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A brief description of the method of suppression and restoration of constants is given. The method
is then applied to the constants in the basic equations of electromagnetism in the international
system and shown to permit passage back and forth between it and the electrostatic and
electromagnetic systems, but not between it and the Gaussian and Heaviside—Lorentz systems.
Introduction of an added dimension of magnetic charge is then shown to lead to a new system,
designated the universal system, containing an additional constant. The method of suppression and
restoration of constants is then applied to the constants in the universal system and shown to permit
passage back and forth between it and the international, electrostatic, electromagnetic, Gaussian,
and Heaviside—Lorentz systems. Simple rules for effecting conversions between the above six
systems are provided in appendices. The above methodology is shown not only to facilitate
conversions but also to explain the fundamental relationships between the different systems.

I. INTRODUCTION

When an equation describing some general relation in
electromagnetic theory is converted between the interna-
tional (SI), electrostatic (ESU), electromagnetic (EMU),
Gaussian (G), and Heaviside—Lorentz (HL) systems (see Ap-
pendix A), the structure of the equation remains unchanged,
but there are variations in the constants and dimensional
properties of the equation that have been the source of con-
siderable theoretical confusion and conflict. In the present
paper we show that judicious application of the method of
suppression and restoration of constants not only explains
these variations but provides a simple method for converting
equations from one to another of the above systems.

In Sec. II, the method of suppression and restoration of
constants is introduced. In Sec. III, the basic equations of
electromagnetism in the international system are summa-
rized. In Sec. IV, we show that the technique of suppression
and restoration of constants applied to the constants in the
international system allows one to pass back and forth be-
tween it and the electrostatic and electromagnetic systems,
but not between it and the Gaussian or Heaviside—Lorentz
systems. In Sec. V, we show that introduction of an addi-
tional dimension of magnetic charge leads to a new system
of equations, which we designate the universal system, con-
taining an additional constant. In Sec. VI, we show that the
technique of suppression and restoration of constants applied
to the constants in the universal system allows one to pass
back and forth between it and the international, electrostatic,
electromagnetic, Gaussian, and Heaviside—Lorentz systems.
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tities in different systems, and Spees,'

Specific and detailed rules for effecting conversions between
the above six systems are provided in appendices.

Our approach to the above problem contains features in
common with approaches taken by a number of other au-
thors, but the complete synthesis as far as we are aware is
unique. The method of suppression and restoration of con-
stants, which is the keystone in the present paper, has been
discussed by us in several earlier papers." 2 The method 1s
basically an application of the Buckingham pi theorem,’
which has been dealt w1th in this journal by Parkmson4
Evans,” and Remillard.® Use of the method of suppression
and restoration of constants for converting equatlons from
one system to another has been proposed by Leroy,’ but he
considers only the case of conversion from the Gaussian sys-
tem to the international system, and as noted in Sec. IV his
use of the method is inconsistent with our theoretical devel-
opment. Berreman® and Trigg® discuss generalized systems
similar to our universal system that can be specialized to the
international, electrostatic, electromagnetic, Gaussian, or
Heaviside—Lorentz system, but they do not generate these
generalized systems or consider methods for the inverse con-
version from one of the latter five systems to a generalized
system. Venkates,'® Gelman," and Smith!? present elegant
theoretical treatments of the relations between the different
systems, and also derive methods for conversion of equations
from one to another of the systems; but their theoretical de-
velopments and methods of conversmn are not as simple and
straightforward as ours. Weibel' and Page’* show how one
can generate conversion factors relating correspondmg Quan-
Matthews,'® and
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Lau'’ provide algorithms useful in executing conversions.
Our approach provides not only an easier method of obtain-
ing simpler results, but also a more fundamental theoretical
explanation of the origin of the results. Additional significant
and related articles have been written by Birge,'® the
A.APT. Committee on Electric and Magnetic Units,"
Varney,?® Eldridge,?! Barker and Davies,?? deBethune and
Perez,® Katz,* Leroy,25 and Mana.?®

II. THE METHOD OF SUPPRESSION AND
RESTORATION OF CONSTANTS

In the present section we provide the reader with a brief
introduction to the method of suppression and restoration of
constants. In our earlier articles on this method," the utility
of the method for simplifying the analysis of a set of equa-
tions is stressed; and numerous examples of this feature of
the method are provided. In the present paper our interest is
in the utility of the method for explaining the variation in the
form of the equations of electromagnetic theory in passing
from one basic system to another. Special emphasis will be
placed on the dependence of the method on choice of con-
stants and choice of dimensions.

In the following paragraphs three properties are defined:
dimensional independence, measure, and dimensional homo-
geneity. Each of these properties is assumed to be defined
relative to a particular set of independent dimensions
L,M N, -+ which can be either a complete or incomplete set
of dimensions, and could even consist of a single dimension.
This condition is not explicitly stated at every point in the
definitions where it is applicable since doing so would cloud
rather than clarify the presentation. It is important, however,
to be aware of it when using the definitions.

A set of constants, a,b,c, -+ are said to be dimensionally
independent if and only if there is no set of numbers
a,,B,B/,-‘- other than the set 0,0,0,-- such that the product

“pPc¢?-+- is dimensionless. The number of constants in the
set cannot exceed the number of independent dimensions,
and when the set consists of a single constant, the constant
will be dimensionally independent if and only if it is dimen-
sional or equivalently not dimensionless. Consider, for ex-
ample, the constants a, b, and c, in the following equation:

d*x dx

W+aw+bx+c=0 1)
which we interpret to be the equation for the displacement of
a damped harmonic oscillator with constant driving force.
Relative to the dimensions of lenlgth L, and time T, the di-
mensions of a, b, and c are T ', T ~2 and LT 2, respec-
tively. Relative to the dimensions L and T the sets of con-
stants (a,c) and (b,c) are dimensionally independent since
there is no set of numbers (a,B) such that a®c? or b is
dimensionless, but the set (a,b) is not a dimensionally inde-
pendent set since the product a’b~! is dimensionless.

For every quantity g having a unique dimension relative to
a set of n dimensions and every set of n positive dimension-
ally independent constants a,b,c,--- there exists a unique set
of numbers «,8,7%,-- such that the quantity

.
a®bPc?-.
is dimensionless. The dimensionless quantity g is called the

measure of g with respect to the given constants and dimen-
sions. When we wish to designate the specific constants

@

q
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a,b,c, - and the specific dimensions L,M ,N,--- with respect
to which ¢ is the measure, we  write
g(a,b,c, -+ ;LM ,N,---). In the example introduced in Eq.
(1) the measures of x, ¢, a, b, and ¢ relative to the constants
b and c, and dimensions L and T, have the following values:

X .o t
)EEJE(b,C;L,T)=E‘:1—C‘, tEl‘(b,C;L,T)=W,

a

a=a(b,c;L,T)=—7~

- - b
plZ > bEb(b,C§L,T)=Bs (3)

¢
c=c(b,c;L,T)=—.
c
A function (x,y,z,...,a,b,c,--+) where x,y,z,--- are
variables and a,b,c,:- are constants is said to be dimension-
ally homogeneous with respect to a set of n dimensions, if
and only if

G(X,9.2,0,8,b,6, ) =k p(x,9,2,...,a,b,¢,+*),  (4)

where the left-hand side of Eq. (4) is the function that is
obtained when all quantities in the function ¢ are replaced
by their measures with respect to any set of n positive di-
mensionally independent constants, and & is some product of
the constants. If ¢ is dimensionally homogeneous, it has a
unique dimension and k can be shown to be the product
whose reciprocal has the same dimension as ¢. If ¢ is di-
mensionally homogeneous then the equation ¢=0 is also
said to be dimensionally homogeneous. Except for certain
pathological cases, a physical equation that is valid for arbi-
trary choice of units is dimensionally homogeneous. If all of
the quantities in the example introduced in Eq. (1) are re-
placed by their measures relative to the constants b and c,
and dimensions L and 7T, we find

d*x dx
— +a — +bx+c

) 5)
dr? dt (

Thus Eq. (1) is dimensionally homogeneous with respect to
the dimensions L and T.
From Eq. (4) it follows that if an equation

¢(x,yaz,~--,a,b,C,"')=0 (6)

is dimensionally homogeneous relative to a set of # indepen-
dent dimensions, and we replace each of the variables and
each of the constants in the equation by its measure relative
to a set of n positive constants that are dimensionally inde-
pendent with respect to the n dimensions, then the resulting
equation

¢(i,)_},z_,-..,a-,l;,é’-..)=0 (7)

is mathematically equivalent to the original equation. Fur-
thermore, since the arguments in Eq. (7) are dimensionless
relative to the given set of dimensions, Eq. (7) is also dimen-
sionless relative to these dimensions. In our example, Eqs.
(1) and (5) lead to the result

d _dx .

— +a — +bx+c=0. (8)

dr? dt
Equation (8) is dimensionless and is mathematically equiva-
lent to Eq. (1).

The above procedure is of particular utility if the argu-

ments in a dimensionally homogeneous equation are re-
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placed by their measures relative to one or more of the con-
stants in the equation. Suppose, for example, the constant a
in Eq. (6) is positive and dimensional relative to the dimen-
sion L. If we then replace each of the arguments in Eq. (6) by
its measure relative to the constant a and the dimension L
and note that the measure of a relative to a is unity, we
obtain

¢(f,}_’,2,...,1,5,6,---)=(). ©)

Equation (9), though mathematically equivalent to Eq. (6), is
functionally equivalent to the equation that is obtained by
letting =1 in Eq. (6), and furthermore is dimensionless
relative to the dimension L. Hence both the constant 2 and
the dimension L in Eq. (6) have been suppressed in Eq. (9).
In general, if an equation contains n constants a,b,c, -+ that
are positive and dimensionally independent relative to a set
of n dimensions L,M ,N,--- and we replace each quantity in
the equation by its measure relative to the n constants and n
dimensions, then the resulting equation though mathemati-
cally equivalent to the original equation will be functionally
equivalent to the equation that is obtained by setting a=b
=¢=---=1 in the original equation and will furthermore be
dimensionless relative to the dimensions L,M ,N,--- . Hence
both the n constants and » dimensions have been suppressed.
In the example introduced in Eq. (1) the measures of b and ¢
relative to the constants b and ¢ and dimensions L and T
have unit value, i.e.,, b=¢=1, and thus Eq. (8) simplifies to

dx _dx
—_+a—_+x+1=0. (10)
dt dt

Equation (10) is mathematically equivalent to Eq. (1) but is
dimensionless and formally simpler than Eq. (1).

In working with a set of equations in which one or more
constants have been suppressed, it is customary to further
simplify the equations by suppressing the bars over quanti-
ties. No information is lost by this additional simplification
as long as we remember that the quantities we are dealing
with are really measures of the quantities relative to a par-
ticular set of constants and dimensions, and consequently the
suppressed constants can at any point be restored simply by
replacing all quantities by their measures relative to the
given constants and dimensions. With this further simplifica-
tion in our example, Eq. (10) becomes

d*x dx
F+aa+x+1=0. (11)

Comparing Eq. (11), which is just a notationally simplified
version of Eq. (10), with Eq. (1), we find that the net result of
the procedure applied to our example equation is the sup-
pression of the constants b and ¢ and the dimensions L and
T. The result given by Eq. (11) could of course have been
written down immediately once it was confirmed that the
constants b and ¢ are dimensionally independent. The return
passage from Eq. (11) to Eq. (1) is carried out by simply
reversing the above process. Thus restoring bars over quan-
tities in Eq. (11), we obtain Eq. (10); and then substituting
the definitions given in Eq. (3) for the barred quantities and
multiplying by c, we obtain Eq. (1).

The technique of suppression and restoration of constants
is ordinarily used to simplify the analysis associated with a
set of equations. In this paper our interest is not in this aspect
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of the technique but rather in its use in revealing the rela-
tionships between the different systems used in electromag-
netic theory.

III. THE BASIC EQUATIONS OF
ELECTROMAGNETISM IN THE INTERNATIONAL
SYSTEM

In the international system, Maxwell’s equations and the
associated Lorentz force law take the form

vie=-£ (12)
€o
VXE= B 13
XE=-—", (13)
V-B=0, (14)
JE
v XB=/.LOJ+ €g Mg ‘5‘[ N (15)
F=gE+qvXB. (16)

If matter is present, then in addition to free charges and
currents there are bound charges and currents induced in the
matter by the action of the electric and magnetic fields. The
bound charges and currents can be related to the electric
polarization P and the magnetic polarization or magnetiza-
tion M of the matter, and these quantities in turn lead to two
additional field vectors D and H that are defined in the inter-
national system as follows:

D=¢,E+P, )]
1
H=—B-—M. (18)
Mo

In the absence of charges and currents Egs. (12)—(15) re-
duce to the equations of an electromagnetic wave with a
speed ¢ satisfying the relation

E()M[)sz 1. (19)

It is commonly assumed that the international system re-
quires the units of charge, length, mass, and time, to be the
Coulomb, meter, kilogram, and second, respectively. In actu-
ality, the above equations are valid for arbitrary choice of the
units of charge, length, mass, and time.

IV. CONVERSION OF EQUATIONS BETWEEN THE
INTERNATIONAL ELECTROSTATIC, AND
ELECTROMAGNETIC SYSTEMS

Equations (12)—(19) are dimensionally homogeneous rela-
tive to the dimension of charge Q; and the constants g, and
Mo are dimensional relative to the dimension Q. It is thus
possible to suppress either one or the other of the constants
€ and uq and later restore the suppressed constant. Rather
than the constants €, and w,, the constants 4re, and uy/47
turn out to be preferable choices of constants.

Case 1: If in Eqgs. (12)—(16) we set 47¢y=1, and then use
Eq. (19) to eliminate ug, we obtain the corresponding equa-
tions in the electrostatic system. If we carry out the same
procedure in Eqs. (17) and (18), the resulting expressions
differ from those in the electrostatic system by a factor of
4. This discrepancy arises from the fact that there is a con-
ventional difference between the definitions of D and H in
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the international system and their definitions in the electro-
static system. The discrepancy can be eliminated by dividing
D and H by 47 in the conversion from the international to
the electrostatic systems

Case 2: In a similar fashion, if in Egs. (12)-(18) we set
uo/4m=1, use Eq. (19) to eliminate €,, and divide D and H
by 4, we obtain the basic equations in the electromagnetic
system of units.

Since the suppressed constants can be restored in an equa-
tion by replacing each quantity ¢ in the equation by its mea-
sure, and the associated procedures can be reversed, it fol-
lows that in each of the above situations it is possible to
recover the equations in the international system. The appro-
priate measure of an arbitrary quantity g in case 1 is
q(4mey;Q), and in case 2 is g(pp/47m;Q). To evaluate these
measures the only dimensional property of a quantity that
need be known is its charge dimension in the international
system. The charge dimensions for the quantities appearing
in Egs. (12)-(19) can be found in Appendix B.

The same technique that applies to Egs. (12)—(18) also
applies to any equation that is generated from them. Hence
the above technique allows us to convert any equation in
electromagnetism between the international system and the
electrostatic and electromagnetic systems, and consequently
between any pair of these three systems. Specific and de-
tailed rules for converting an equation between the interna-
tional system and the electrostatic and electromagnetic sys-
tems are given in Appendix C.

Although the above technique works for converting an
equation in the international, electrostatic, or electromagnetic
systems from one to another, it does not allow us to convert
an equation in the international, electrostatic, or electromag-
netic system to either the Gaussian or the Heaviside—Lorentz
systems. As long as one is restricted to the dimension of
charge alone, only one constant at a time can be suppressed.
Claims are made in the literature that by choosing 47750—1
and uy/47=1 one can generate the Gaussian system. 7 This is
not true. The system so generated is of interest, but is not the
Gaussian system. If the restriction to the dimension of charge
alone is lifted, and one sets 47ey=1 and uy/4m=1 in Egs.
(12)-(16), then by virtue of Eq. (19) c=1. But in the Gauss-
ian system this is not in general true.

Interestingly, however, there is another system that can be
used to generate the international, electrostatic, electromag-
netic, Gaussian, or Heaviside—Lorentz systems. This system
is considered in the following section.

V. THE UNIVERSAL SYSTEM

To be able to set both the constants 4re; and py/47 equal
to unity and still retain independent dimensions of length L,
mass M, and time T, one more dimension, in addition to the
dimension of charge Q, is needed. Historically, units in the
electrostatic system were chosen to simplify Coulomb’s law
for the force of interaction between electric charges, and
units in the electromagnetic system were chosen to simplify
Coulomb’s law for the force of interaction between the poles
of magnets. When the magnetic pole model fell into disfavor,
the same result for the electromagnetic system was achieved
by choosing units to simplify Ampere’s law for the force of
interaction between current carrying conductors. The Gauss-
ian and Heaviside—Lorentz systems are creative hybridiza-
tions of the electrostatic and electromagnetic systems. The
above facts suggest as choice for the added dimension either
magnetic pole strength or electric current. For reasons of
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simplicity and symmetry, magnetic pole strength is prefer-
able to current. However, to avoid the stigma associated with
the concept of magnetic poles we shall use the dlmensronally
equivalent quantity effective magnetic charge, 27 which for
terminological brevity we will refer to as simply magnetic
charge. This added dimension will be designated with the
letter G. It should be carefully noted that our use of the
concept of magnetic charge or effective magnetic charge is
strictly a theoretical device to dimensionally uncouple the
magnetic field B from the electric field E, and should not be
judged as implying or depending on the actual existence of
isolated magnetic charges. Of all possible choices, we have
found the choice of magnetic charge as the added dimension
provides the clearest theoretical picture of the relation be-
tween the different systems, as well as the simplest tech-
niques for converting results from one to another of these
systems.

The choice of magnetic charge G as the added dimension
does not ipso facto provide us with the dimensions of the
various magnetic quantities. An additional assumption is
needed. Noting that the dimensions of the electric parameters
E, ¢, P, and D are, respectrvely, MLT™ Q—1

M™L737?0% QL2 and QL 2, we assume by analogy
that the d1mens10ns of the magn etlc quantities B, 1/u,, M
and H are respectively, MLT °G~ ', M~ 'L~ 3T2G2 GL™ 2
and GL 2 When the above drmens10ns are assigned to the
quantltres in Egs. (12)-(16), along with the 0bv10us dimen-
sions for p and J, namely, QL % and QL ~2T ! respectively,
then Egs. (13), (15), and (16) are found to be dimensionally
inhomogeneous. For examgle in Eq. (13) the dimension of
the left hand side is M T Q while the dimension of the
right-hand side is MLT 3G . To remove these dimensional
difficulties we assume that the international system is in re-
ality obtained by suppression of a constant a together with
the dimension G in a higher system, which we shall call the
universal system. We further assume that relative to the di-
mension G the constant « has the dimension of magnetic
charge, i.e., G. To convert Egs. (12)~(16) from the interna-
tional to the universal system, we replace each quantity in
these equations by its measure relative to the constant o and
dimension G, or equivalently we divide or multiply each
quantity by the power of « that makes the resultant quantity
dimensionless relative to the dimension G. Since the only
quantities in the equations which are dimensional relative to
G are the quantities B and Ko which have dimensions G~
and G 2, respectively, all that is required is to multiply B by
a, and u, by o. If we do this we obtain

V.E=—, (20)
€p
VXE= i (21)
XE=—« —07_!‘_
V-B=0, (22)
JE
VXB=a/.L0J+ a€gfly 707 . (23)
F=qE+ aqvXB. (24)

As stated earlier this system of equations will be called the
universal system.

When we investigate the dimensions of the terms in Eqs.
(20)—(24) relative to the full set of dimensions L, M, T, Q,
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