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Geometry of river networks. |I. Scaling, fluctuations, and deviations
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This paper is the first in a series of three papers investigating the detailed geometry of river networks.
Branching networks are a universal structure employed in the distribution and collection of material. Large-
scale river networks mark an important class of two-dimensional branching networks, being not only of
intrinsic interest but also a pervasive natural phenomenon. In the description of river network structure, scaling
laws are uniformly observed. Reported values of scaling exponents vary, suggesting that no unique set of
scaling exponents exists. To improve this current understanding of scaling in river networks and to provide a
fuller description of branching network structure, here we report a theoretical and empirical study of fluctua-
tions about and deviations from scaling. We examine data for continent-scale river networks such as the
Mississippi and the Amazon and draw inspiration from a simple model of directed, random networks. We
center our investigations on the scaling of the length of a subbasin’s dominant stream with its area, a charac-
terization of basin shape known as Hack’s law. We generalize this relationship to a joint probability density,
and provide observations and explanations of deviations from scaling. We show that fluctuations about scaling
are substantial, and grow with system size. We find strong deviations from scaling at small scales which can
be explained by the existence of a linear network structure. At intermediate scales, we find slow drifts in
exponent values, indicating that scaling is only approximately obeyed and that universality remains indeter-
minate. At large scales, we observe a breakdown in scaling due to decreasing sample space and correlations
with overall basin shape. The extent of approximate scaling is significantly restricted by these deviations, and
will not be improved by increases in network resolution.
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I. INTRODUCTION

Networks are intrinsic to a vast number of complex forms
observed in the natural and manmade world. Networks re-
peatedly arise in the distribution and sharing of information,
stresses, and materials. Complex networks give rise to inter-
esting mathematical and physical properties as observed in
the Internet [1], the “*small-world’” phenomenon [2], the car-
diovascular system [3], force chains in granular media [4],
and the wiring of the brain [5].

Branching, hierarchical geometries make up an important
subclass of all networks. Our present investigations concern
the paradigmatic example of river networks. The study of
river networks, though more general in application, is an
integral part of geomorphology, the theory of earth surface
processes and form. Furthermore, river networks are held to
be natural exemplars of allometry, i.e., how the dimensions
of different parts of a structure scale or grow with respect to
each other [6—10]. The shapes of drainage basins, for ex-
ample, are reported to elongate with increasing basin size
[11-13].

At present, there is no generally accepted theory explain-
ing the origin of this allometric scaling. The fundamental
problem is that an equation of motion for erosion, formulated
from first principles, is lacking. The situation is somewhat
analogous to issues surrounding a description of the dynam-
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ics of granular media [14,15], noting that erosion is arguably
far more complex. Nevertheless, a number of erosion equa-
tions have been proposed, ranging from deterministic [16—
19] to stochastic theories [20—25]. Each of these models at-
tempts to describe how eroding surfaces evolve dynamically.
In addition, various heuristic models of both surface and net-
work evolution also exist. Examples include simple lattice-
based models of erosion [17,26—28], an analogy to invasion
percolation [29], the use of optimality principles and self-
organized criticality [7,30,31], and even uncorrelated random
networks [10,32,33]. Since river networks are an essential
feature of eroding landscapes, any appropriate theory of ero-
sion must yield surfaces with network structures comparable
to that of the real world. However, no model of eroding
landscapes or even simply of network evolution unambigu-
ously reproduces the wide range of scaling behavior reported
for real river networks.

A considerable problem facing these theories and models
is that the values of scaling exponents for river network scal-
ing laws are not precisely known. One of the issues we ad-
dress in this work is universality [10,12]. Do the scaling
exponents of all river networks belong to a unique universal-
ity class, or are there a set of classes obtained for various
geomorphological conditions? For example, theoretical mod-
els suggest a variety of exponent values for networks that are
directed versus nondirected, created on landscapes with het-
erogeneous versus homogeneous erosivity, and so on
[10,34,35]. Clearly, refined measurements of scaling expo-
nents are imperative if we are to be sure of any network
belonging to a particular universality class. Moreover, given
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that there is no accepted theory derivable from simple phys-
ics, more detailed phenomenological studies are required.

Motivated by this situation, here we perform a detailed
investigation of the scaling properties of river networks. We
analytically characterize fluctuations about scaling, showing
that they grow with system size. We also report significant
and ubiquitous deviations from scaling in rea river net-
works. This implies surprisingly strong restrictions on the
parameter regimes where scaling holds, and cautions against
measurements of exponents that ignore such limitations. In
the case of the Mississippi basin, for example, we find that
although our study region spans four orders of magnitude in
length, scaling may be deemed valid over no more than 1.5
orders of magnitude. Furthermore, we repeatedly find the
scaling within these bounds to be only approximate, and that
no exact, single exponent can be deduced. We show that
scaling breaks down at small scales due to the presence of
linear basins and at large scales due to the inherent discrete-
ness of network structure and correlations with overall basin
shape. Significantly, this latter correlation imprints upon
river network structure the effects and history of geology.

This paper is the first of a series of three on river network
geometry. Having addressed scaling laws in the present
work, we proceed, in the second and third papers [36,37], to
consider river network structure at a more detailed level. In
Ref. [36] we examine the statistics of the ‘*building blocks'
of river networks, i.e., segments of streams and subnetworks.
In particular, we analytically connect distributions of various
kinds of stream length. Part of this material is employed in
the present paper, and is a direct generalization of Horton's
laws [38,39]. In the third paper [37], we proceed from the
findings of Ref. [36] to characterize how these building
blocks fit together. Central to this last work is a study of the
frequency and spatial distributions of tributary branches
along the length of a stream, and is itself a generalization of
the descriptive picture of Tokunaga [40-42].

Il. BASIN ALLOMETRY
A. Hack’s law

In addressing these broader issues of scaling in branching
networks, we set as our goal to understand the river network
scaling relationship between basin area a and the length | of
a basin’s main stream:

loca, )

Known as Hack's law [11], this relation is central to the
study of scaling in river networks[12,39]. Hack’s exponent h
is empirically found to lie in the range from 0.5 to 0.7 [11-
13,43-48]. Here we postulate a generalized form of Hack's
law that shows good agreement with data from real world
networks.

We focus on Hack’s law because of its intrinsic interest,
and also because many interrelationships between a large
number of scaling laws are known, and only a small subset
are understood to be independent [12,39]. Thus our results
for Hack’s law will be in principle extendable to other scal-
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ing laws. With this in mind, we will also discuss probability
densities of stream length and drainage area.

Hack's law is stated rather loosely in Eq. (1), and implic-
itly involves some type of averaging which needs to be made
explicit. It is most usually considered to be the relationship
between mean main stream length and drainage area, i.e.,

(Iyecah, 2

Here (-) denotes an ensemble average, and (I)=(l(a)) isthe
mean main stream length of al basins of area a. Typicaly,
one performs linear regression analysis on log(l) against
log a to obtain the exponent h.

B. Fluctuations and deviations

In seeking to understand Hack’s law, we are naturally led
to wonder about the underlying distribution that gives rise to
this mean relationship. By considering fluctuations, we begin
to see Hack’s law as an expression of basin morphology.
What shapes of basins characterized by (a,l) are possible,
and with what probability do they occur?

An important point here is that Hack’s law does not ex-
actly specify basin shapes. An additional connection to the
Euclidean dimensions of a basin is reguired. We may think
of a basin’s longitudinal length L, and its width L, . The
main stream length | is reported to scale with L as

locL{, 3

where typically 1.0=d=<1.1[12,50]. Hence we have ax|Y"
ocLﬁ“h. All other relevant scaling law exponents can be re-
lated to the pair of exponents (d,h) which therefore charac-
terize the universality class of a river network [10,39]. If
d/h=2, we have that basins are sdf-similar, whereas if
d/h<2, we have that basins are elongating. So, while Hack’s
law gives a sense of basin alometry, the scaling properties of
main stream lengths also need to be known in order to prop-
erly quantify the scaling of basin shape.

In addition to fluctuations, complementary insights are
provided by the observation and understanding of deviations
from scaling. We are thus interested in discerning the regu-
larities and quirks of the joint probability distribution
P(a,l). We will refer to P(a,l) as the Hack distribution.

Hack distributions for the Kansas River basin and the
Mississippi River basin are given in Figs. 1(a) and 1(b).
Fluctuations about and deviations from scaling are immedi-
ately evident for the Kansas River and to a lesser extent for
the Mississippi River. The first section of the paper will pro-
pose and derive analytic forms for the Hack distribution un-
der the assumption of uniform scaling with no deviations.
Here, as well as in the following two papers of this series
[36,37], we will motivate our results with a random network
maodel originally due to Scheidegger [33].

We then expand our discussion to consider deviations
from exact scaling. In the case of the Kansas River, astriking
example of deviations from scaling is the linear branch sepa-
rated from the body of the main distribution shown in Fig.
1(a). This feature is less prominent in the lower resolution
Mississippi data. Note that this linear branch is not an artifact
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FIG. 1. The Full Hack distribution for the Kansas, (a) and Mis-
sissippi (b) River basins. Area a and length | are in m? and m,
respectively. For each value of a, the distribution has been normal-
ized aong the | direction by max, P(a,l) [49].

of the measurement technique or data set used. This will be
explained in our discussion of deviations at small scales in
Sec. VII.

We then consider the more subtle deviations associated
with intermediate scales. At first inspection, the scaling ap-
pears to be robust. However, we find gradua driftsin ‘‘ex-
ponents’’ that prevent us from identifying a precise value of
h, and hence a corresponding universality class.

Both distributions also show breakdowns in scaling for
large areas and stream lengths, and this is addressed in the
final part of Sec. VIII. The reason for such deviations is
partly due to the decrease in number of samples and hence
self-averaging, as area and stream lengths are increased.
However, we will show that the direction of the deviations
depends on the overall basin shape. We will quantify the
extent to which such deviations can occur, and the effect that
they have on measurements of Hack’s exponent h. Through-
out the paper, we will return to the Hack distributions for the
Kansas and Mississippi Rivers, as well as data obtained for
the Amazon, Nile and Congo Rivers.
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[11. FLUCTUATIONS: AN ANALYTIC FORM FOR THE
HACK DISTRIBUTION

To provide some insight into the nature of the underlying
Hack distribution, we present a line of reasoning that will
build up from Hack’s law to a scaling form of P(a,l). First
let us assume for the present discussion of fluctuations that
an exact form of Hack’s law holds,

(Iy=6a", 4
where we have introduced the coefficient 8 which we discuss

fully later on. Now, since Hack’s law is a power law, it is
reasonable to postulate a generalization of the form

®

1
P(||a):aﬁ|:| aﬁ .
The prefactor 1/a" provides the correct normalization, and F,
is the **scaling function’’ we hope to understand. The above
will be our notation for all conditional probabilities. Implicit
in Eq. (5) is the assumption that all moments and the distri-
bution itself also scale. For example, the qth moment of
P(l|a) is

(19a))yeca, (6)
which implies
(19a)y=k~9(|9(ak)), 7)

where ke R. Also, for the distribution P(I|a), it follows
from Eq. (5) that

h

h
th(Ikh|ak):—rﬁk F
amkn !

a"k

=P(l|a). ®

We note that previous investigations of Hack’'s law
[12,13] consider the generalization in Eq. (5). The authors of
Ref. [48] aso examined the behavior of the moments of the
distribution P(I|a) for rea networks. Here we will go fur-
ther to characterize the full distribution P(a,l) as well as
both P(I|a) and P(all). Along these lines, Rigon et al. [13]
suggested that the function F|(x) is a ‘‘finite-size’’ scaling
function analogous to those found in statistical mechanics,
i.e, F|(X)—0 as x—« and F;(x)—c as x—0. As we will
detail below, the restrictions on F|(x) can be made stronger,
and we will postulate a simple Gaussian form. More gener-
aly, F|(x) should be a unimodal distribution that is nonzero
for an interval [Xxq,X,], where x;>0. Thisis so because for
any given fixed basin area a, there is a minimum and maxi-
mum | beyond which no basin exists. Thisis aso clear upon
inspection of Figs. 1(a) and 1(b).

We observe that neither drainage area nor main stream
length possess any obvious features so as to be deemed the
independent variable. Hence we can also view Hack’s law as
its inversion (@)=, Note that the constant of proportion-
ality is not necessarily 6", and is dependent on the nature of
the full Hack distribution. We thus have another scaling an-
satz as per Eq. (5):
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FIG. 2. Scheidegger’s model of random, directed networks.
Flow is down the page, and, at each site, stream flow is randomly
chosen to be in one of the two downward diagonals. Stream paths
and basin boundaries are thus discrete random walks.

P(all)=1/1""F (a/1¥M). 9)

The conditional probabilities P(l|a) and P(all) are re-
lated to the joint probability distribution as

P(a,l)=P(a)P(l|la)=P(I)P(a|l), (10)

where P(l) and P(a) are the probability densities of the
main stream length and the area. These distributions are in
turn observed to be power laws both in real world networks
and models [7,51,52],

P(a)~Nza " and P(l)~N/I™7. (11)
where N, and N, are appropriate prefactors, and the tilde
indicates asymptotic agreement between both sides for large
values of the argument. Furthermore, the exponents 7and y
are related to Hack’s exponent h via the scaling relations
[12,39]

r=2—h and y=1/. (12)

Equations (5), (9), (10), (11), and (12) combine to give us
two forms for P(a,l),

P(a,l)=1/a’F(l/a") = 11?"G(a/l'M), (13)
where  x2F(x ™M =G(x) and, equivalently, F(y)
=y 2G(y ™).

1V. RANDOM DIRECTED NETWORKS

We will use results from the Scheidegger model [33] to
motivate the forms of these distributions. In doing so, we
will also connect with some problems in the theory of ran-
dom walks.

Scheidegger’s model of river networks is defined on a
triangular lattice, as indicated by Fig. 2. Flow in the figure is
directed down the page. At each site, the stream flow direc-
tion is randomly chosen between the two diagonal directions
shown. Periodic boundary conditions are applied in all of our
simulations. We take the triangular lattice to be a square one
tilted by 45°, so each site locally drains an area of a2, where
the lattice unit « is the distance between neighboring sites,
and each segment of stream has a length «. For simplicity,
we will take « to be unity. We note that connections exist
between the Scheidegger model and models of particle ag-
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gregation [51,53], Abelian sandpiles [54-56], and limiting
cases of force chain models in granular media [4].

Since Scheidegger’s model is based on random flow di-
rections, its Hack distributions has a simple interpretation.
The boundaries of drainage basins in the model are random
walks. Understanding Hack’s law therefore amounts to un-
derstanding the first collision time of two random walks that
share the same origin in one dimension. If we subtract the
graph of one walk from the other, we see that the latter
problem is itself equivalent to the first return problem of
random walks [57].

Many facets of the first return problem are well under-
stood. In particular, the probability of n, the number of steps
taken by a random walk until it first returns to the origin, is
asymptotically given by

P(n)~—=n"%2 (14)

1
2\m
But this number of steps is also the length of the basin I.
Therefore, we have

P(I)~\/%I‘3’2, (15)

where, because we are considering the difference of two
walks, we use |=2n. Also, we have found the prefactor N,
=2/\m.

We thus have that y=3/2 for the Scheidegger model. The
scaling relations of Eq. (12) then give h=2/3 and 7=4/3.
The value of h is also readily obtained by noting that the
typical area of a basin of length | is ac|x|Y2=]32=|h
since the boundaries are random walks.

V. AREA-LENGTH DISTRIBUTION FOR RANDOM,
DIRECTED NETWORKS

Something that is less well studied is the joint distribution
of the area enclosed by a random walk and the number of
steps to its first return. In terms of the Scheidegger model,
this is precisely the Hack distribution.

We motivate some general results based on observations
of the Scheidegger model. Figure 3 shows the normalized
distributions P(al ~%?) and P(la~??) as derived from simu-
lations of the model. Given the scaling ansatzes for P(l|a)
and P(a|l) in Egs. (5) and (9), we see that P(y=Ila"??)
=F,(y) and P(x=al "¥%)=F ().

Note that we have already used Hack’s law for the Sc-
heidegger model with h=% to obtain these distributions. The
results are for ten realizations of the model on a 10%x 10*
lattice, taking 107 samples from each of the ten instances.
For P(all), only sites where 1=100 were taken, and simi-
larly, for P(l|a), only sites where a=500 were included in
the histogram.

We postulate that the distribution P(y=la"%%) is a
Gaussian having the form

P(lla)= B—9)2129%).  (16)

1
—Fexp{—(la~
V2 7Ta2/37] P (
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FIG. 3. Cross-sectional scaling functions of the Hack distribu-
tion for the Scheidegger model, with the lattice constant equal to
unity. Both distributions are normalized, and all quantities are di-
mensionless. The right distribution is for | fixed and a varying, and
is postulated to be a normal distribution. The left distribution for a
fixed and | varying and is a form of an inverse Gaussian [58]. The
data used were obtained for al sites with with | =100 and a=500
respectively. Each distribution was obtained from ten realizations of
the Scheidegger model on a 10*x 10* lattice.

We estimate the mean of F, to be §=1.675 [thisis the same
0 as found in Eq. (4)], and the standard deviation to be 7
=0.321. Thefit isshown in Fig. 3 asa solid line. The above
equation agrees with the form of the scaling ansatz of Eq.
(5), and we now have the assertion that F| is a Gaussian
defined by the two parameters 6 and 7.

Note that the # and # are coefficients for the actual mean
and standard deviation. In other words, for fixed a, the mean
of P(l]a) is #a?® and its standard deviation is »a?®. Having
observed their context, we will refer to 6 and » as the Hack
mean coefficient and the Hack standard deviation coefficient.

From this starting point we can create P(a,|) and P(all),
the latter providing a useful test. Since P(a)~N,a "~
=Nza *3, as per Eq. (11), we have

N 1
P(a,l)= aﬁfﬁ \/Z—T%EXD{—(|3.723— 6)2127%%},

N
=——2 exp{—(la?®

V2maty

—0)%129%}. (17)

As expected, we observe the form of Eq. (17) to be in accor-
dance with that of Eg. (13). Note that the scaling function F
(and equivaently G) is defined by the three parameters 6, 7,
and N,, the latter of which may be determined in terms of
the former, as we will show below. Also, since we expect all
scaling functions to be only asymptotically correct, we can-
not use Eq. (17) to find an expression for the normalization
N, . Equation (17) ceases to be valid for small a and I. How-
ever, we will be able to use it once we have P(a|l), since we
are able to presume | is large, and therefore that the scaling
form is exact. Using Eq. (15) and the fact that P(all)
=P(a,l)/P(l) from Eg. (10), we then have
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\/;|3/2 N,

2 [2 2
a 3/2

— _ 2/3

—mexp{ (I/a

P(all)=

———exp{—(1/a?3- 0)?/27?},

0)2127°},

1 N
Nt 5‘77(al|3’2)—2
x exp{—[(a/l¥?)~ 23— 9]2129%. (18)
In rearranging the expression of P(a|l), we have made clear
that its form matches that of Eq. (5).
A closed form expression for the normalization factor N,

may now be determined by employing the fact that
I'5-odaP(all)=1,

- |
a=0

f a N, »
= S (a
a:0|?72327’

daP(all),
|3/2)72

xexp{ —[(a/1¥) = 2= 611277},

25/2 f duuexp{—(u—0)%27%, (19

where we have used the substitution a/l ¥?=u~%?, and hence
aso | ~¥2da=(—3/2)u~¥?du. We therefore have

25/2 -1

N,= j duuexp{—(u—0)229%| . (20

We may thus write down all of the scaling functions F,
Fa.. F, and G for the Scheidegger model:

1
Fi(2)= @nexp{—a—e)z/z?yz}. (21)
Na _
Fa(z):mexp{—(z 23— 0)2127%}, (22)
Na
F(z)= \/ﬁnexp{—(z—a)Z/an}, and (23)
G(z)= Na 2 2exp{— (2722~ 0)227%. (29
V2my T

Recall that all of these forms rest on the assumption that
F|(2) is a Gaussian. In order to check this assumption, we
return to Fig. 3. The empirical distribution P(z=a/I%?) is
shown on the left, marked with circles. The solid line
through these points is F,(z), as given above in Eq. (22).
There is an excellent match so we may be confident about
our proposed form for F,(z). We note that the function
Fa(z) may be thought of as a fractiona inverse Gaussian
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distribution, the inverse Gaussian being a well known distri-
bution arising in the study of first passage times for random
walks [57]. It is worth contemplating the peculiar form of
P(all) in terms of first return random walks. Here we have
been able to postulate the functional form of the distribution
of areas bound by random walks that first return after n steps.
If one could understand the origin of the Gaussian and find
analytic expressions for # and #», then the problem would be
fully solved.

V1. AREA-LENGTH DISTRIBUTION EXTENDED TO
REAL NETWORKS

We now seek to extend these results for Scheidegger’s
model to real world networks. We will look for the same
functional forms for the Hack distributions that we have
found above. The conditional probability distributions per-
taining to Hack’s law take the forms

-h

P(lla)=Va "Fi(la M= ;_Wexp{—(la“—a)zlznz}
(25
and
F>(a||)=|*”“Fa(al*ﬂ“)zl*”“L(al*ﬂh)*2
V2mN; 7
xexp{—[(al ~YM)~"—g]2/24?}, (26)
and the full Hack distribution is given by
P(a,l)=a%F(la™M
Na
:l_ZhG(al_l/h):Jz_w—W
X exp{—(la~"— 0)2/29%}, (27)

with N, determined by Eq. (20). The three parameters—the
Hack exponent h, the Hack mean coefficient 6, and the Hack
standard deviation coefficient »—are in principle landscape
dependent. Furthermore, in z we have a basic measure of
fluctuations in the morphology of basins.

Figures 4 and 5 present Hack scaling functions for the
Mississippi and Nile River basins. These figures are to be
compared with the results for the Scheidegger model in Fig.
3.

For both rivers, Hack’s exponent h was determined first
from a stream ordering analysis (we discuss stream ordering
later in Sec. X). Estimates of the parameters 6 and 7 were
then made using the scaling function F; presuming a Gauss-
ian form.

We observe that the Gaussian fit for the Mississippi is
more satisfactory than that for the Nile. These fits are not
rigorously made because even though we have chosen data
ranges where deviations (which we address in Sec. VII) are
minimal, deviations from scaling do still skew the distribu-
tions. The specific ranges used to obtain F| and F,, respec-
tively, are 8.5<log;pa<9.5 and 4.75<log;ol <6, for the
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FIG. 4. Cross-sectional scaling functions of the Hack distribu-
tion for the Mississippi. Area a and length | are in m? and m,
respectively. The estimate used for Hack’ s exponent is h=0.55, the
determination of which is discussed in Sec. VII. The fits indicated
by the smooth curves to the data are made as per the Scheidegger
model in Fig. 3, and according to Egs. (25) and (26). The values of
the Hack mean coefficient and standard deviation coefficient are
estimated to be §=0.80 and »=0.20.

Mississippi and 9<log;ga<11 and 5.5<log;ql <6 for the
Nile (areas are in km?, and lengths in km). Furthermore, we
observe that the estimate of h has an effect on the resulting
forms of F, and F,. Nevertheless, here we are attempting to
capture the essence of the generalized form of Hack’s law in
real networks.

We then use the parameters h, 6, and 7, and Eq. (26) to
construct our theoretical F,, the smooth curves in Figs. 4
and 5. Asfor the Scheidegger model datain Fig. 3, we seein
both examples approximate agreement between the mea
sured F, and the one predicted from the form of F,. Table |
shows estimates of h, 6, and » for the five major river basins
studied.

Given our reservations about the precision of these values
of # and 7, we are nevertheless able to make qualitative
distinctions. Recalling that (1) = 6a", we see that, for fixed h,
higher values of @ indicate relatively longer stream lengths

10 0.2 0.4 0.6 0.8 3
| B @™ 7
0.8 P
& 6
0.6 9 3
4
0.4 A 3
h

© F,(/a" 2

0.2},
1

(=)
CO 1 2 3 40

FIG. 5. Cross-sectional scaling functions of the Hack distribu-
tion for the Nile. Dimensions are as per Fig. 4. The top and right
axes correspond to F, and the bottom and left to F,. The Hack
exponent used is h=0.50, and the values of the Hack mean coeffi-
cient and standard deviation coefficient are estimated to be @
=2.45 and 5=0.50 [59].
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TABLE |I. Estimates of Hack distribution parameters for real
river networks. The scaling exponent h is Hack’s exponent. The
parameters 6 and 7 are coefficients of the mean and standard de-
viations of the conditional probability density function P(l|a), and
are fully discussed in the text [60].

River network 0 n h
Mississippi 0.80 0.20 0.55
Amazon 1.90 0.35 0.52
Nile 245 0.50 0.50
Kansas 0.70 0.15 0.57
Congo 0.89 0.18 0.54

for a given area, and hence longer and thinner basins. The
results therefore suggest the Nile, and to a lesser degree the
Amazon, have basins with thinner profiles than the Congo
and, in particular, the Mississippi and Kansas. This seems
not unreasonable since the Nile is a strongly directed net-
work constrained within a relatively narrow overall shape.
This is somewhat in spite of the fact that the shape of an
overdl river basin is not necessarily related to its internal
basin morphology, an observation we will address later in
Sec. X.

The importance of 6istempered by the value of h. Hack’s
exponent affects not only the absolute measure of stream
length for a given area but also how basin shapes change
with increasing area. So, in the case of the Kansas, the higher
value of h suggests that basin profiles thin with increasing
size. Thisis in keeping with overall directedness of the net-
work. Note that our measurements of the fractal dimension d
of stream lengths for the Kansas place it to be d=1.04
+0.02. Therefore, d/h=1.9<2, and elongation is still ex-
pected when we factor in the scaling of | with L.

The Nile and Amazon also all have relatively high 7,
indicating greater fluctuations in basin shape. In comparison,
the Mississippi, Kansas, and Congo appear to have less
variation. Note that the variability of the Kansasisin reason-
able agreement with that of the whole Mississippi River net-
work for which it is a sub-basin.

Finally, regardless of the actual form of the distribution
underlying Hack’s law, fluctuations are aways present, and
an estimate of their extent is an important measurement.
Thus, the Hack mean and standard deviation coefficients 6
and 7 are suggested to be of sufficient worth so as to be
included with any measurement of the Hack exponent h.

VIl. DEVIATIONS FROM SCALING

In generalizing Hack’ s law, we have sought out regions of
robust scaling, discarding ranges where deviations become
prominent. We now turn our attention to the nature of the
deviations themselves.

We observe three mgjor classes of deviations which we
will define by the scales at which they occur: small, interme-
diate, and large. Throughout the following sections we pri-
marily consider deviations from the mean version of Hack’s
law, (1)=#a", given in Eq. (4). Much of the understanding
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FIG. 6. The mean version of Hack’s law for the Kansas (a) and
the Mississippi (b). The units of lengths and areas are meters and
sguare meters. These are calculated from the full Hack distributions
shown in Figs. 1(a) and 1(b) by finding (I) for each value of basin
area a. Area samples are taken every 0.02 orders of magnitude in
logarithmic space. The upper dashed lines represent a slope of unity
in both plots, and the lower lines the Hack exponents 0.57 and 0.55
for the Kansas and Mississippi, respectively. For the Kansas, there
is a clear deviation for small area which rolls over into a region of
very slowly changing derivative before breaking up at large scales.
Deviations from scaling are present for the lower resolution dataset
of the Mississippi, but to a lesser extent.

we gain from this will be extendable to deviations for higher
moments.

To provide an overview of what follows, examples of
mean Hack distributions for the Kansas and Mississippi Riv-
ers are shown in Figs. 6(a) and 6(b). Hack’s law for the
Kansas River exhibits a marked deviation for small areas,
starting with a near linear relationship between stream length
and area. A long crossover region of several orders of mag-
nitude in area then leads to an intermediate scaling regime,
wherein we attempt to determine the Hack exponent h. In
doing so, we show that such regions of robust scaling are
surprisingly limited for river network quantities. Moreover,
we observe that, where present, scaling is only approximate,
and that no exact exponents can be ascribed to the networks
we study here. It follows that the identification of universal-
ity classes based on empirical evidence is a hazardous step.
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FIG. 7. The linearity of Hack’s law at small scales for the Kan-
sas River. Dimensions are as per Fig. 6. The linear regime enters a
crossover region after ailmost 1.5 orders of magnitude in area. This
is an expanded detail of the mean Hack’slaw given in Fig. 6(a), and
areas and lengths are in square meters and meters.

Finally, the approximate scaling of this intermediate re-
gion then gives way to a breakdown in scaling at larger
scales due to low sampling and correlations with basin
shape. The same deviations are present in the relatively
coarse-grained Mississippi data, but are less pronounced.

VIIl. DEVIATIONS AT SMALL SCALES

At small scales, we find that the mean Hack distribution
follows a linear relationship, i.e., |<a’. This feature is most
evident for the Kansas River, as shown in Fig. 6(a), and in
more detail in Fig. 7. The linear regime persists for nearly
1.5 orders of magnitude in basin area. To alesser extent, the
same trend is apparent in the Mississippi data, [Fig. 6(b)].

Returning to the full Hack distribution of Figs. 1(a) and
1(b), we begin to see the origin of this linear regime. In both
instances, a linear branch separates from the body of the
main distribution. Since | cannot grow faster than al, the
linear branch marks an upper bound on the extent of the
distribution in (a,l) coordinates. When averaged to give the
mean Hack distribution, this linear data dominates the result
for small scales.

We find this branch evident in all Hack distributions. It is
not an artifact of resolution, and in fact becomes more pro-
nounced with increased map precision. The origin of this
linear branch is ssimple: data points along the branch corre-
spond to positions in narrow subnetworks, i.e., long, thin
“‘valleys.” To understand the separation of this linear branch
from the main body of the distribution, consider Fig. 8,
which depicts a stream draining such a valley with length
and area (l,,a;) that meets a stream from a basin with char-
acterigtics (I,,a,). The area and length of the basin formed
at thisjunction is thus [ (ag,l3) = (a;+a,,max(l;,l,)] [in the
figure, max(l4,l,)=I,]. The greater jump in area moves the
point across into the main body of the Hack distribution,
creating a separation of the linear branch.

In fact, the full Hack distribution is itself comprised of
many such linear segments. As in the above example, until a
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FIG. 8. Origin of the linear branch in the Hack distribution. The
subbasins labeled 1 and 2 depicted in (a) have areas a; and a, and
lengths |1, and |,. These subbasins combine to form a basin of area
az;=a;+a, and main stream length [;=max |, |,=1,. Since sub-
basin 1 is a linear subnetwork (a valley) the pair (a;,l4) lie along
the linear branch of the Hack distribution as shown in (b). Points
aong the main stream of subbasin 1 lie along the dashed line,
leading to the coordinate (a;,l1). On combining with the second
basin, the jJump in the resultant area creates a jump from (a,,l;) to
(as,l5) inthe main body of the Hack distribution.

stream does not meet any streams of comparable size, then
its area and length will roughly increase in a linear fashion.
When it does meet such a stream, thereisajump in area, and
the trace of a new linear segment is started in the distribu-
tion. We will see this most clearly later on, when we study
deviations at large scales.

For very fine scale maps, on the order of meters, we might
expect to pick up the scale of the unchannelized, convex
regions of a landscape, i.e., ‘‘hillslopes’ [61]. This length
scale represents the typical separation of branches at a net-
work’s finest scale. The computation of stream networks for
these hillslope regions would result in largely nonconvergent
(divergent or parallel) flow. Therefore, we would have linear
““basins’’ that would in theory contribute to the linear branch
we observe [10]. Potentially, the crossover in Hack’s law
could be used as a determinant of hillslope scale, a crucial
parameter in geomorphology [61,62]. However, when long,
thin network structures are present in a network, this hill-
slope scale is masked by their contribution.

Whether because of the hillslope scale or linear network
structure, we see that at small scales, Hack’s law will show a
crossover in scaling from h=1 to a lower exponent. The
crossover’s position depends on the extent of linear basinsin
the network. For example, in the Kansas River basin, the
crossover occurs when (1,a)=(4x10%m, 10’ m?. Since
increased map resolution can only increase measures of
length, the crossover’s position must occur at least at such a
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length scale which may be many orders of magnitude greater
than the scale of the map.

However, the measurement of the area of such linear ba-
sinswill potentially grow with coarse-graining. Note that for
the Mississippi mean Hack distribution, the crossover begins
around a= 10°%° m? whereas for the Kansas the crossover ini-
tiates near a=10>°>m?, but the ends of the crossovers in both
cases appear to agree, occurring at around a= 10’ m?. Con-
tinued coarse graining will of course eventualy destroy all
statistics, and introduce spurious deviations. Nevertheless,
we see here that the deviation which is only suggested in the
Mississippi data is well confirmed in the finer-grained Kan-
sas data.

IX. DEVIATIONS AT INTERMEDIATE SCALES

As the basin area increases, we move out of the linear
regime, observing a crossover to what would be considered
the normal scaling region of Hack’s law. We detail our at-
tempts to measure the Hack exponents for the Kansas and
Mississippi examples. Rather than relying solely on a single
regression on a mean Hack distribution, we employ a more
precise technique that examines the distribution’s derivative.

To determine h, we consider Hack’s law [Eq. (4)] explic-
itly in logarithmic coordinates,

log,o(l(a))=log, 0+ hlogpa. (28)

The derivative of this equation with respect to log;ga then
gives Hack’s exponent as a function of area:

h(a)= logaef!(a)). (29)

dlogppa

We may think of h(a) as a ‘‘local Hack exponent.”” We
calculate the discrete derivative as above for the Kansas and
Mississippi. We smooth the data by taking running averages
with varying window sizes of n samples, the results for n
=32 being shown in Figs. 9(a) and 9(b), where the spacing
of loga is 0.02 orders of magnitude. Thus the running aver-
ages for the figures are taken over area ranges corresponding
to 0.64 orders of magnitude.

Now, if the scaling law in question is truly a scaling law,
the above type of derivative will fluctuate around a constant
value of exponent over several orders of magnitude. With
increasing n, these fluctuations will necessarily decrease, and
we should see the derivative holding steady around the ex-
ponent’s value.

At first glance, we note a considerable variation in h(a)
for both data sets, with the Kansas standing out. Fluctuations
are reduced with increasing n, but we observe continuous
variation of the local Hack exponent with area. For the ex-
ample of the Kansas, the linear regime and ensuing crossover
appear as a steep rise followed by a drop and then another
rise during all of which the local Hack exponent moves well
below 1/2.

It is after these small scale fluctuations that we would
expect to find Hack’s exponent. For the Kansas River data,
we see the derivative gradually climbs for al values of n
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FIG. 9. Variation in Hack’ s exponent for the Kansas (a) and the
Mississippi (b). The area a isin m?. The plots are derivatives of the
mean Hack distributions given in Figs. 6(a) and 6(b). Both deriva-
tives have been smoothed by taking running averages over 0.64
orders of magnitude in a. For the Kansas, the dashed line is set at
h=0.57, Hack’s exponent estimated via simple regression analysis
for points with 10’<a<10m? The loca exponent is seen to
gradually rise through the h=0.57 level, indicating that scaling is
not robust. For the Mississippi in (b), the dashed line is a Hack
exponent of 0.55 calculated from regression on data in the interval
10°<a<10"°m?. The local Hack exponent is seen to gradually
rise and fall about this value.

before reaching the end of the intermediate regime where the
putative scaling breaks down altogether.

For the Kansas River data shown in Fig. 9(a), the dashed
line represents h=0.57, our estimate of Hack's exponent
from simple regression on the mean Hack distribution of Fig.
6(a). For the regression calculation, the intermediate region
was identified from the figure to be 10'<a<10m? We
see from the smoothed derivative in Fig. 9(a) that the value
h=0.57 is not precise. After the crossover from the linear
region has been completed, we observe a slow rise from h
=0.54 to h=0.63. Thus the loca Hack exponent h(a)
gradualy climbs above h=0.57 rather than fluctuating
around it.

A similar dow change in h(a) is observed for the Mis-
sissippi data. In Fig. 9(b) we see a gradual rise and then fall
in h(a). The dashed line here represents h=0.55, the value
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of which was determined from Fig. 6(b) using regression on
the range 10°<a<10"°m? The range of h(a) is roughly
[0.52, 0.58]. Again, while h=0.55 approximates the deriva-
tive throughout this intermediate range of Hack’'s law, we
cannot claim it to be a precise value.

We observe the same drifts in h(a) in other datasets and
for varying window size n of the running average. The re-
sults suggest that we cannot assign specific Hack exponents
to these river networks, and are therefore unable to even
consider what might be an appropriate universality class. The
value of h obtained by regression analysisis clearly sensitive
to the the range of a used. Furthermore, these results indicate
that we should maintain healthy reservations about the exact
values of other reported exponents.

X. DEVIATIONS AT LARGE SCALES

We turn now to deviations from Hack’'s law at large
scales. As we move beyond the intermediate region of ap-
proximate scaling, fluctuations in h(a) begin to grow rap-
idly. Thisis clear on inspection of the derivatives of Hack’s
law in Figs. 9(a) and 9(b). There are two main factors con-
spiring to drive these fluctuations up. The first is that the
number of samples of subbasins with area a decays algebra-
icaly in a. Thisisjust the observation that P(a)=a™ " as per
Eq. (11). The second factor is that fluctuationsin | and a are
on the order of the parameters themselves. This follows from
our generalization of Hack’s law, which shows, for example,
that the moments (19) of P(l|a) grow like ad. Thus, the
standard deviation grows like the mean: o(1)=({I?)
—(1)?)Y2ecalex(1).

A. Stream ordering and Horton’s laws

So as to understand these large scale deviations from
Hack’s law, we need to examine network structure in depth.
One way to do thisis by using Horton-Strahler stream order-
ing [38,63] and a generalization of the well-known Horton’s
laws [36,38,39,64,65]. This will naturally allow us to ded
with the discrete nature of a network that is most apparent at
large scales.

Stream ordering discretizes a network into a set of stream
segments (or, equivaently, a set of nested basins) by an it-
erative pruning. Source streams (i.e., those without tributar-
ies) are designated as stream segments of order w=1. These
are removed from the network, and the new source streams
are then labeled as order w =2 stream segments. The process
is repeated until a single stream segment of order w=. is
left, and the basin itself is defined to be of order ().

Natural metrics for an ordered river network are n,,, the
number of order w stream segments (or basins); a,, the

average area of order w basins; | ,, the average main stream

length of order w basins;, and I_ff), the average length of
order w stream segments. Horton's laws state that these
guantities change regularly from order to order, i.e.,

=R, and —Ry, (30)
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FIG. 10. Hack distribution for the Mississippi plotted in linear
space. Area a is given in units of 102 m? and length | in 106 m.
The discreteness of the basin structure is clearly indicated by the
isolated, linear fragments. The inset is a blowup of the box on the
main graph.

where X=a, |, or I®. Note that al ratios are defined to be
greater than unity since areas and lengths increase but num-
ber decreases. Also, there are only two independent ratios
since R,=R, and R=R(s [39]. Horton's laws mean that
stream-order quantities change exponentially with order. For
example, Eq. (30) gives that | ,<(R))“.

B. Discrete version of Hack’s law

Returning to Hack’s law, we examine its large scale fluc-
tuations with the help of stream ordering. We are interested
in the size of these fluctuations, and also how they might
correlate with the overall shape of abasin. First, we note that
the structure of the network at large scales is explicitly dis-
crete. Figure 10 demonstrates this by plotting the distribution
of (a,l) without the usua logarithmic transformation.
Hack’s law is seen to be composed of linear fragments. As
explained above in Fig. 8, areas and length increase in pro-
portion to each other along streams where no magjor tributar-
ies enter. As soon as a stream does combine with a compa-
rable one, a jump in drainage area occurs. Thus, in Fig. 10
we see isolated linear segments which, upon ending at a
point (a;,l;), begin again at (a;+a,,l;), i.e, the man
stream length stays the same but the area is shifted.

We consider a stream ordering version of Hack’'s law
given by the points (a,,,l ). The scaling of these data points
is equivalent to scaling in the usual Hack’s law. Also, given
Horton's laws, it follows that h=InR/InR, (using R,
=R,). Along the lines of the derivative we introduced to
study intermediate scale fluctuations in Eq. (29), we have
here an order-based difference:

logl /1,1

v 1 Toga, s &

We can further extend this definition to differences between
nonadjacent orders:
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FIG. 11. Differences of the stream order-based version of
Hack’s law for 104 order Q=7 basins of the Mississippi (compare
the continuous versions given in Fig. 9). The units of area are
square meters, and the exponent h,, ,_; is dimensionless. The plots
are overlaid to give a sense of the increase in fluctuations of the
local Hack exponent h,, ,—; with increasing order w. The clusters
correspond to w=1,2, .. .,7, moving from left to right.

logl,, /1,

v Toga, =

This type of difference, where o’ <w, may be best thought
of as a measure of trends rather than an approximate discrete
derivative.

Using these discrete differences, we examine two features
of the order-based versions of Hack’s law. First we consider
correlations between large scale deviations within an indi-
vidual basin and, second, correlations between overall devia-
tions and basin shape. For the latter, we will also consider
deviations as they move back into the intermediate scale.
This will help to explain the gradual deviations from scaling
we have observed at intermediate scales.

Since deviations at large scales are reflective of only a
few basins, we require an ensemble of basins to provide
sufficient statistics. As an example of such an ensemble, we
take the set of order (=7 basins of the Mississippi basin.
For the dataset used here, where the overall basin itself is of
order =11, we have 104 order () =7 subbasins. The Hor-

ton averages for these basins are a;=16600km?, |

~350km, and L,;=210km.
For each basin, we first calculate the Horton averages

(a,,l,). We then compute h, ,—;, the Hack difference
given in Eq. (31). To give a rough picture of what is ob-
served, Figure 11 shows a scatter plot of h,, ,_; for al order
Q=7 basins. Note the increase in fluctuations with increas-
ing w. This increase is qualitatively consistent with the
smooth versions found in the single basin examples of Figs.
9(a) and 9(b). In part, less self-averaging for larger w results
in agreater spread in this discrete derivative. However, aswe
will show, these fluctuations are also correlated with fluctua-
tions in basin shape.
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FIG. 12. A comparison of the stream order Hack derivatives
hg g-1andhg_; o, for each of the 104 order () =7 basins of the
Mississippi. Both axes are dimensionless. The linear correlation co-
efficient is r=—0.06, and the Spearman correlation coefficient is
rs=—0.08. The latter has probability p;=0.43, indicating there are
no significant correlations.

C. Effect of basin shape on Hack’s law

In what follows, we extract two statistical measures of
correlations between deviations in Hack’'s law and overall
basin shape. These are r, the standard linear correlation co-
efficient and rg, the Spearman rank-order correlation coeffi-
cient [66—68]. For N observations of data pairs (u;,v;),r is
defined to be

N

2, (U= ) (vi= ) cw)

r= , (33)

N
oyoy,
i; (Xi— ) 2=y (Vi — 1)

where C(u,v) isthe covariance of the u;’sand v;'s, u, and
M, their means, and o, and o, their standard deviations. The
value of Spearman’s r is determined in the same way, but
for the u; and v; replaced by their ranks. From r, we deter-
mine a two-sided significance pg via Student’s t distribution
[66].

We define , a measure of basin aspect ratio, as

k=L?a. (34)

Long and narrow basins correspond to «> 1, while for short
and wide basins we have k<1

We now examine the discrete derivatives of Hack’slaw in
more detail. In order to discern correlations between large
scale fluctuations within individual basins, we specifically
look at the last two differences in a basin: hgy o_; and
hg—10-2. For each of the Mississippi's 104 order (=7
basins, these values are plotted against each other in Fig. 12.
Both our correlation measurements strongly suggest these
differences are uncorrelated. The linear correlation coeffi-
cient is r=-0.06=0 and, similarly, we have r;=—0.08
=0. The significance ps=0.43 implies that the null hypoth-
esis of uncorrelated data cannot be rejected.
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FIG. 13. Correlation between trends in Hack’s law and the as-
pect ratio of a basin as estimated by the dimensionless quantity «
=L?/a. The data is for the order =7 basins of the Mississippi,
and the specific trend is h;5. The correlation measurements give
r=0.50, r,=0.53, and p,<10~%.

Thus, for Hack’s law in an individual basin, large scale
fluctuations are seen to be uncorrelated. However, correla-
tions between these fluctuations and other factors may till
exist. This leads us to our second test which concerns the
relationship between trends in Hack’s law and overall basin
shape.

Figure 13 shows a comparison of the aspect ratio « and
h; 5 for the order (=7 basins of the Mississippi. The mea-
sured correlation coefficients are r =0.50 and r ;= 0.53, giv-
ing a significance of ps<10~8. Furthermore, we find the
differences h;¢ (r=0.34, r=0.39 and ps<10~*) and hgg
(r=0.35, r,=0.34 and ps<10~3) areindividually correlated
with basin shape. We observe this correlation between basin
shape and trends in Hack's law at large scales, namely,
hga-1, ha-10-2, ad hg g_,, repeatedly in our other
data sets. In some cases, correlations extend further to
ho—20-3-

Since the area ratio R, is typically in the range 4-5,
Hack’'s law is affected by boundary conditions set by the
geometry of the overall basin down to subbasins 1-2 orders
of magnitude smaller in area than the overal basin. These
deviations are present regardless of the absolute size of the
overall basin. Furthermore, the origin of the basin boundaries
being geologic or chance or both is irrelevant—large scale
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deviations will still occur. However, it is reasonable to sug-
gest that particularly strong deviations are more likely the
result of geologic structure rather than simple fluctuations.

XI. CONCLUSION

Hack’s law is a central relation in the study of river net-
works and branching networks in general. We have shown
Hack’'s law to have a more complicated structure than is
typicaly given attention. The starting generaization is to
consider fluctuations around scaling. Using the directed, ran-
dom network model, a form for the Hack distribution under-
lying Hack’s law may be postulated and reasonable agree-
ment with real networks is observed. Questions of the
validity of the distribution aside, the Hack mean coefficient 6
and the Hack standard deviation coefficient » should be stan-
dard measurements because they provide further points of
comparison between theory and other basins.

With the idealized Hack distribution proposed, we may
begin to understand deviations from its form. As with any
scaling law pertaining to a physical system, cutoffsin scaling
must exist and need to be understood. For small scales, we
have identified the presence of linear subbasins as the source
of an initial linear relation between area and stream length.
At large scales, statistical fluctuations and geologic bound-
aries give rise to basins whose overall shape produces devia-
tions in Hack’s laws. Both deviations extend over a consid-
erable range of areas, as do the crossovers which link them to
the region of intermediate scales, particularly the crossover
from small scales.

Finally, by focusing in detail on a few large scale ex-
amples networks, we have found evidence that river net-
works do not belong to well defined universality classes. The
relationship between basin area and stream length may be
approximately, and in some cases very well, described by
scaling laws, but not exactly so. The gradua drift in expo-
nents we observe suggests a more complicated picture, one
where subtle correlations between basin shape and geologic
features are intrinsic to river network structure.
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