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Math 255 - Spring 2017
Homework 7 Solutions

Consider first n = 1. Then log(1) = 0 and }_,, A(d) = A(1) = 0, since 1 is not
of the form p* for p a prime and k > 1.

Now let n > 1. By the Fundamental Theorem of Arithmetic, there are primes
Pi,-- .,y and powers ky, ...k, with each k; > 1 such that

n=py'py ..y = sz

By Theorem 6.1, the positive divisors of n are precisely the integers of the form

ai, a2 a
P1 P - .p,r,T

where 0 < a; < k; for i = 1,2,...,r. Therefore, we have
D A= Y AWM
dn d=pi1p32..py"
0<a;<k;
- Y A0
d:pfi
1<a;<k;
k1 ko kr
= APD+D A@) A+ + ) AP
7=1 7=1 7j=1
k1 k2 kr
= log(p1) + Y _log(ps) + -+ + > _log(p,)
7j=1 7=1 7j=1

= k1log(p) + Ky log(pa) + - - + kv log(pr)
=log(p1'py’ ... p}") = log(n).
Above the second equality is because A(d) is zero on the integers d that are not

of the form in the second sum, and the second to last equality is by a law of
logarithms.

By Mobius Inversion (we note that A is not multiplicative, but M&bius Inversion
applies to any number-theoretic function) we have that

ZM< )1ogd ZN 1og()

dln

The first equality takes cares of the first equality we must prove.



For the second equality we have

ot
—Zu (log(n) — log(d))

:ZM )log(n) — Y _ pu(d)log(d

dn
log )Y pld) = p(d) log(d
dn dn

By Theorem 6.6, we have that >, pu(d) = 0ifn # Land }_, pu(d)if n=1. We
therefore consider the two cases separately. If n = 1, then log(1) = 0, so

— 3 st
dln
In the case where n # 1, the first sum is 0 still, so again we have

==Y p(d)log(d

dln

(a) We have that

0 if d is not square-free,
p(d) = s
+1 if d is square-free,

if we take d = 1 to be square-free. Therefore,

0 if d is not square-free,
()] = {1

if d is square-free.

As a consequence, the function

> luld)
dln

exactly counts the square-free divisors of n, and therefore is the function S(n).

b) We know that p is a multiplicative function (Theorem 6.5). Now let m,n be
i
positive integers with ged(m,n) = 1. Then

u(mn)| = |p(m)p(n)|
= [p(m)]|u(n)];

so |u| is also multiplicative. Therefore by Theorem 6.4, S(n) = >, [u(d)] is
multiplicative.



3.

(c) Let us first tackle the case of n = 1: On the one hand, n = 1 only has one positive

divisor, d = 1, and since there is no prime with p? dividing 1, S(1) = 1. On
the other hand, w(1) = 0 since no prime divides 1, so 2¢() = 29 = 1. Therefore
S(1) = 2#(),

Since S is multiplicative, we can compute its value by first computing S(p*) for p
a prime and k > 1, then patch together using multiplicativity. On the one hand,
we have

where we use that |u(p?)| = 0 if 7 > 2, because in that case p’ is not square-free.
On the other hand, w(p*) = 1, since p is the only prime dividing p* when k > 1.
Therefore 2¢¢*) = 21 = 2 and indeed S(p*) = 20",

Now let n > 1 and write n. = pfpk2 ... pFr for p; some primes and integers k; > 1.
Note that for such an n, w(n) = r. Using multiplicativity of S, we have

S(n) = SM'ps ... pk)

S S5 ... S(pk)
2.9...9

or — 2w(n)

Y

and this completes the proof.

(a) If n is odd, then ged(2,n) = 1. Since ¢ is multiplicative and ¢(2) = 1, we have

p(2n) = ¢(2)p(n) = w(n).

(b) Now let n be even, and write n = 2¥m for some odd integer m and some integer

k > 1 (k > 1 since n is divisible by 2). Then 2n = 2**1m, ged(281, m) = 1, and
since ¢ is multiplicative, we have
p(251m) = (24 )p(m)
= (2" = 2) p(m)
=2 (28 = 2"71) p(m)
= 2p(2")¢(m)
= 2p(2"m) = 2¢(n).



