
ANALYSIS QUALIFYING EXAM
24 August 2020

You have 3 hours to do the exam.

The exam has two sections, Complex and Real. Passing at the PhD level is accomplished
by solving at least two problems in each section while either solving a total of 6 problems
or solving 5 problems and making significant progress on two others.

Do not mark this exam in any way which would identify you. The proctor will assign you
a letter. Write this letter at the upper right of each of your work sheets.

R means the real numbers, (R,L,m) means the Lebesgue measure space on R, and C is
the complex numbers. If z ∈ C then ℜz is z’s real part and ℑz is z’s imaginary part.

Complex Analysis.

1. Let f be entire and suppose that |f(z)| > 1 whenever |z| > 1. Show that f is a
polynomial.

2. Let f be entire with f(0) = 0, and let {an}∞1 ⊂ C be a sequence of complex numbers
such that

∑∞
1 |an| < ∞. Show that

ϕ(z) :=
∞∑
1

f(anz)

converges for all z ∈ C and defines an entire function.

3. Let Ω := C \ ((−∞,−1] ∪ [1,∞)). Find an analytic bijection f : Ω → {z : ℜz > 0}.
Express your f as a sequence of compositions, sketching the intermediate domains.

4. Define D := {z ∈ C : |z| < 1} and D := {z ∈ C : |z| ≤ 1}. Let f : D → D be analytic
and suppose that f(1/2) = f(−1/2) = 0. Show that, for all z ∈ D,

|f(z)| ≤
∣∣∣∣ z2 − 1/4

1− (z/2)2

∣∣∣∣ .
5. Define D := {z ∈ C : |z| < 1}. Suppose that f and 1/f are both analytic on D \ {0}
and 0 is not a removable singularity for f or 1/f . Show that 0 is an essential singularity
for both functions.

6. Use residues to show that, for any a ≥ 0,∫ ∞

−∞

cos(ax)

(x2 + 1)(x2 + 4)
dx = π

(
e−a

3
− e−2a

6

)
.

7. Find a Laurent series for

f(z) :=
5z + 1

z2 + 2z − 15

1



converging in the annulus {z ∈ C : 2 < |z − 1| < 6}. Your series will have the form
∞∑

n=−∞
cn(z − 1)n.

Real Analysis.

1. Define f : R2 → R2 by f(x, y) := (x4 − y3, x2 + y) and set H := {(x, y) ∈ R2 : x > 0}.
Show that, for every (a, b) ∈ H, there is an open set U with (a, b) ∈ U ⊂ H on which f is
one-to-one, and there is a differentiable g : f [U ] → U such that g(f(x, y)) = (x, y) for all
(x, y) ∈ U .

2. For f ∈ L1(R,L,m) and t ∈ R define

f̂(t) :=

∫
R

f(x) exp(−2πixt) dm(x).

Show that f̂(t) is a continuous function of t.

3. Let (X,M, µ) be a measure space. A family F of measurable functions is said to be
uniformly integrable if, for every ϵ > 0, there is a δ > 0 so that, for all E ∈ M and f ∈ F ,
µ(E) < δ ⇒

∫
E
|f | dµ < ϵ. Show that any finite F ⊂ L1(X,M, µ) is uniformly integrable.

(You may ignore the trivial case in which F = ∅.)
4. Let f : [0, 1] → R be continuous, f(0) = 0, and with f ′ existing and finite on all of
(0, 1). Show that, if f ′ is increasing on (0, 1), so is g(x) := f(x)/x.

5. Let f : (0, 1) → R be uniformly continuous on (0, 1) (assuming the usual | · | metric).
Show that

lim
x→0+

f(x)

and
lim

x→1−
f(x)

both exist.

6. Suppose {ak}∞1 is a sequence of complex numbers such that
∞∑
1

akbk

converges for every complex sequence {bk}∞1 having the property that

lim
k→∞

bk = 0.

Show that
∞∑
1

|ak| < ∞.

7. Let f : R → R be continuous on all of R (with the usual | · | metric) and

lim
|x|→∞

f(x) = 0.

Show that f is uniformly continuous on R.
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