THE UNIVERSITY OF VERMONT
COLLEGE OF ENGINEERING &

MATHEMATICAL SCIENCES

Minimum Spanning Tree

Prim's algorithm

CS 124 / Department of Computer Science



Minimum spanning tree

Trees: review

What is a tree?



Minimum spanning tree

Trees: review

What is a tree? An acyclic, connected, undirected graph




Minimum spanning tree

Trees: review

What is a tree? An acyclic, connected, undirected graph




Minimum spanning tree

Trees: review

What is a tree? An acyclic, connected, undirected graph




Minimum spanning tree

Trees: review

0} =0
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Trees: review

On n nodes, a tree has n - 1 edges
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G'=(V,E'")with E' CFE

G’ is a tree

argmin E Way v
(u,v) R’
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Some areas of application

* [elecommunications
 Taxonomy / phylogeny
 Computer networks

* Electronic circuit design
 Computer vision

* Process control

* Mmore...
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Prim's algorithm, given some connected graph, G = (V, E)

function prims(G)

let E' = {}
pick any starting node, s, 1n V
let V' = {s}

while |V'| < |V]|
find, e, the minimum weight edge with exactly one endpoint in V'
add this edge to E’
add the endpoint of e not in V' to V'

return (V', E')
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Minimum spanning tree

Prim's algorithm
V={a,b,cd,j h}

E = {ab, ac, ah, bc, bd,
bh, c|, cd, dj, dh, jh}

V' ={a, c}

E' = {ac}
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Prim's algorithm

a V={a,b,cd,j h}
4 2
9 E = {ab, ac, ah, bc, bd,
b - c bh, c|, cd, dj, dh, jh}
; V' ={a, c, i}
3 6 3
E' ={ac, cj}
J 0 j
2 8
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Prim's algorithm

a V={a,b,cd,j h}
4 2
9 E = {ab, ac, ah, bc, bd,
b - c bh, cj, cd, dj, dh, jh}
; V' ={a, c, |, b}
3 6 3
E' = {ac, cj, ab}

J 0 j

2 8
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Prim's algorithm
V={a,b,cd,j h}
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V'={a, c,], b, d}
E' ={ac, cj, ab, bd}




Minimum spanning tree

Prim's algorithm
V={a,b,cd,j h}

E = {ab, ac, ah, bc, bd,
bh, c|, cd, dj, dh, jh}

V'={a, c,|, b, d, h}
E' = {ac, cj, ab, bd, dh}
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Minimum spanning tree V' =)
Prim's algorithm £ = )

lowest .
a b c d j h ny  velght
al/l0 2 4 0 3 9 a
b o 7 3 0 2 b
C 0O 2 3 0 C
d 0 5 2 d
J 0 8 J
h 0 h
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a b c d j h ny  velght
al0 2 4 0 3 9 a b 2
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Minimum spanning tree V' = {b, a}
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Prim's algorithm E' = {ab)
lowest .
a b c d | h ny  Wweight
al/ 0 2 4 0 3 9 a
b 0 7 3 0 2 b
c 0 2 3 0 c b 7
d 0 5 2 d b 3
J 0O 8 J -
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Minimum spanning tree V' = {b, a}
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Prim's algorithm E' = {ab)
lowest .
a b c d | h ny  Wweight
al/ 0 2 4 0 3 9 a
b o 7 3 0 2 b
C 0O 2 3 O C a 4
d O 5 2 d b 3
J 0 3 J -
h 0 h b 2




Minimum spanning tree V' = {b, a}

- -
Prim's algorithm E' = {ab)
lowest .
a b c d | h ny  Wweight
a0 2 4 0 3 9 a - -
b 0 7 3 0 2 b - -
C 0 2 3 O C a 4
d 0 5 2 d b 3
] 0 8 ] a 3
h 0 h b 2




Minimum spanning tree V' = {b, a}

- -
Prim's algorithm E' = {ab, bh}

lowest weight

a b c d | h in ! J

al/ 0 2 4 0 3 9 a - -

b o 7 3 0 2 b - -

3 5 3 3 C 0O 2 3 O C a 4

d O 5 2 d b 3

J 0 8 j a 3

h b 2

q 5 J h 0
2 8




Minimum spanning tree V' = {b, a, h}

_ -
Prim's algorithm E' = {ab, bh}

lowest weight

a b c d | h in ! J

al/ 0 2 4 0 3 9 a - -

b o 7 3 0 2 b - -

3 5 3 3 C 0O 2 3 O C a 4

d O 5 2 d b 3

J 0 8 j a 3

h b 2

q 5 j h 0
2 8




Minimum spanning tree V' = {b, a, h}

o ]
Prim's algorithm E' = {ab, bh}
lowest weight
a b c d | h in ! J
al 0 2 4 0 3 9 a
b 0 7 3 0 2 b
3 5 3 3 C 0O 2 3 O C a 4
d 0 5 2 d h 2
J 0 8 j 3
q 5 | h 0 h -
j
2 8
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Prim's algorithm E' = {ab, bh}
lowest weight
a b c d | h in ! J
al 0 2 4 0 3 9 a
b 0 7 3 0 2 b
3 5 3 3 C 0O 2 3 O C a 4
d 0 5 2 d h 2
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Minimum spanning tree V' = {b, a, h}

o ]
Prim's algorithm E' = {ab, bh, dh}
lowest weight
a b c d | h in ! J
al 0 2 4 0 3 9 a
b 0 7 3 0 2 b
3 5 3 3 C 0O 2 3 O C a 4
d 0 5 2 d h 2
J 0 8 j 3
q 5 | h 0 h -
j
2 8




Minimum spanning tree V' ={b, a, h, d}

- ]
Prim's algorithm E' = {ab, bh, dh}
lowest weight
a b c d | h in ! J
al 0 2 4 0 3 9 a
b 0 7 3 0 2 b
3 5 3 3 C 0O 2 3 O C a 4
d 0 5 2 d h 2
J 0 8 j 3
q 5 | h 0 h .
j
2 8




Minimum spanning tree V' ={b, a, h, d}

__ .
Prim's algorithm E' = {ab, bh, dh}
lowest weight
a b c d j h in V! J
al 0 2 4 0 3 9 a
b 0 7 3 0 2 b
3 5 ; 3 c 0 2 3 0 c d 2
d 0 5 2 d h 2
J 0 8 j 3
q 5 | h 0 h .
]
2 8




Minimum spanning tree V'={b, a, h, d
Prim's algorithm E' = {ab, bh, dh}
a b c d | h I?:]V v weight
al0 2 4 0 3 9 a -
b 0O 7 3 0 2 b -
. ) ) . c 0 2 3 O c | d
d 0 &5 2 d -
J 0 8 j a
q 5 h 0 h -




Minimum spanning tree V'={b, a, h, d
Prim's algorithm E' = {ab, bh, dh}
a b c d | h I?:]V v weight
al0 2 4 0 3 9 a -
b 0O 7 3 0 2 b -
. ) ) . c 0 2 3 O c | d
d 0 &5 2 d -
J 0 8 j a
q 5 h 0 h -
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E' = {ab, bh, dh, cd}
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Prim's algorithm

V'={b, a, h, d, c}

E' = {ab, bh, dh, cd}

lowest
invV

weight

a b c¢c d | h

a0 2 4 0 3 9

b o 7 3 0 2

3 5 3 3 C 0 2 3 O
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Minimum spanning tree V'={b, a,h,d,c,j

| I -
Prim's algorithm E' = {ab, bh, dh, cd}
d
5 4
9 lowest weight
) . a b ¢ d j h in V' °
7 al/ 0 2 4 0 3 9 a
o o 7 3 0 2 b
; ) 3 C 0 2 3 O C
d 0O 5 2 d
j 0 38 J
d > h ’ h
2 3
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Is it greedy? Yes!
Worst case complexity? O(|V|?) This is if we use adjacency matrix.

There Is an implementation using min heap for fetching lowest weight edges.

O(E log |V|)
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Prim's algorithm

Is it greedy? Yes!

Worst case complexity? O(|V|?) This is if we use adjacency matrix.

There is an implementation using min heap for fetching lowest weight edges.
O(E log |V])

Adjacency matrix is best if the graph is dense (high ratio of edges to nodes).

Min heap is best if graph is sparse (low ratio of edges to nodes).



