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A Coupled Channel Network Growth and Hillslope Evolution Model

2. Nondimensionalization and Applications
Garry Willgoose.1 Rafael L. Bras, and Ignacio Rodriguez-Iturbe2

Ralph M. Parsons Laboratory. Massachusetts Institute OJ Technology, Cambridge

This paper explores the scaling and similitude properties of the s\ stem of governing equations for a
catchment evolution model that was presented in an accompanying paper (Willgoose et al.. this issue).
Similitude is an important concept that allows the quantification o\ the similarities of. and differences
between, two catchments. Through the use of a small number of nondimensional numbers the
governing physics of the channel network and surrounding hillslopes in a catchment may be
summarized. These nondimensional numbers lead to similarity conditions that allow for the quanti
tative comparison of data between field catchments and between the field scale and the controlled
experimental scale. Derived relationships are presented for the drainage density of the channel
network and the rate at which the network grows, parameterized using the nondimensional numbers.
Drainage density is shown to be mostly a function of the hillslope channel initiation number that relates
the slopes and lengths of hillslopes in a very simple fashion. Finally, it is shown that the form of a
channel network is very sensitive to initial conditions. Though the exact form of the network and the
hillslopes may vary greatly, along with their topological statistics, physical statistics such as drainage
density are only slightly affected.

■

I n t r o d u c t i o n

Bin this paper a nondimensionalization is presented for the
joVerning equations of a catchment evolution model de
scribed in an accompanying paper [Willgoose et al.. this
tttue]. The central feature of this model is that it explicitly
models the growth and development of the channel network
and the surrounding hillslopes on the basis of physical
fnnciples. Elevation changes are determined by a continuity
filiation for sediment transport. Network growth is con
trolled by the spatial distribution of a channel initiation
Junction that is nonlinearly dependent on the contributing
irca, the average runoff rate over this area, and the local
flillslope slope. Using a nondimensionalization of these

Illations, a number of nondimensional numbers are pro
sed. One of the most important uses of nondimensional

ization is that it allows, on the basis of the governing
physics, the development of parsimonious relationships be
tween the physical processes and the characteristics of the

if̂ afchment. For any study catchment these numbers could.
££l principle, be determined directly from field observations.
•.-|ince these numbers are dependent upon such physical
jjpputs as climate and geological conditions. The first part ofWis paper is concerned solely with the mechanics of the
nondimensionalization under both transient (i.e., during

^hannel and hillslope development) and dynamic equilibrium
Conditions. The second part deals with similitude analysis
^ia an example. The third part of the paper deals with
Relationships between drainage density and the nondimen-yfonal numbers. The fourth part identifies a number of
important relationships relating hillslope length and hillslope
#lope. The fifth part of the paper examines randomness in the
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'^v;^erS'ty °f Newcast,e- Newcastle, New South Wales. Australia.f "ow at Instituto Internacional de Estudios Avanzados, Caracas.

^Copyright 1991 by the American Geophysical Union.
"»P«r number 91WR00936.
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networks that are physically similar (i.e., the same nondi
mensional numbers based on physics), but with different
random inputs. The paper concludes by introducing the idea
of chaotic network growth providing an explanation for the
apparently anomalous result that catchments with physically
similar processes may have different channel networks.

Mechanics of the Nondimensionalization
The governing equations of the catchment evolution

model, which are presented and explained in an accompa
nying paper [Willgoose et al.. this issue] are

dz
dt c0(x, :

1 d q s x d q s y \

ps( l - n) \ dx dy )

d - z d - z \
+ D . — ~ —

~ \ d x - d y )
( l a )

BY
dt

= d, \ a 1 Yl wn on"1 ^ i 1 ft i v ( l b )
« , \ 1 + 9 Y - )

qs= f (Y )c rs "> ( l c )

f ( Y ) - B \ Y = \ ( c h a n n e l )
( I d )

/in = /3,0, Y = 0 (hillslope)

a = B,q'"\s"< ( l e )

"■ = baq';:> ( 1 / )

QC=B,A'"> <l£)

a = _?>' (1/!)

where
_ elevation:
t time:

O,. discharge, in the channel:
1685
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horizontal directions:
indicator variable for channelization (Y = 0.
hillslope node; Y = 1, channel node):
channel initiation function:
sediment flux per unit width in the x and y
directions:
discharge per unit width:
width of channels, variable with discharge;
rate constant for sediment transport:
constants relating channel width to discharge:
rate constant relating the sediment transport
flux in the channel to that on the hillslope:
contributing area:
rate of tectonic uplift;
density of eroded material:
porosity of material before erosion and after
deposition;
slope in steepest downhill direction:
diffusivity constant in certain transport
processes:
powers of q and 5 in the sediment transport
equation:
rate constant for channel growth:
channel initiation threshold:
multiplicative constant on channel initiation
function:
powers on q and 5. respectively, in the channel
initiation function:
multiplicative constant and power, respectively,
relating the characteristic discharge to the
contributing area.

A nondimensional analysis of these equations will explicitly
consider, and predict, the effect of scale transformations and
identify a number of nondimensional parameters that govern
catchment form.

Examination of these equations, and consideration of
solutions from simulation studies, indicate that there are
eight fundamental scales: all others can be derived from
these scales. These nondimensional parameters and the
scales that they are based upon are

Nondimensional elevation

z' = zlLe

Nondimensional area contributing to a point

A' =AIL2d

Nondimensional horizontal distance

x' = xLJL2d

Nondimensional runoff coefficient

B_(x) =/.3(x)//33

Nondimensional time

f - tIT

Nondimensional transport coefficient

/3i(x) = /3,(x)/j3,

(2)

(?)

(41

(5)

(6)

Nondimensional channel initiation coefficient

B'5(x) = Bs(x)/ps

Nondimensional tectonic uplift coefficient

Cq(x) = c'o(x)/c0

where

(8)

(91

Le

Lw
f t
T

B\
f t

vertical length scale (e.g.. m) of contributing area:
horizontal length scale (e.g., m) of contributing area:
length scale of channel width;
runoff scale;
catchment evolution timescale (e.g.. years):
sediment transport scale:
channel initiation scale:
uplift length scale.

Note that the vertical and horizontal length scales are
distinct. Differences in the scaling of these length scales can
be important.

The form of the nondimensional runoff rate in (5) arises
from the assumed dependence of discharge on runoff rate
and drainace area:

QC=B3A""

-33-4"'
q =

(io«:

(l o_o

where A is the contributing area, and w is the channel width.
Equation i 10a) may model spatially uniform Hortonian
runoff (m-. = 1. /33 = runoff rate), uniform recharge to an
aquifer (m-. = 1, /33 = infiltration rate), or mean peak
discharge (m_ ~ 0.6. /33 = frequency factor). Using the
basic nondimensional parameters of (2)-(9) and the runoff
relationship of (10), the nondimensionalizations of some
important derived properties are
Nondimensional discharge per unit width

Lw

Nondimensional slope

(11)

(12)

Nondimensional channel initiation function per unit width

L T
a = —

P. Lc PS Ld

Nondimensional sediment discharge per unit width

-.","
Qs = =; "5" . 2ni\ii\\-n\ '-'KxKpxl4

Nondimensional channelization indicator function

f(Y)=f(Y)/pl
Form number for the channel initiation function

( 7 ) m ' 5 - m 5 / n 5

(13)

(14)

(151

(16
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Hillslope scaic

Channel width
s c a l e **

Catchment
Scaic

^Catchment
vertical
scale

Fig. 1. Schematic representation of the important catchment
scales.

The plethora of scales in (I Ml 6) results from the complex
nature of catchments. Figure I schematically defines these
and other scales. Note, for instance, that there are four
independent horizontal length scales. The catchment scale
Ld is a function of the size of the catchment and is defined
here as the square root of the area of the catchment. The
hillslope scale Lh is a function of the length of the hillslope
and is defined here as the square root of the source area, the
area draining to a channel head. The channel width scale L„.
is a function of the width of the channels and is defined here
as the mean width of channel heads. Note that this definition
does not imply that channels are of constant width through
out the catchment, only that the catchment width is normal
ized by the mean width of channel heads.

Similarly, there are two independent vertical length scales.
The catchment vertical length scale Le is a function of the relief
of the catchment and is defined here as the difference between
the elevation of the outlet of the catchment and the highest
point on the boundary of the basin. The hillslope scale L. is a
function of the relief, or drop, of the hillslope. the difference
between the elevation of the channel and the catchment divide
along a flow path on the hillslope. Here L. is defined as the
mean hillslope_drop in the source area.

The scales /_,, fo, fc, and c0. are all scales associated
with processes operating within the catchment and parame
terize the magnitude at which they operate. Since the
coefficients that they nondimensionalize, /_,, B3, B5, and c0,
are spatially variable, the scales are defined here as the
average of these coefficients over the catchment, so that the
nondimensional variables, B\, B'3, B's and ci, simply define
the spatial variation of these processes within the catchment.

Substituting the nondimensional relationships of (2M16)
into the governing equations of (1) and collecting terms yield
the nondimensionalized governing equations

_£ _ tt ,.—. (Wsx dq'sv777 - TT c0 + TS —_ + —fd t \ d x ' d y ' TD _____
dx'2

_____
riv'2

(17 a)

dY
— - = T Cdt' 0.0025 TA a' + [-Q.IY +

1 - 9Y~

1687

( l i b )

where TT, TS. TD. TC. and TA are nondimensional num
bers defined below.

The nondimensional numbers govern the relative magni
tudes of the physical processes in the model. They are
transient tectonic uplift number

TT = TcJLA ' * - , . (18)

which equals the tectonic uplift divided by the rate of change
of catchment relief: transient sediment transport number

TS =
7 L/-"•"- ' " - L :■" ' ? iFr

P,d - /DC "
(19)

which equals the elevation change due to sediment transport
divided by the rate of change of catchment relief: transient
diffusion number

TD = TD.IL] (20)

which equals the elevation change due to diffusive transport
divided by the rate of change of catchment relief, transient
channelization rate number

TC=(7Y/,) (21)

which equals the time scale of elevation change divided by
the time scale of channel growth; and transient channel
initiation number

TA =
a, Lw

(22)

which equals the channel initiation divided by the channel
initiation threshold.

Equations (11 a) and (17/?) define the conditions of tran
sient similarity. Transient conditions are when systematic
changes in either the elevations or the channel network are
observed, so that the right-hand side of (17a) and (\7b) can
be considered nonzero at the time scales of interest. Short-
term fluctuations in elevations and the channel network are
averaged out since we consider the system of equations
(la)-(lh) to be mean temporal equations over geologic time
[Willgoose et al.. this issue].

The nondimensional solution domain is given by O'. For a
rectangular catchment of sides L, and L2 the solution
domain is

(23)

where the catchment length scale could be related to a
hillslope length scale by L ■ = axLh. The nondimensional
number a, is called the catchment scale number since it
defines the size, or scale, or the catchment relative to the
hillslope scale.

For two catchments to be in transient similitude, the
nondimensional parameters defined for each catchment must

I<\ L2]il' = 0, — X 0, —
Ld\ Ld\
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be equal. Formally, this can be expressed as (subscripts (1)
and (2) refer to catchment I and 2. respectively)

Tectonic uplift similarity

TT(1, = TT(21
Sediment transport similarity

TS(|, — TS(2,
Diffusion similarity

TD(I, = TD(2)

Channelization rate similarity

TC,n = TC,2)
Channel initiation similarity

TA,,, = TA(2)

Catchment scale similarity

a M i l = a l ( 2 l

Channel initiation form similarity

(24a)

(24b)

(24c)

(24d)

(24c

m ' S ( l ) = m ' s i 2 ) ( 2 4 g )
These conditions for similarity will be called the physical

similarity conditions because they constrain the magnitudes
of the physical processes acting within the catchment. Fur
thermore, there are conditions on the nondimensional catch
ment properties so that

Discharge distribution

_?'(x')(IJ = Q'(\')l2l
Sediment transport distribution

f(Y(x ' ) ){ l )=f(Y(x ' ) )
Elevation distribution

Z'(x')iu = Z'(X'),2,
Tectonics distribution

c6(x')rii = cq(x') (2 i

(25a)

(25b:

(25c)

(25d)
The conditions of (25) amount to forcing the two catch

ments to be exactly the same, after scaling. This will be
called deterministic similarity. It may be that, after scaling,
only the spatial statistics of the properties in (25) are the
same. This type of similarity will be called statistical simi
larity. This distinction is important because even though
there may exist physical similarity between two catchments
(equation (24)), the sensitive dependence of networks on
minor fluctuations during their growth means that under
virtually no conditions will (25a)-(25d) be satisfied, except
in some average, statistical sense. Two networks in physi
cally similar catchments (i.e.. erodability. runoff, etc., so
that they are physically similar) will never be the same
because of the effect of minor input fluctuations. Whether
physical similarity implies statistical similarity or vice versa
is an unanswered question.

An important concept in geomorphology is that of dy
namic equilibrium. While a catchment mav exhibit short-

term, episodic, fluctuations in form, catchments in dynamic
equilibrium do not exhibit any systematic changes with time.
The definitions of both "dynamic equilibrium" and •"system
atic change" in the literature are vague. For the purposes of
this paper we will define dynamic equilibrium as the condi
tion when the time derivatives of the nondimensionalized
equations for elevation and channel growth are zero. Thi>
definition agrees with Hack [1960J and is reasonable at leasi
for short time scales. The nondimensionalized governing
equations at dynamic equilibrium are then

d a ' d q ' s v \ I d - z ' d z ' \
D E T c 0 - I — + - ^ - - f D E D + — - = 0' d x ' d v " / \ d x ' - d y ' 2 ]

(26a)

0.0025 DEA a' + -0.1 Y +
V"

1 +9K"
= 0 (26b)

In an analogous fashion to the transient case, nondimen
sional numbers arise that govern the physics of the model at
dynamic equilibrium. They are

(24/) Dynamic equilibrium tectonic uplift transport number

T T
DET = — = =

T S Q X L
c0p,(l - n) Lw

2ni\iii\
d ' "-2C^""

Dynamic equilibrium diffusion transport number

TD
DED = — = =T S B { L

DzPs(l -n)L™
_//i |/hi -/i |
d L/ , , - l p„ , t

(27)

(28)

The catchment scale number «| and the channel initiation
number TA are identical to those defined for the transient
case. Note that the dynamic equilibrium nondimensional
numbers can be expressed in terms of the transient nondi
mensional numbers defined in (18) and (22). The tectonic
uplift transport number is simply the relative rate of tectonic
uplift to elevation changes from sediment transport. The
diffusion transport number is simply the relative rate of
diffusion transport to fluvial sediment transport. There is no
nondimensional number equivalent to TC. since TC defines
the ratio of two time scales: time scales are only important
under transient conditions.

In a similar fashion to the transient case, it is possible to
define the conditions for physical similitude between two
catchments (1 and 2) at dynamic equilibrium.

12)

Tectonics/transport similarity

DET, |, = DET

Diffusion/transport similarity

DED(I) = DED,2

Activator similarity

DEA,,, = DEA,,<2>
Catchment scale similarity

a 1(1) = a 1(2)

Channel initiation form similarity

■--5(1) = rt-5,21

(29a)

(29b)

(29c)

(29c/)

(29?
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Fig. 2. Simulated versus regression drainage density for (37).

This result indicates that diffusive effects are much less
important in the typical field catchments than they are in the
Parker [1977] experiments. Even if the scales in Table 1 are
changed to reflect slightly different conditions, this diffusion
dominance in the experimental catchments will still be
observed. It should be pointed out that soil erodability
(introduced in /_,) is probably significantly less in real natural
catchments due to vegetation, among other factors. Since it
influences (34) linearly, it seems unlikely that it would
completely alter the conclusion. The point of this exercise
though is to show the value of the nondimensionalization in
addressing the questions that will arise in the design of
experiments to study catchment geomorphology.

Drainage Density and Nondimensional Numbers
It is possible to relate the nondimensional numbers of the

previous sections to common basic properties like drainage
density. After examining a number of possible relationships
via multiple regression, the best, both conceptually and in
the mean square sense, was (/>/, = 1.8. /ij = 2.1, m4 = 0):

1
D\, = —

TAr - TA/
TA,

0.53

o,-0.0f> n .
2 . 5 - —L m*

4 . 1 2

(37)

where D'd - DdLd is the nondimensional drainage density.
TAC is the channel initiation number, as in (22), and TA/, is
the same number in terms of hillslope scales:

L\
TA, ,=

ws ?r
(38)

where Lh is the hillslope length scale defined as the square
root of the mean hillslope area contributing to the channel
head, and Ls is the slope scale defined as the mean local
slope just upstream of the channel head.

Figure 2 shows a plot of observed versus estimated D'd for
the multiple correlation above together with a number of
verification points not used in the regression. The fit of these
verification points is satisfactory. Figure 3 shows simulated
networks that vary only in their value of TAr.

The form of the multiple correlation is consistent with an
analytical expression for nondimensional drainage density
when the channel initiation function is a function solely of
area where [Willgoose et al., 1989]

TAC= 15.77 x 10" TAC= 12.61 x 10"

TAC= 9.^6 x 10" TAC= 5.68 x 10"

• Catchment outlet

Fig. 3. Effect of changing TA(. on drainage density in networks.

DU -«
TA
TA,

(39)

This result involving TA,. and TA/( is consistent with (37l
if TA,. » TA/( (i.e.. catchment is large), which is also
required for the basic definition of drainage density to K
correct.

Drainage density in (37) is positively correlated with
(TA,. - TA,-,). It is zero when TA,. < TA/,, which occurs
when either the size of the catchment Ld or the relief of the
catchment L.. is insufficient to trigger channelization and the
simulated catchment is totally hillslope. Drainage density
has a weak correlation with the ratio of overland sediment
transport to channel sediment transport O,. This results
from sediment transport continuity at the channel head
which requires that the slope of the hillslopes must be higher
than the slope in the channel for O, < 1. Everything else
being equal, if O, decreases, then the ratio of hill slopes to
channel slopes increases, so that for constant catchment
relief the hillslopes are larger.

From the simulations it has been possible to identify four
stages in the increase of drainage density with time
response to an instantaneous tectonic uplift: these are showr-
in Figure 4.

1. A short transition stage occurs where slopes and
contributing area are beginning to develop around the notch
at the catchment outlet.

2. The main growth stage is characterized by an almost
linear increase in drainage density with time until close to the
ultimate drainage density.

3. The growth rate decreases as a result of reductions in
the contributing area to the channel heads. This reduction

mih i
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Transition
Ultimate

Transition

Linear
Growth

Time
Fig. 4. Schematic of stages of drainage density growth with time.

results either from the applied boundary conditions or from
the competition of adjacent networks.

4. Growth stops when the ultimate drainage density has
been reached.

The drainage density curve is dominated by the second
stage which is linear because of two competing processes.
The first of these two processes is that as the network grows.
the magnitude of the network and the number of potential
channel growth sites also grows. This produces the weakly
concave upward portion of the drainage density curve in
Figure 4 at early times. The second of the two processes is
that as the network extends and matures, the relief of
hillslopes around the channels diminishes. This reduction in
hillslope relief slows the growth of each channel head. This
latter effect, though small, is sufficient to offset the overall
increase in the number of growth sites so that an approxi
mately linear increase in drainage density results.

The slope of the linear part of the drainage density growth
curve in Figure 4 was fitted to the simulation data using
multiple regression to yield (/?*, = 1.8. /», =2.1. m4 = 0)

dD'd— = 3.69 x IO5
dt

(O. TS)018 TS038 TC ,5ta;-°M —
5.XS

(40)
An observed versus estimated plot of the data is provided in
Figure 5. A number of verification points are plotted, and
their agreement with the predictions is quite satisfactory.

The first term of (40). O, TS. is the nondimensional
number for the hillslope erosion rate, the second term. TS. is
the nondimensional number for the channel erosion rate, and
the third term, TC. is the rate of channelization at a point.
The higher the erosion rate or the faster the channel growth
at a point, the faster the network growth.

The rate of increase of drainage density is strongly corre
lated with both the catchment scale channel initiation num
ber TA(. and the form of the channel initiation function as
parameterized by (n5/ms). These terms are the dominatinc
influence on the rate of growth. Since the catchment scale
channel initiation number is also strongly correlated with the
drainage density, then an increase in the drainage density is
paralleled by an increase in the rate of growth of the

I network.
There is a threshold on the value the drainage density may

take, depending on whether TAf g TA/( in (37). This

>!- o.ooi

IS
£ 0.0001

0.00001

Calibration Points
Verification Points

O.OOCv'l 0.0001

Simulation

0.001
d D /
dt

0.01

Fig. 5. Simulated versus regression drainage density growth rate
as given by (40).

translates into a minimum network growth rate which occurs
when TA(. = TA/,. Channel growth is driven by a region of
high channel initiation function around the channel head
produced, in turn, by the steep slopes around the channel
head, arising from the preferential erosion in the channel. If
the channel head moves too slowly, the hillslope erosion will
flatten the hillslopes around the channel head, reducing the
region of high channel initiation function so that the network
can no longer grow. Thus the network must grow at a
minimum rate to ensure that the steep slopes around the
channel head are maintained, and this minimum rate is
related to hillslope and channel erosion rates, as indicated by
(40).

Relating Hillslope Scales to Catchment Scales
A channel will stop growing when the contributing area or

runoli rate decreases (causing q to decrease), the local slope
at the channel head decreases, the channel initiation thresh
old a, increases, or the channel initiation coefficient /3S
decreases. If the hillslope length scale Lh is defined as the
square root of the mean hillslope area contributing to the
channel head 'called the source area) and the slope scale Ls
is the mean local slope on the hillslope just upstream of the
channel head. :hen. by definition, the nondimensional chan
nel initiation function a' is unity so that

TA,, = I =
r Z l lUt l t ' £5 F"

r l l l \
<h Lw

(41)

The exponent 2m5m3) > 0 so that the source area (=L}t)
decreases with increased slope ( = LS), increased runoff (p\),
decreased channel initiation threshold ( = a,), and decreased
channel head width (=£„,). A decrease in source area is
equivalent to in increase in drainage density, provided only
that the relationship between hillslope length in the source
area and the hillslope length of the lateral contributing areas
remains constant.

This result is consistent with theoretical results obtained
by Kirkby [19£7] for catchments with runoff proportional to
area, though not for catchments dominated by subsurface
saturation style runoff. This result is also consistent with
field data [Dietrich et al.. 1986; Montgomery and Dietrich.
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1988). It indicates that the drainage density (the inverse of
the mean hillslope length) is variable and is dependent upon
the hillslopes scales; the steeper the hillslopes. the shorter
they are and the higher the drainage density. Strahler [1958.
p. 295] observed that "... areas of lower drainage density
commonly have . . . gentler valley side slopes [compared
with areas with higher drainage densities]."

Combining (41) and (37) yields, for a large catchment
(Ld » /,/,)

Lh =
14 LJ1 - \.06m on.

V \

w ?.
L i n ,

• ol

0.53

2.5 +
M<

m<
.0.53/1. 142)

where 5 = Le/Ld. and 77,__/, = l/2Dd is mean hillslope
length.

From this expression the mean hillslope Ls can be related
to the mean catchment slope S:

L .

... 1 — 1.06mon\ ■ilmonxlln

0 (0. \2in<nt\Un,
I

ns
2.5 + —

___. ___

(K.2//M//M//M
r I.06//M/H:

().06mvni - !)//><

(43)

!;-'

for m j = l.
The importance of this expression is that it explicitly

relates regional scale processes, such as tectonic uplift and
catchment size, to the smaller-scale processes of the hills
lope. In particular, it illustrates the dependence of catchment
dissection on regional geologic behavior. The relationship
suggests that the mean hillslope length related to Lh. some
times referred to as "the fundamental scale of the land
scape." is not independent of regional conditions but follows
in a well-defined fashion from the interactions between the
channel network, the hillslopes. the regional geology, and
the climate. It docs this through the long-term interactions of
the channel network growth and sediment transport equilib
rium processes. Clearly, the hillslope must not be viewed
independently of the channel network and vice versa: they
are only components of a larger system, the river basin,
which must be considered in its unity to fully understand the
development of landscape form.

Variabil i ty in Channel Networks

This section is devoted to assessing the variability of channel
network form when the physical similarity conditions outlined
above are satisfied. Much work has gone into quantifying the
apparent topological randomness of channel networks [e.g..
Shreve, 1966: Mock, 1971; Mesa, 1986]. This section will
suggest that very slight externally applied randomness in initial
conditions results in significant variability in channel networks
and their statistics. It will be shown that those statistics that
parameterize the channel network topology exhibit the greatest
variability. Those statistics that parameterize more continuous
variables such as elevation exhibit less variability.

To demonstrate the variability in catchment form, four
physically similar runs were examined. These runs were

• Catchment outlet

Fig. 6. Physically similar catchments and networks with different
initial elevation perturbations.

identical in every respect except that the random field
elevation perturbations applied to the initially flat catch
ments (standard deviation 0.17% of the initial catchment
uplift) were different. These four runs satisfy the conditions
for transient physical similarity (i.e., equation (24)). The
simulations produced networks that were variable in form
with the final channel networks shown in Figure 6.

The consideration of network variability will start with the
statistics of network topology based on network order.
These statistics are well described elsewhere [Horton, 1945:
Strahler. 1964; Willgoose et al.. 1989]. Plots showing the
variation with time, as the channel network grows, of
Strahler*s bifurcation, length, slope, and area ratios (denoted
by R,,. R,. Rs, and RA. respectively) are given in Figures
7-10. There is considerable variability in all of the ratios

2 0 0 0 4 0 0 0 6 0 0 0 8 0 0 0 1 0 0 0 0
Time

Fig. 7. Average bifurcation ratio for physically similar simula
tions.
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Fig. 8. Average length ratio for physically similar simulations. Fig* 10- Avera6e area rat'o for physically similar simulatit

through time, as the network extends, and there are differ
ences between the statistics of the fully developed networks.

An explanation for this variability of the bifurcation ratio
with time can be based on ideas of Woldenberg [1966] and
Shreve [1966, 1967]. Consider that at some time we have a
network of magnitude (m). As the network grows, a channel
will branch off from the side of an existing channel, creating
a new network of magnitude (m + 1). The location of this
lateral branch is governed by highly nonlinear physics that
are very sensitive to initial conditions. The Strahler bifurca
tion ratio for the two networks, different by just one link,
could vary with each cycle of growth, particularly at early
times when the magnitude is small. It is then possible to
hypothesize that the concept of topologically random net
works of Shreve is a retlection of a highly nonlinear deter
ministic system.

The scatter of the bifurcation ratio with the network
extension noted above appears to be supported by experi
mental work. Parker [1977] simulated the growth of net
works using the rainfall erosion experimental facility at
Colorado State University. He mapped the planar form of
the networks that were formed with time. The bifurcation
ratios with time for these networks are given in Figure 11.
There were two networks: I and 2. These networks corre
sponded to two separate experiments starting from uniform
unchannelized initial conditions. Since the runoff per unit
time for the applied rainfall was constant with time. Parker
plotted his data using cumulative volume of runoff as a

l -

0 2 0 0 0 4 ( X ) 0 6 0 0 0 8 0 0 0 1 0 0 0 0
Time

Fig. 9. Average slope ratio for physically similar simulations.

surrogate of time: for consistency we do as well. For
network I this data shows similar amounts of scatter as the
simulated catchments in the bifurcation ratio, and there
seems to be a reduction of the scatter with time, as the
network's magnitude increases. For network 2 there appears
to be a decline in the scatter of bifurcation ratio up to volume
20.000. After this time the network was "refreshed" a

Order 1-2
Order 2-3

"-=-3=

5 5 0 0 1 1 0 0 0 1 6 5 0 0
Volume of water

(a) Experiment 1

22000

Set 1
-Order 1 -2
-Order 2-3 Set 2

-Order 1-2
-Order 2-3

Set 3
Order 1-2 -|
Order 2-3

1 2 5 0 0 2 5 0 0 0 3 7 5 0 0
Volume of water

50000

Fig.
(b) Experiment 2

Bifurcation ratio for experimental networks generated by
Parker [1977].
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0 3 0 0 0 6 0 0 0 9 0 0 0 1 2 0 0 0 1 5 0 0 0
Time

Fig. 12. Mean link lengths for physically similar simulations.

number of times by increasing the catchment relief and
allowing erosion to continue anew until the network stabi
lized to a new. higher, drainage density. This new network
development may account for the increased scatter observed
after cumulative runoff volume 20.000 in network 2.

For the simulation results the Strahler ratios for length,
slope, and area (Figures 8, 9. and 10) also varied consider
ably with time, with scatter diminishing with time. The major
fluctuations apparent in these figures correspond to times
when the Strahler order of the network increases. As the
network grows, a link that may have been part of an order (/)
stream becomes part of an order (i - \) stream, even though
that link's characteristics have only changed slightly.
Through the growth process, whole sections of the catch
ment change order, even though there are only slight
changes in the link characteristics. This is because the order
of the network is very dependent upon the topological
arrangement of the links, particularly at early times when
magnitude is small. In a similar sense to the case of the
bifurcation ratio, two catchments that vary only in the
position of a single line may have very diflerent'strahler
statistics.

Thus there is considerable inherent variability in Strahler
statistics, both within a basin as it develops 'in time and
among physically similar developed basins. This variability
follows directly from the pattern of growth of the network
The topological randomness of Shreve [1966] may be the

3 0 0 0 6 0 0 0 9 0 0 0 1 2 0 0 0 1 5 0 0 0
Time

Fig. 13. Magnitude with time for physically similar simulations.

0 3 0 0 0 6 0 0 0 9 0 0 0 1 2 0 0 0 1 5 0 0 0
Time

Fig. 14. Drainage density with time for physically similar simula
tions.

result of the sensitivity of the growth process to initial
conditions.

When a network extends, the extension occurs in two
ways: (1) exterior links extending into the catchment, and (2)
lateral branching from either exterior or interior links.

These two growth mechanisms both induce variability in
the lengths of the links. Figure 12 shows how physically
similar basins develop significantly different mean link
lengths. Figure 13 shows the increase of magnitude with
time. Figure 14 shows the increase in drainage density with
time. The four basins achieved very similar drainage density
but differed significantly in magnitude. Figure 15 shows the
width functions for the final networks. The actual shape
shown in Figure 15 is not believed to be generally applicable
but is believed to reflect the shape of the catchment (i.e.. a
square in this case).

Finally. Figure 16 shows that the variability of the hypso
metric curve is quite small. The sediment yield of the total
catchment with time also has low variability (Figure 17).
Note that the change in area under the hypsometric curve
(the hypsometric integral) reflects the loss of sediment within
the catchment so that the sediment yield and the hypsomet
ric curve/integral are correlated.

We stress again that the catchment simulations in this
section satisfy the physical similarity conditions. The differ-

16

1 2 -

4 -

Fig. 15. Width functions for channel networks for physically
similar simulations.
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J between the simulations are solely due to minor
ttochastic effects in the initial elevations. We conclude that
•here is considerable inherent variability in many of the
ttandard statistics for measuring the catchment and its
network, particularly those describing topological proper
ties. There are. however, other characteristics like the

I jfrainage density and the hypsometric curve that exhibit little
variability. This is because they are predominantly physi
cally based, rather than topologically based, characteristics.
They are also, in some sense, integrated over the catchment.
Small variations in the channel network form do not result in
large variations in the statistics.= After studying other physical systems that have analogous

^networking behavior to the system in this paper, the authors
v'believe that the explanation for the sensitivity to initial
"conditions lies in the field of nonlinear systems [ Willgoose et

ai, 1989]. The sensitivity to initial conditions arises because
S of the extremely nonlinear and autocatalytic behavior of the
H-channel initiation function. Minor perturbations in eleva-
•C; tions result in minor perturbations in the contributing area to
'̂  the channel head. These perturbations in area increase or

decrease the tendency of the channel head to advance.
f'.which in turn produces a positive feedback into the elevation
^perturbation. This nonlinear positive feedback is a crucial

feature of highly nonlinear systems.

Conclusions
This paper formulates the basin evolution model of Will

goose et al. [this issue] in a nondimensional form. In doing
■so it suggests a series of nondimensional numbers, formu
lated in terms of observable physical quantities, that can be
Used to define similarity conditions between basins. The
promise of such an approach lies in the ability to regionalize
properties, develop analogs, and even design field and
laboratory experiments.

Results were used to study catchment similitude between
laboratory and field settings, highlighting the difficulties to be
expected in proper experimental design. The potential of
regionalization of properties was illustrated by relating
drainage density and the rate of catchment growth to con
trolling nondimensional numbers.

Using the drainage density and the definition of relevant
nondimensional numbers, a relationship between hillslope

c 0.8 -

~ 0.6 -

■■5 0.4 -

0.2 -

0
0 . 2 0 . 4 0 . 6 0 . 8 1

Proportion of area greater than elevation
Fig- 16. Hypsometric curves with time for physically similar sit

ulations.

0 3 0 0 0 6 0 0 0 9 0 0 0 1 2 0 0 0 1 5 0 0 0
Time

Fig. 1". Sediment yield with time for physically similar simula
tions.

scales, such as slope and length, and catchment scales was
developed. Hence the local scales are not independent of the
regional catchment scales which in turn are very much a
function of regional geology and climate.

Finally, it was illustrated how the highly nonlinear inter
actions between channel head advance and contributing
hillslopes lead to a network growth process that is highly
sensitive to initial conditions. This condition, although de
terministic in origin, leads to the observed apparent random
ness in the topoiogy and geomorphology of basins.
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