Math 255: Spring 2018
Exam 2

NAME:  SOLUTIONS

Time: 50 minutes

For each problem, you must write down all of your work carefully and legibly to receive
full credit. For each question, you must use theorems and/or mathematical reasoning to
support your answer, as appropriate.

Failure to follow these instructions will constitute a breach of the UVM Code of Academic
Integrity:

e You may not use a calculator or any notes or book during the exam.

e You may not access your cell phone during the exam for any reason; if you think that
you will want to check the time please wear a watch.

e The work you present must be your own.

e Finally, you will more generally be bound by the UVM Code of Academic Integrity,
which stipulates among other things that you may not communicate with anyone other
than the instructor during the exam, or look at anyone else’s solutions.

I understand and accept these instructions.

Signature:

Problem Value Score
1 12
2 6
3 12
4 10
5 10
GC 8
TOTAL | 50 (or 58)




Problem 1 : (12 points) Solve the following equations. For each equation, give all
distinet solutions (if there are more than one) and be sure to clearly indicate which ring the

solutions belong to.
a) 5z =1 (mod 13)
(513)=|
t3=2-H+5
h=3+7L
2 =2+

b) 10z =6 (mod 15)

(015)=5 buwt 546

NO Soluhons

c) 6z =3 (mod 15)

(©15)=3 and 2\ v/
WAZE\ (wod 5)

272 3 (mod9)

€O

57z 5= 8 (mod]?)

<7, { KER (mcﬂ

( %2 D (mod5) l




Problem 2 : (6 points) Solve the following system of equations. Be sure to give all distinct
solutions (if there are more than one) and to clearly indicate which ring the solution(s) belong
to.

20=6 (mod8), 2¢=8 (mod9), 3z=3 (mod 18)

I

(2,8)=2 and 2|6V (2,9)=) (3,18)=3 and 3|3/
%23 (mod4) 27'= 5(mod4) XZ| (mod )
X=U4p=u( 9 . .
04 (modq) . PQuaNoR iC
Eqwivalent to
*=| Cmod 2)

A= mad )

%=\ (mod2) IS 1W\p‘\\€o\ \0\6 x=3 (mady) and
*=\ (mnod?) S mphed b% X= CVY\OO\”I)

Co we ol [
[X=3Cmadw) %24 (moda)]

M= x =297= "2 | (mod )
Mazy Y22 47'2-2 (modd) sme t2=8=-(mod4)

co ¥= 3-9- |+ 4-(2) (mod 26)
= 21 —32  (mod 260
= -5 23 (med 30)

A

%= 3] (Mmod36)




Problem 3 : (12 points)

a) State Fermat’s Little Theorem (this theorem is also called Fermat’s Theorem).
LY ae2tand pie a pame, Then £

(o p)=\ then .
a’" =\ (mod °)

b) If (a,35) = 1, show that (a,5) = 1 and (a,7) = 1.
Note thadtif pis prime | (ajp)=1oce p Sine the onty
pOSWe  divisoes of p a2 | and, p.

et (a,35)=\ and Swppose 10 the conteapy
k- (0,5)=9. Theny 5|a, and Since
LM as well,  (a,%5)25 , Lonteady ch 6N,

g\m\m\g\ & (a,0)=7 , S\ 736 thig
fowes  (425)7,7 nivadichan



c) If (a,35) = 1, show that a'2 = 1 (mod 35).
Consider. Best a'* (mod o)
Snee  (a9)=\ oy b, atz| (m@d 5)
and, theeefope a\l—@*) = | (mad5)
VoW conSider @t (mod 1)

Qe (41)=) by ), a®=| (mod )
ande tronefore  a*=(@%)= *2) (mod )

Treretore
o2\ (wod D) and A=\ (mod 1)

By g, Oninese fomaINdLl TheoReim, +hic i
€0\v\k\)a\.€\f\‘r o a%z\ (mod 35 )



Problem 4 : (10 points)

a) State Wilson’s Theorem.
LETp e a peime  then

(P01 (mod p)

b) Find the remainder when 2(26!) is divided by 29.
Hint: 29 is a prime.

Gince 29 ig prvre, we have 28 -1 (mod 9)
Notice Yot 281= 26! 27.28= ¢ ) (nad??)

0 -1228'2 2.2¢! (mod 29)
Therefore ne ponoundor IS 2@

(A 2o Und2 Sty positve | )



Problem 5 : (10 points)

a) Show that n is a perfect square (in other words, there is an integer d with n = d?) if
and only if in its prime-power factorization, given here by

(8

— 31 €2 .
N =DP1 Po "'plc7

each e; is even.
et n=d* ckeZ, o apoefect squae,
Wete d= O\f‘ qf” . O\fi for tho pmme ~pOWER

.’mﬁv\ N—=AA%~_ b
N d _Co\l‘ﬁqj q{gﬁ ql’F 6 Q_FQ

-4

SN e pRime-powee factogi2ahan (< Whigue, fc=g
witthoud: 1056 oFopnenality =g, for eachi oind
CLZ240 \Seven ©r each .

Now ‘et eadn €i=2€;, €4 £ 20 be euver

“Ahen ‘
e <Pz€l le ., PY‘}CK)'L

50 W= o d:\j\gl Plﬁw '@‘#{1
(S o peefect uaee.

24,2k
N=p Pz >

€Z  andown



b) Show that d(n) is odd if and only if n is a perfect square.
< Shown ™ C\aSQ, & n>p{e‘ pf’i,. pf"—{ tHhewn
Aln)=(Et1)leat1) | (e n)
Treetope d(n) S odd & and d‘fmﬁ "

acn it 1S odd.

TNSIS e case i and onlw f each € S
even,

Finaly vhat i€ trve i and oniy s
0 \powkect SO uaee,



Extra problem for graduate credit:

Problem 6 : (8 points)

a) If n is odd, show that ¢(2n) = ¢(n).
THnisodd, (2Nn)=1 _ Since @IS multpucahve,
©Q ()= Q(2) Y n)
=2 (13) €
= Q)

b) If n is even, show that ¢(2n) = 2¢(n).
wWeike n=25m with (2=,
Then '\Q(l\(\\: \ch‘\r;ﬂ W\}
=) wim)
2715y etm)
=2 - 2%V elwm
2- 2 5 )
=2 @ (29)Q(m)

=2 Y)



