Math 255: Spring 2016
Final Exam

NaME: SOLUTIONS

Time: 2 hours and 45 minutes

For each problem, you must write down all of your work carefully and legibly to receive full credit.
For each question, you must use theorems and/or mathematical reasoning to support your answer,

as appropriate.

Failure to follow these instructions will constitute a breach of the UVM Code of Academic Integrity:

e You may not use a calculator or any notes or book during the exam.

e You may not access your cell phone during the exam for any reason; if you think that you
will want to check the time please wear a watch.

e The work you present must be your own.

e Finally, you will more generally be bound by the UVM Code of Academic Integrity, which
stipulates among other things that you may not communicate with anyone other than the
instructor during the exam, or look at anyone else’s solutions.

I understand and accept these instructions.

Signature:

Problem | Value | Score
1 3
2 4
3 4
4 3
5 6
6 12
7 8
8 10
9 6
10 8
11 10
12 18
13 12

TOTAL | 100




Problem 1 : (3 points) What is the order of 2 modulo 77

THS the Smallest pocihve integer k with
22\ wod T

2'22 3%\ yod ]
22 Y3\ me\ )
2= =1 mod)

2 haS opdor 2 mocu&o ]

Problem 2 : (4 points) What is 237! modulo 477

©ged (23,47) =) so 237 exists
Y= 2-23 +| S0 \= Y7-2-23

—2.332 | wod Y1

2372 -2 = 45 med Y7



Problem 3 : (4 points) What is the definition of a unit?

let aeR, RS a (L{V\Q,
A S a wut (f theee S be R with

ab = |

Problem 4 : (3 points) How many solutions does the equation 22 = 0 (mod 4) have?

Let's fay all the X's: 2°0=0 mod 4 x20 modY
202 2med Y
2228 mody Xz 2 medY
23 2 vmody

Two Solukans | x= 0,2 mod Y

Avreenatve  Soluhon
A (24)=2 and 2 dividX O, SO 2
Co\uh onS

(The 2 WEtS 68 K20 mod 2 whwidh are

; xXz=0 modH
X2 Mmod Y )



Problem 5 : (6 points) Consider the following theorem:

Let the positive integer 7 be written as n = N 2m, where m is square-free. Then n can
be represented as the sum of two squares if m contains no prime factor of the form
4k + 3.

a) (2 points) Among the statements below, circle all of those that are hypotheses of the
theorem above.
Remember that a hypothesis is something that can be assumed to be true when proving the
theorem.

i. n is a positive integer
( ii. » = N2?m and m is square-fré

iii. 2 can be represented as the sum of two squares

@ no prime factor of the form 4%

b) (2 points) Among the statements below, circle all of those that are conclusions of the
theorem above.
Remember that a conclusion is something that we are trying to show is true, given the

hypotheses.

i. n is a positive integer

ii. n = N?m and m is square-free

@n can be represented as the sum of tm
-

=z

<5

iv. m contains no prime factor of the form 4% + 3.

c) (2 points) Let » = 63 = 32 .7. Can n be written as a sum of two squares?
Heee N=3  m=1]
m 1€ iself pewe ;TS only peime fadog 1S
T=4 %3
Co wrno, 631§ wot the Sum of 2 90,(,«12@9_

4



Problem 6 : (12 points)

a) (4 points) Compute ged(66,48). You may use any technique you like, but you must justify
your answer.

puctideon algomthm .

- ug
32:1.\; 13\1 ged (66, U8)=¢

\Z= \2 +6
(L= 226G

AN (Ve Soluhon:

66 =123 1\ pPME factorS in common .
ug= 243 2-32 ¢

6(‘.(1 C H@,@é):é

b) (2 points) Based on your answer above, does the equation 66z + 48y = 12 have solution(s)
in the integers? Please justify with one sentence.

Yeg vecomnse © duvideg L2 .



c) (6 points) Find all integer solutions of the equation 662 + 48y = 12. You may use the back

of any page if you need more space, but please indicate that you have done so so I can find
your work.

Step | EUMdean algotthm iS dlone aQﬂead\tj
gm 2, Back So\ve

(= 18-12
=\ @- (48 -218) = 31848
:3.((06'“1%) -4 = 365 —4H U3

6 -2 GG-4M8  %o=3 Yo= 7

Step 2. MmN PRy VY > ——g
b= 6 66— 48  XpTe deTr

Q*OP"\’, wente all soluwhang

_ b t = 6+ %t

= +

*= e c\Sco\Cau\O) t¢c 2
_ — O £t = - ? —~ U €

\g’ \3? ‘SCACQ\\O}




Problem 7 : (8 points) Consider the following system of linear congruences:

2z=1 (mod 5),
5z=2 (mod 7).

a) (6 points) Give the solution(s) to this system. Be careful to specify if your answer is an
integer or an element of Z/nZ; in that latter case, say what n is.

ThiS S & Ohinese pemaunder "Theoken guechon, {i1eSt we
%e\— T N tne 048\/\'1‘ forwm
2 22\ wed5 SO 2.2%= 3 mod§ >< 2 ynod
§.3| wmad) SO 3EXE 6 wmodT x © mod

G«'—'% M‘C—‘ 7(\;:-3

< cuontrod NElmod § o 70ELmodS oF 2%,= 1 modS
Yoo

W5

N g\)\,(,‘(\-\—\r\()\*' N2 L«\YY\Odn oe 6X7_:\ymo\') ¥2=
2 \

*

L= Q‘Nq\{\\"(&lN’l*L ‘(Y\OO\ 35
_ 213 €653 2 6B FA0 216D wed D
(n=35)

{

b) (2 points) What is the smallest positive integer that is a solution of this system of linear
congruences?

153293 =13 mod 35 \3 S {he least Pogﬁ\\e
\hﬁ%‘% Soluhy'ony



Problem 8 : (10 points) Compute the following Legendre symbols:

8) {8 points) (‘219> 2\9 =373

373

Hint: 219 is not a prime, but 373 is.
SNAN - (2 (22>
"o k%ﬂ\ ksw%) 375
=\ =
2723 = 1321 modY SO (yn3‘\

@)= C0E ()= (B)=(12)=(3)=

1
—
I

. 73! 3931 1273 Q 2 Y

23\ =(-1)= (_——.z,,_(/)—.):.z

\3‘1’5\ 1) T \s L)%B* T )\33)= V=)
732\ wod B 73t73=146

13-Y=|4pt46=292
73-5 =293 = 265

b) (5 points) <%§—z>

Hint: Both 137 and 227 are prime.
-4 227-d

W\, ) > = ,23:3)_ (_ﬂ _(ﬂ_y(}_ (_2
2/—,;} i 31 )~ 151)” 31 /\13) ) U3
:\-\~(—\)‘;’=:—\‘§3{-‘(§1>: Z. = —|

\212\ wod 3 5 5



Problem 9 : (6 points) Find all solutions, if any, to the equation

22 =21 (mod 30)

20=2%5 .
2 icis X*=\ mod2 x=| modl
2z 2\ modL Bue = d

X= 0 wmod?3

S 1S XPEOmoedd

S =\ oA &

*Q = 2} wmod 5 S

wehae 2 SolURonS, we Use the  Chinese Romoundor theoranwn

“0 %e-‘r\'hem Wmod. 20 )
N=1E 1Y EXE [ mod 2 X\ = |

a, =\ -
X= | mod 2 0\\1=o N,=10 (0% = Y2Tlmod3 %=\
XEOW\OO:; az=1 N30 X3 Z ¥X32) MadS X3 |
X\ ™o
LS 5 +0 +6 =2\ mod 30

K=\ Mnod L ov\\\% Mfeeonce (S az=4
x=Q mod> evep%wv\cj else iC e Sawe
=4 mMmoas

X215+ O+ 24 =324 mod 30

2colMhms.  X=94 mod 3o
x= 2! mod30



Problem 10 : (8 points) Find all solutions, if any, to the following equations:
a) (4 points) 22 =9 (mod 16) |
Becarmse 1o i o powee-of P=2 (even) | we solve
Z2AZ\ wodY ond WEt dN-QOV\\S'\*o & Selutvon, mod, Lk
(We S rmod B
Acolukion © X2\ modY 1S x=\modlk . Tneeefore we
Wt %=\ o ¥\ = \*\-\-\-So Such thak )ltz:_o\ wmod (6.

)c\":Q\’f‘*\so\q: \+ BYotloy s = Lt 8, wod 16

Sowe sole A= 3y, modlb ThiS equaian has four
BZ 8y, Mmod \b Soluhans .
—o \= wod 2 XZ5 mod o
C\SCA\QS\“O)’g' \= \50 )(‘.3-'5' ;H moo\ \(o
S0 ¥i=lvd=5 x=5+3=13 mod b

xz-3%2 3 modl\b

b) (4 points) 22 =21 (mod 25)

Tiest we Solve
2z 2\= | mod 5

ANCRNME SO MR {0 paet 0-\5 '

Y ngpe hon x=2 mod lb IS A4S0
e ot 3 aQ&

123 = (3 madll

K= 248 =1l ywod b

XZ-I=5 mod \b

lwhony

T™TiShat Solwhon
X2l wod S

We ift Xzl 0 x= 45y,

whete X2z 2\ mod2S
W= (WYY = 1+ 10Y, £25Y," 2 1+10Ye mod 25
So we Sole 2\-3\{-\0\30 mod 25 //_ So X=l+56-2 =l
202\0%o ™04 25 | ¢ oquation has o
acA PRS)= 6 45 2y, Mod 5 olwhong

_ 0 X =\ mod 25
322 modlS | x=—1| = 4 mod 20




Problem 11 : (10 points) Note that 108 = 22 33.

a) (2 points) What is ¢(108), where ¢ is the Euler-¢ function from class?

w(os) =102 (1-3) (%)

=108 L2
08 %

= 36

b) (6 points) Show that if ged(a, 108) = 1, then a!® = 1 (mod 108). There is more space for
this problem on the following page.

If ged(al08)=[, +hen ged(at)=] Since @iy)=2,

Euler's Treopom sows  thad A’z | modl . ems@
both sideS 4o +he  AM powen Az pod U
) — o .

S(-mi\aﬂ\\a r %CO\CQ, 2‘7):[ as wejl . il
@21 =21-9=18, Euler's Meotum Sams thak
A% =\ tmod L

Qow QA (%21)=1 so by, the Chinese
QoA OINALL  TOMIM we concumde  thad
0% =\ mod (9.

11



Please continue your work from part b) here. Do not forget to answer part c) below.

c) (2 points) Does 108 have a primitive root? Please justify with one sentence.

No. Evepy elumend: n (Z[10821)° Was oedaer
ot most 18 by part ¥) ord o priymihe
oot wonld have opder 26,

12



Problem 12 : (18 points) The Liouville A-function is defined in the following way:

)\(72) — 1 lf n = 1,
(_1)k1+kz+---+kr ifn = pllslpgz . .pfr'

a) (6 points) Prove that A is multiplicative function.
Le¥ m—\»:)‘ Y’l‘ . P(K—r
-l ‘ i
n=qliqf. gl ke 2incgers with

c&CA,(W\Y\)\ Then . o
mn = p p;. \p( ‘9, qLL...qgQ‘

ond. ol of Hhese Yunes ol aShnct,

Hreen \¢.+\é7_+...+\<r+,¢l+11+---4’«9§
mn)= ()
X ) )V,,-HL-,_*-. o Her Q+0,+. - +0g
= ¢=1) )
= X(m) Aln)

Ao apaureord i M0oRe  ANNOYINg Since WE s
oaWow L m ond N 1o glhaue P(?:\W\.Q factors,
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Recall that we are discussing the function A given by

A(n) 1 ifn=1,
n) =
(_1)k1+k2++kr if n = pl p‘) . kr_
Now let f be given by
= _Ad)
dln

b) (4 points) Compute the following values. To receive credit for this part, you must use

the formula above and you must show your work. In particular, I expect to see as
many terms as n has divisors.

= Z A(d)= Q) +7\(3)+7\M)

419 = (- ‘

i a0 = ACDFA(D) +2(g) tTGO)
R R R A b + (-0 = 0O

iii. £(27 7\(‘)#7\(‘5)1»7\(0”*7.\(12)_
S A XAt R ©

iv. £(16) = X )+ A2+ AMM) + AR+ AIE)
= LA (Y2 DR (DM = \

c¢) (2 points) Prove that f is a multiplicative function.
Since XIS mwth pu catve by parta), € s
OUIRPUCAR VS oy T BIG. Tneokemy  CTneoteny €9)

14



Recall that we are discussing the function A given by

/\(n):{l ifn=1,

(—1)frthotthe i n = pPps? . phr,
and the function f given by
HOEDPPIC)
dln

d) (6 points) Prove that

1 if n = m? for some integer m,
f(n) = :
0 otherwise.

Sincg €S muldk PUCARVE | We begin by comp uhng

€N, popenee €2
Se¥Y= S A= Z AP = T Y
A\ §=o §=o

g \C exther | or O, dgp@"ow‘f)

g“&_w\ig ‘\g \—\“‘\’\ . s ‘
\ ends on -\ o@ + |, oein other.

on whether the Sum
woeds ¥ S euven o odd
S :si O if isodd
\

£ ¢ s even

Now ler n=pi ST L P . Tren )
oo AN T =( 0 if any oe
SLa)= e v (or woge) 1S odd

Vi all ks aee
cven

YAl 'S ae even S exau—\\ﬁ e cOnduhan thad h i€ o Square

T one, or  more ki IS odd; Then n S Ot a Square, So

W8 Gge, AONE .
15



Problem 13 : (8 points)
a) (6 points) Let p be a prime that can be written in the form p = 2" 4+ 1. (For example,

17 = 2% 4+ 1 is such a prime.)
Show that for such a prime p, every quadratic nonresidue of p is a primitive root of .
e of By Euler's
Lot & be . qQUAdRANG Won ms\o\u o P By
Ceveeion,  _\ = ( P) G = Wod P

et L be the onden of & modmlo p. Then £ duvides
Qlp)=p-\=2" so 0=2% for Some §=O\.
15 =0, then the opaeR of & i< Q(P) anrde i A primihve

¢oO .
Susppote TN ok (€1 Tren n=3-120, and we have

= (o) ol =(a 1)2
- %

h 9_-7_ -

-1 ywod p

I

I€ pE2 , HrcsS o comad RN | So (=N

1€ p=2, +here 0£2 WO QUadRANC nonpecidmes co the
Statement 1< vacuQUs l}j teue

b) (2 points) Use the result above to find a primitive root of 17.
: : a
T+ Suffies 10 find o with (-a) =]

Chte \I\zg iS even, op any odd. prime P,

(_?_ _ _\_13_ %\% wnspeckon NM=22 wmod?2 i< not

G QUOGRONC RRSIAMR So ;‘5_\‘32 (% - (__23_>:_
ood D S & nggw\\'\)e oot of 1.
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