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net Mercury travels around the sun in an elliptical
approximately by

_ 3442 x107
1~ 0.206 cos 8

‘measured in miles and the sun is at the pole. Graph
Use TRACE to find the distance from Mercury to the
elion (greatest distance from the sun) and at perihelion
istance from the sun).

es Kepler (1571-1630) showed that a Jine joining a
€ Surl SWeeps out equat areas in space in equal inter-
me (see the figure). Use this information to determine

¢ca planet travels faster or slower at aphelion than at per-
ixplain your answer.

‘ Planei

Moivre’'s Theorem
Rectangular Form .

*Polar Form

'Multip{ication and Division

* Powers—De Moivre’s Theorem
Roots '

His:torical Note

Utilizing polar concepts studied in Section 8-4, we now show how complex numbers
can be written in polar form. A brief review of Section 1-4 on complex numbers
should prove helpful before proceeding further, :

> Rectangular Form

Recall from Section 1-4 that a comp

lex number is any number that can be written in
the form

x + yi

where x and y are real numbers and i is the Imaginary unit. (We use x -+ yiand x + iy
interchangeably; each has its advantages in keeping notation simple.) Thus, associated
with each complex number x + i is a uni

que ordered pair of real numbers {x, »), and
vice versa. For example,

5+ 3; corresponds to (5, 3)
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» Figure 1
Complex plane.

ADDITIONAL TOPICS IN TRIGONOMETRY

Associating these ordered pairs of real numbers with points in a rec
dinate system, we obtain a complex plane (Fig. 1). When complex nump
ciated with points in a rectangular coordinate system, we refer to the®
real axis and the y axis as the imaginary axis. The complex number
to be in rectangular form.

Imaginary axis

(5, 3)
=] *5+3i

» X
Real axis

[ p———

Plotting in the Complex Plane
Plot the following complex numbers in a complex plane:
A=2+3i B=-3+5i C=-4 D=-3

SCLUTION

MATCHED PROBLEM

Plot the following complex numbers in a complex plane:

A=4+2i B=2-3i C= -5 D=4

»» EXPLORE-DISCUSS 1

.- On a real number line there:is a on

' of real:numbers and the set fp :

- ciated with exactly one point on the line:and each point on the line is ass

" ciated With' exactly oneareali_numb'e";.ﬂ Does such a correspondence exis
between the set of complex numbers:and the set of points in an extende
‘plane? Explain how a one-to-one ‘correspendence can be established.

Kl
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> Polar Form

Each point (x, y) of the plane corresponds to a unique complex number z, namely, in
rectangular form, z = x + iy. But the point (x, y) can also be specified by polar coor-
dinates. Therefore the complex number z can be given a polar form that depends on
r and 0. The polar form of z is written z = re®. (When convenient, we write re” in
place of re®®)

Points Complex numbers
‘Rectangular form (X, y) x+ iy

Polar form (I’, 6) reie

The point with rectangular coordinates (1, 1) has polar coordinates (V/2, w/4). (Why?)
Therefore the complex number z = 1 + ; has the polar form z = V2e™* A graph-
ing calculator can convert a complex number in rectangular form to polar form and

¢, TOL vice versa (see Fig. 2, where 6 is in radians and numbers are displayed to two decimal
74rrRec places).
a+1. B, The polar-rectangular relationships of Section 8-4 imply the following connec-

tions between the rectangular and polar forms of a complex number.

2
:\/ieiﬂ/ll-

y _ If x + iy = re’®, then
4 x+iy=re®
! x=rcosf r=Vx+,7?
! ly . y
! y=vrsin® tan6=;, x#0
N
L x
X

Therefore: x + iy = r(cos 6 + i sin 0) = r¢® and €® = cos § + i sin 0

If z = re'®, then the number  is called the modulus, or absolute value, of z and
is denoted by mod z or |z]. The angle 6 (in radians or degrees) is called the argument
of z and is denoted by arg z. Recall that (r, 6) and (r, 8 + 27) represent the same
point in polar coordinates. Therefore, z = re® = re’® * 2™ g the argument of a com-
plex number is not unique. But we usually choose the argument 6 so that —1 < § =< 7
(or —180° < 6 = 180°),
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> Figure 3
Y
V3 4+
! r
1 8
m
-V3 |
> Figure 4
y
s
_2|
T ]
-5~ 2i
» Figure 5
4

~a—-2i 3 rPolar
J3.3%e" (-2, P8l

> Figure 6
(—5 — 2i) = 5.39e(~276¥

ADDITIONAL TOPICS iN TRIGONOMETRY

From Rectangular to Polar Form

Write parts A~C in polar form, 6 in radians, —7 < 0 = w. Compute the
arguments for parts A and B exactly; compute the modulus and argumep
to two decimal places.

Az, =1—1i B)z,=~-V3+i (C)yz=—-5-2i
SOLUTIONS

Locate in a complex plane first; then if x and y are associated with specj
and © can often be determined by inspection.

(A) A sketch shows that z, is associated with a special 45° triangle (Fig. 3
by inspection, » = V2, 6 = —m/4 (not 7m/4), and

7= VI

(B) A sketch shows that z, is associated with a special 30°-60° triangle (Fig
Thus by inspection, » = 2, 8 = 5/6, and

Zy = 261(577/6)

(C) A sketch shows that z; is not associated with a special triangle (Fig. 5
proceed as follows: :

V (—5)2 + (—2)2 = 539  To two decimal places

6= —a +tan ! (%) = —276  To two decimal places

~
il

Thus,

z3 = 5.396(_2'76)l To two decimal places

Figure 6 shows the same conversion done by a graphing calculator with a
in conversion routine (with numbers displayed to two decimal places).

MATCHED PROBLEM

Write parts A—C in polar form, 6 in radians, —m < 8 < 7. Compute the modulu
arguments for parts A and B exactly; compute the modulus and argument for p
to two decimal places.

(A) =1+ B)1 +iV3 (C) -3 —7i

From Polar to Rectangular Form

Write parts A-C in rectangular form. Compute the exact values for parts A and
for part C, compute a and b for a + bi to two decimal places.

(A) z; = 2e(517/6)f (B) Zy = 36(—60°)[ (C) z3 = 7.'196(—2.13)1'
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SOLUTICONS

(A) x + iy = 2e57/O¥
= 2[cos (57/6) + isin (57/6)]  cos 2= Y3 gu5T_1

2<:§@> + i2<%> Simplify.
-V3+i

(B) x + iy = 3£ 760V
= 3[cos (—60°) + i sin (—60°)] cos (-60%) = &, sin (607 = 22

} =3 l + i3 __\/§> A
= ) 2 2 Simpiify.

15/ _3 33 1
2 2 :

(O x+iy= 7.19¢(213¥

7.19[cos (—2.13) + i sin (—2.13)]

~3.81 — 6.09i

I

3. B1-6. B9

Figure 7 shows the same conversion done by a graphing calculator with a built-

~2130 = 3,81 — 6.09i. . g )
In conversion routine.

EXPLORE DISCUSS 2

manual )

MATCHED PROBLEM

Write parts A—C in rectangular form. Compute the exact values for parts A and B;
for part C compute a and b for a + bi to two decimal places.

(A) z) = \/ie(“ﬂ/Z)i (B) 7, = 3e12()°1' (C) zy = 6.496(_2‘08)1-
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ADDITIONAL TOPICS IN TRIGONOMETRY

»» EXPLORE-DISCUSS 3

",“"w1th, e‘results”m part A

* Multiplication and Division

There is a particular advantage in representing complex numbers in polar form
tiplication and division become very easy. Theorem 1 provides the reason. (The
form of a complex number obeys the product and quotient rules for exp
bmbn — bm +n and bm/bn — bm - n‘)

> THEOREM 1 Products and Quotients in Polar Form

If z; = 1€ and z, = re’™, then-

i6

. ; 6 4
1. ZyZy = rle’e‘rze 2= I"Il’zel(el 82

i0
Zy re ' i 18] i(0,— 65)
2. = ——-=—¢

In mer n

Theorem 1 says that to multiply two complex numbers, you multiply their
uli and add their arguments. Similarly, to divide two complex numbers, you d
their moduli and subtract their arguments.

We establish the multiplication property and leave the quotient property for
lem 64 in Exercises 8-5.

Z1Zy = 1€ ell" &% Use polar-rectangular relationshi

= riry(cos ) + isin 0,)(cos B, + isinB,)  muiply.

ri#a(cos 0, cos 8, + icos 6, sin 6, Group real parts and imaginary pa
+ isin 0; cos O, — sin 0, sin 6,)

= riry[(cos B, cos 6, — sin B sin 6,) Use sum identities.

+ i(cos 0, sin 6, + sin 6, cos 0,)]

= ryrp[cos (B; + 0,) + isin(8; + 6,)] Use polar-rectangular relationships.
o0+ 82)

rire




SECTION 8-5 Complex Numbers and De Moivre’s Theorem 735

Products and Quotients
If z; = 8¢*" and z, = 2¢°, find

(A) ziz, (B) 21/22

SOLUTIONS
(A) Z12y = 8645°i'2€30i E‘ — 8'28’“5 +30),5 — 16675[
450]  prmmmmmmmmmmmm—— N
z, 8¢ { 450—30%) | o;
B)—="5 | = Je457 730 P= 4e!™" &
z; Qe N e J

MATCHED PROBLEM

If z; = 9¢'%" and z, = 3¢, find

(A) 2125 (B) z1/2, v &

» Powers—De Moivre's Theorem

Abraham De Moivre (1667—1754), of French birth, spent most of his life in London
tutoring, writing, and publishing mathematics. He belonged to many prestigious pro-
fessional societies in England, Germany, and France. He was a close friend of Isaac
Newton. The theorem that bears his name gives a formula for raising any complex
number to the power n where n is a natural number.

> THEOREM 2 De Moivre’'s Theorem

If z = re’® and n is a natural number, then z" = r""*®.

De Moivre’s theorem follows from the formula for the product of complex num-
bers in polar form. If n =2 and z = re’®, then

2 = 1ol = ;25120

In other words, to square a complex number, you square the modulus and double the
argument. Similarly, to cube a complex number you cube the modulus and triple the
argument. De Moivre’s theorem says that to raise a complex number to the power n,
you raise the modulus to the power » and multiply the argument by n.

*Throughout the book, dashed boxes—called think boxes—are used to represent steps that may- be
performed mentally.
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SOLUTION

(1 + )10 = (V24510
= (V2)1010-45
= 30 450%
= 32(cos 450° + i sin 450°)
=32(0 + §)
= 32i

MATCHED PROBLEM

: rectangular forms.

form.

SOLUTION

(—V3 + i) = (215076
= 26,(6:150%)i
= 64£%00°%
= 64(cos 900° + i sin 900°)
= 64(—1 + i0)
; = —64

MATCHED PROBLEM

{ Use De Moivre’s theorem to find (1 — iV/3)*. Write the answer in exact polar an

! rectangular forms.

5 The Natural Number Power of a Complex Number

Use De Moivre’s theorem to find (1 + i)' Write the answer

First note that the polar form of 1 + i is \V/2e*5. Therefore,

Use De Moivre’s theorem to find (1 + iV3)°. Write the answer in exact pola

6 The Natural Number Power of a Complex Number

Use De Moivre’s theorem to find -V3 + i)°. Write the answer in exact rectan

First note that the polar form of \/3 + i is 2¢!50% Therefore,

[Note: —V/3 + i must be a sixth root of —64, because (= V3 + )® = —64.]

in exact rectang

Use De Moivre’s theorem,
Simplify.

Change to rectanguiar form, -
cos 450° = 0, sin 450° = 1
Simplify.

Rectangutar form

Use De Moivre's theorem.
Simplify.

Change to rectangular form.
cos 900° = —1, sin 900° =0
Simplify,

Rectangular form
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> Roots

Let n > 1 be an integer. A complex number w is an nth root of z if w” = z. For exam-
ple, 2 and —2 are square roots (second roots) of 4 because 2% =4 and (-—2)2 = 4.
Similarly, 37 and —3i are square roots of —9 because (3i)*> = —9 and (—31’)2 = -9,
The nth root theorem gives a formula for all of the nth roots of any nonzero complex
number.

> THEOREM 3 nth Root Theorem

Let n > 1 be an integer and let z = re’® be a nonzero complex number. Then
z has n distinct nth roots given by

rl/nei(e_//1+k360°/n) k= O, 1’ n— 1

The proof of Theorem 3 is left to Problems 65 and 66 in Exercises 8-5. The nth
root theorem implies that every nonzero complex number z has two square roots, three
cube roots, four fourth roots, and so on. Furthermore, all # of the nth roots of z have
the same modulus, so they all lic on the same circle centered at the origin, and they
are equally spaced around that circle.

Finding All Sixth Roots of a Complex Number

Find six distinct sixth roots of —1 + iV/3, and plot them in a complex plane.
soLuTioN First write —1 + V3 in polar form:

—1 4 iV3 = 2¢"2%%
Using the nth-root theorem, all six roots are given by

21/68(120°/6+k360°/6)i — 21/66(20°+/(60°)i k= O, 1, 2, 3’ 4’ 5

Thus,
W, = 91/6,,(20°+0-60) _ 1/6,20%
Wy = 2 1/6,(20°+1-60)i — 1/6,80%
Wy = 1/6,(20°+2:60)i _ 11/6,140%
We = 2 1/64(20°+3-60)i . 71/6,200%
W = 1/6,4(20°+4-60)i _ 1/6,260%
W = 9 1/6(20°+5-60)i . 1/6,320%

- All roots are easily graphed in the complex plane after the first root is located. The
| root points are equally spaced around a circle of radius 2'/6 at an angular increment
¢ of 60° from one root to the next (Fig. 8).

g
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MATCHED PROBLEM

Find five distinct fifth roots of 1 + i. Leave the answers in polar form and p
in a complex plane.

Solving a Cubic Equation

> Figure ©

Solve x* + 1 = 0. Write final answers in rectangular form, and plot them in 5 ¢
plane. :

SOLUTION

x3+1_=0

X = -1

We see that x is a cube root of — 1, and there are a total of three roots, To
. three roots, we first write —1 in polar form:

—1 = '8

Using the nth-root theorem, all three cube roots of —1 are given by

1 I/Be( 180°/3+4360°/3)i

= 1(60°+£120%) k=012
Thus,
o; ) 1 3
wy = 1% = cos 60° + isin 60° = — + ii
2 2
wy = 1'% = ¢os 180° + ;sin 180° = —1
o; : 1 3
wy = 129" = ¢os 300° + i sin 300° = 5 i%

(Note: This problem can also be solved using factoring and the quadratic formu
fry it.) .

The three roots are graphed in Figure 9.

MATCHED PROBLEM

Solve x> — 1 = 0. Write final answers in rectangular form, and plot them in a com:

plex plane.
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There is hardly an area in mathematics that does not have some imprint of the famous
Swiss mathematician Leonhard Euler (1707-1783), who spent most of his productive
life at the New St. Petersburg Academy in Russia and the Prussian Academy in Berlin.
One of the most prolific writers in the history of the subject, he is credited with mak-
ing the following familiar notations standard:

)
e

l

function notation
natural logarithmic base
imaginary unit, V—1

For our immediate interest, he is also responsible for the extraordinary relationship

e® = cos 6 -+ i sin 6

If we let 6 = =, we obtain an equation that relates five of the most important num-
bers in the history of mathematics:

ANSWERS

2. (A) V2T
(B) 2¢/™/»
(C) 7.62¢L7198)

B=2-3i

3 3V3
3.(A)-iVZ  (B) ST (© 316567
4. (A) 2,7, = 2777 (B) z1/z, = 3"
5. 3289 = 16 — i16V3 6. 16710 = —8 + i8V/3
7. w, = 21/IOe9°i Wy = 21/10681"[
2o 2o o I V3o
— »1/10,153° = 91/10,225% = 1/10,297° 8.1 —— 4 ;22
wy=2"" , Wy e , Ws e "y 12, 5

Vs
2

»>
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8-5

Exercises

{n Problems 1-8, plot each set of complex numbers in a
complex plane.

LA=3+4,B=-2~;C=2
2.4=4+4iB=-3+2,C=-3
3.4=3-3,B=4,C=-2+3;
4.4=-3,B=-2-iC=4+4

5.4 = 2" B = N2 C = gm0
6.4 = 2™ B = 4e™ C = /20
7.4 = 4670V B = 3520% C = 54(-90

8.4 = 2" B =360 0= 4,75%

In Problems 912, convert to the polar form re®. For Problems
9 and 10, choose 0 in degrees, —180° < § < ]80°; Jfor
Problems 11 and 12 choose 6 in radians, — 1w < § < r.
Compute the modulus and arguments Jor parts A and B

exactly; compute the modulus and argument for part C to two
decimal places.

9.(A)V3+i (B)-1-i (C)5 - 6i
0.(A)-1+iV3 B -3  (C)-7—4i
11.(A) -V B)-V3 — (C) -8 + 5i
12.(A) V3 —-i  (B)-2+2i (C)6 — 5i

In Problems 13~16, change parts A-C to rectangular form.
Compute the exact values for parts A and B; for part C
compute a and b for a + bi to two decimal places.

13.(A) 2e™ (B) V2e Y () 3.08624

(B) V2! 734 () 5717048

(B) V7700 () 4.09¢( 12288
(B) V2% (C) 6.83¢(108:82°)

14. (A) 26°%%
15. (A) 6¢ ™0
16. (A) V3l T2

{n Problems 17-22, find z,z, and z 1/22 in the polar form re™®.
17.z, = 7687 2, = 231

20; of
18.z) = 6e!3 7, = 397

19.z; = 577 7, = 8%

922

ADDITIONAL TOPICS IN TRIGONOMETRY

20.z, = 357 7, = 27
21.z; = 3.05e"7% 2, = 11.94625%
22.z) = 7.11e%™ 7, = 2 666! 07

In Problems 23-28, use De Moivre’s theorem to evq
Leave answers in polar form. :

23. (2°%)?
25. (V208
27.(1 + iV3)

24. (57
26. (V258
28. (V3 + )8

In Problems 29-34, find the value of each expression ar
the final answer in exact rectangular form. (Verify the i
Problems 29-34 by evaluating each directly on a caley]

29.(-V3 — i
31.(1 - i)

30.(—1 + )*
32.(-V3+ )

3 3
33, (-% . %) 34. (—l - ﬁz)

For n and z as indicated in Problems 35_—40, Jind all nth
of z. Leave answers in the polar form re'®

35.2=8% 5 =3

36.z =8 n=3
37.2=81e"" p =4
38.2=16""" n =14
39.z=1—-in=5
40.z=—-1+in=3

For nand z as indicated in Problems 41 —46, find all nth ra

of z. Write answers in the polar form re™ and plot in a com
plane.

41.2=8,n=3 42.:=1,n=4
43.z= —16,n =4 44,z = -8 5 =
45.z=in==6 46.z= —j n =




w that 1 + i is a root of x* + 4 = 0. How many
r roots does the equation have?

root 1 + iis located on a circle of radius /2 in the
fhplex plane as indicated in the figure. Locate the
er three roots of x* + 4 = 0 on the figure and explain
metrically how you found their location.

ify that each complex number found in part B is a
tof x* +4=0.

Show that —2 is a root of x> + 8 = 0. How many other
ots does the equation have?

The root —2 is located on a circle of radius 2 in the
complex plane as indicated in the figure. Locate the
her two roots of x> + 8 = 0 on the figure and explain
ometrically how you found their location.

Verify that each complex number found in part B is a
ot of x* + 8 = 0,

Problems 53-62, determine whether the statement is true or
e If true, explain why. If false, give a counterexample.

“If two numbers lie on the real axis, then their product lies
on the real axis.

SECTION 8-5
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54. If two numbers lie on the imaginary axis, then their quo-
tient lies on the imaginary axis.

55. If z is a positive real number, then all of the fourth roots of
z are real.

56. If z is a positive real number, then all of the square roots of
z are real.

57. If w is a square root of 1, then w is a sixth root of 1.
58. If w is a sixth root of 1, then w is a square root of 1.

53. If w is both a cube root and a fourth root of a nonzero com-
plex number z, then jw| = 1.

60. If w is both a cube root and a sixth root of a nonzero com-
plex number z, then w = 1.

61. If w is both a cube root and a sixth root of a nonzero com-
plex number z, then w = 1.

62. If w is both a cube root and a fourth root of a nonzero com-
plex number z, then w = 1.

63. Suppose that z is a complex number that is not real. Explain
why none of the nth roots of z lies on the x axis.

64. Prove

A_N¢ _7Ne-e
%) ]"Zeiez Fa

65. Show that
[rl/ne(e/n+k360 /n)i] — ’,eie

for any natural number n and any integer k.
66. Show that

rl/ne(9/11+k360°/)1)i

is the same number fork = 0 and k = n.

In Problems 6770, write answers in the polar form re”®.
67. Find all complex zeros for P(x) = x° — 32.

68. Find all complex zeros for P(x) = x° + 1.

69. Solve x° + 1 = 0 in the set of complex numbers.

70. Solve x* — i = 0 in the set of complex numbers.

In Problems 71 and 72, write answers using exact rectangular
Sforms.

71. Write P(x) = x% + 64 as a product of linear factors.

72, Write P(x) =% — l asa product of linear factors.




