Math 255: Spring 2017
Exam 1

nave: . SOLUTIONS

Time: 50 minutes

For each problem, you must write down all of your work carefully and legibly to receive
full credit. For each question, you must use theorems and/or mathematical reasoning to
support your answer, as appropriate.

Failure to follow these instructions will constitute a breach of the UVM Code of Academic
Integrity:

e You may not use a calculator or any notes or book during the exam.

e You may not access your cell phone during the exam for any reason; if you think that
you will want to check the time please wear a watch.

e The work you present must be your own.

e Finally, you will more generally be bound by the UVM Code of Academic Integrity,
which stipulates among other things that you may not communicate with anyone other
than the instructor during the exam, or look at anyone else’s solutions.

I understand and accept these instructions.

Signature:

Problem | Value | Score
1 8
2 6
3 6
4 6
5 6
6 6
7 12

TOTAL | 50




Problem 1 : (8 points)

a) (4 points) Give the definition of the word “unit,” in the context of this class.

Lek e a eing.
Anolemont UeR 10 a wut if theee (S

VeR  with  uv=l

b) (4 points) Compute 7-! modulo 23.

Qe (1,231 =1 So 77 exicts modmlo 23.

EucMdeoun olaoithw Rack sole
23= 371 +2 |=1-32
7= 3.2 +| =9-3(2%-37)
= - 3.23 #Q7
=0 -1 —3.273

Qe \= 0 1-%"23, 10.7T=1 wod 23

repetore 1T =10 mod 25



Problem 2 : (6 points) Give all integer solutions to
24x + 40y = 16.

If there are no solutions, please state “None.”

a=24 Step |1 Compwre qcd (24,40)
b= 40 Ewc doun O&%Owﬁ'hm
= 16 HO = | 2% + 16
24 = .l T
o = 2.8
%cOLLz%MO)"g | B 16 so there
are \Y\ﬁ\f\/{‘cetﬁ many
Soluhong

Gepl. Solve 24X +\€O% =8

Racksove 8= 24-l6
=24 — (40-24)

- 24— 4O +2u = 22 T HO

So ¥.=72 30:‘-—1

Step3d. Solve  ayyy L;D.j:%

Since 24-2t40(-1)= 8, we have 2 (24-2+40C)=(g
Z.Lf-‘-fv-t-!.{o, =
=4 Yp=-2 F2)= 16
Step\4: Formula tor aldl ndeger  Soluon
Xx=Yp+_ b _t= H+5¢
ﬁCA(ﬂ\\\O} —té%

gy — o b= -2 -3¢
W= Ae b




Problem 3 : (6 points) Give all solutions of this equation in the ring Z/102Z:
36z =8 (mod 102).

If there are no solutions, please state “None.”

0=3G Scd. (30, 102) MS[V\S Bu i dean
b=3 aQ.golziJr%M ’
h=\02

02= 236130 cd(102,36) = ©
2¢= \"30 t0 =%
30= 56

Gy 8 So there are o Solubong fo this

CO/V\%YZMQN\CQ -



Problem 4 : (6 points) Show that the fourth power of any integer is either of the form
5k or 5k + 1 for k € Z.

ler oeZ Then a0, L, 2,3 0eY mod 5.

O'=0 wod 5

otz ("= | modb
a=2 mad 5, TThen otz 2'=16 2| mod 5
623 wod5 Then atz 2'=38l=] mod 5
fo wedS, tren G¥24'=C0YEL medB

i

r
I 020 wed 5, then a
Y

az=| woad 5 tlhen

1l

n

N Qi COSe at S condeuant to eiter © oe |
wodmlo 5.

o A =O wodS  Then =5k fop Sowe keZ
4=\ wodG  Then ad=5k+| foe Some ket
ot =



Problem 5 : (6 points) If 7 # 1, show that for every n > 0,

a(r*tl — 1)
r—1

a+ar+ar®+--tar” =
Troof oy tdun (hon

Base case: n=0
Ten the  left-hound Side 1S a
‘(L\%\(\’v hand Sde 1S a (r- D = oo
C-\

o=0o. So the ouge caSe i< ?p,oved.

Dnduthon <kep: e o (1t >
fesume ot arart. . HAr = rrl
Then

arart  ractear™ = (a+ar+...+ark) okt
= oo (r D) 4oar®t (o)

T - -l
+

-\
- ar*_q - a(r*)
-\ r-|

Tee Wmthdn Step IS Proved, and. e formuda iS feue
6 VhZQ.



Problem 6 : (6 points) Show that a divides b if and only if ac divides bc for all ¢ # 0.
o — T

(=) Assume that o divides b
Then oy dofnibon theee S keZ with b=ak

Now et Ce€Z;, cx0O.
b=ak = bc =akc =(ac)k

By definihon,  ac | be

(&) Assuwe trak  ac | Yoc + cxO0

Lot c=l. Then ol b,



Problem 7 : (12 points)

a) (4 points) Give all solutions of this equation in the ring Z/4Z:

2x=2 (mod 4)

2 gcd (2 W)=2 and 212, So there
if age 2 Soluwhons.

I

a

s
Vi

n=

Divide tpongn Y 2 2><v:-% m«;ji_
~S 2= mMm

Lft o 24z x=1+2t , t=0,|
then  X=lmod Y4 oz x=3 madlf

b) (6 points) Consider now the following set of simultaneous congruences:

2r=1 (mod 3)
20 =2 (mod 4)
2x =1 (mod 5)

Note that the middle congruence is the one you solved in part a).

There is an integer n such that there are exactly two solutions to this set of congruences
in Z/nZ. Give this value of n and the two solutions.
Hint: Do the Chinese Remainder Theorem with each of the solutions for part a).

We fiesk weite these in the foem  X=A; wod vy

IX=\ mod 3 . NS 2“-‘:’.2_\(\(\00\ 3,

W2l wmod3 = x=2 mad3

This problem is continued on the next page.

8



For your convenience, the set of congruences is

2z=1 (mod 3)
20 =2 (mod 4)
2z=1 (mod 5)

2%x=\mod 5 Snce 27=3 mod b
| wod & = X=3 mod 9.
Tren the Two  sets of ngeuenes are

vz 2 W\OO\,% K= 2 YY\Cd,?) O\\:Z n\:i?) Ni=20
=1 mod Y s X=3 mad Y Go= loed n=% No=15
YE 3 Wod5 y=3 mod§ =2 Ny~ 0 Ns=IZ

Q. solwhon.

Y5 1S suchtnar 15%=1 modd s 3x=lImodd . %=3 1S
o SOl

Xz \C Such T 12¥%E | mod 5 o DXz lmod 5, Xa™ 3 (S
G Soluhion.

e X= 2202+ 11563+ 31232 B0+ 45 1108=55 tod 60

R Y= 2.20-2 +3-15-3+ 3-12:3 = §0+ |35 +108= 2% Mod O

¢) (2 points) What is the smallest positive integer that is a solution of this set of Congru

ences?

K=23



