulo 107

K= 2,77 (wmod !o}

b) Show that any integer of the form 10k + 7 is of the form 55 + 2, but not conversely.
TE n=\oe+ L YEeZ | then
0=5H () +5+L= 5(kt) 49

So S OF e foum 5+ for 1= 2k

Howeve®, n=10 ¢ of e fonm 55t for =)

owk not ot te *(*OYa‘/m \Ok+] fop (l\f\‘% ke%[
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Problem 10 : (10 points) Let w(l) = 0 and, for n > 1 let w(n) denote the number of distinct

prime divisors of n. In other words, if n = p’fl ...pkr is the factorization of n into distinct prime

powers, w(n) = r.

a) Prove that f(n) = 20 is multiplicative.
LeEmn e Swdh that Gnin)=1 Then theit prime- power.
“F&C%@W?:&J{\G‘{\Qj %\(\gp € o fi?_ ’@&; A0 wot Shaeo

n=qfiq 5 J“@

i primes (% Gy ) . Trepefore the pwﬁrw@@
fadodiaaton of wn o p gt ound
W)= k49 Therefope

%Mﬂ)?‘* zw(;mw}; gf:»\-j{: Z@_ 2:@ N

- 2w£m¥ )

= £ Fln)
b) Prove that » 2¢ is multiplicative. Y a .
% ultiplicative 0ind. ¢ MMPV\WVQ
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Problem 11 : (5 points) Prove that o(n?) = np(n).
Lt n howe prme —powee  factopabony
““’“Pﬁ" SIS pg:e‘f“

™en i) = r‘( \’& ?w ?z}

™Me prime --p@w€@. f&c&&%@jﬁn 6f 0" 1S

zﬁ& 1L

0=p P
S Qut)=n H (%) (7R)

= 9on)

12



Problem 12 : (10 points)

a) State Fermat’s Little Theorem (also known as Fermat’s Theorem in the book).
LeFpe & peinee and € e such taak (a, 0)=|

-

0T 2 (wod p)

b) Let p =3 (mod 4) be a prime. Let a be an integer such that ged(a,p) = 1 and assume that

the equation
2

z*=a (mod p)

has a solution. Show that A
z=a®t/4 (mod p)

is a solution to this equation. s
..«7“!‘“‘ .
Jﬁf&
»’Wj;‘)\
z?‘fw
rd 4
d
S f/
“ y
AN
N /
/
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