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Abstract

This paper describes a class of Artin—Schreier curves, generalizing results of Van
der Geer and Van der Vlugt to odd characteristic. The automorphism group of these
curves contains a large extraspecial group as a subgroup. Precise knowledge of this
subgroup makes it possible to compute the zeta functions of the curves in the class
over the field of definition of all automorphisms in the subgroup. As a consequence,
we obtain new examples of maximal curves.
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1 Introduction

In [21], Van der Geer and Van der Vlugt introduced a class of Artin—Schreier curves over
a finite field with a highly rich structure. For example, these curves have a very large
automorphism group that contains a large extraspecial p-group as a subgroup. Results of
Lehr—Matignon [11] show that the automorphism groups of these curves are “maximal” in
a precise sense. (Lehr—Matignon call this a big action.) A further remarkable property is
that all these curves are supersingular. This yields an easy way of producing large families
of supersingular curves.

In [21], the authors explore these curves and their Jacobians over fields of characteristic 2.
In this case, there is an intriguing connection between the curves in this class and the weight
enumerator of Reed-Miiller codes, which was their original motivation for investigating this
family of curves. In Section 13 of [21], they sketched extensions of some of their results to
odd characteristic, but few details are given. The present paper extends the main results
and strategy of [2I] to the corresponding class of curves in odd characteristic, providing full
details and proofs.

The main difference between the two cases is that the aforementioned extraspecial group
of automorphisms has exponent p in the case of odd characteristic p, whereas the exponent
is 4 in characteristic 2. As a result, some of the arguments in the odd characteristic case are
more involved than those of [2I]. Moreover, we have streamlined the reasoning of [21] and
combined it with ideas from [II] to describe the automorphism group of the curves under
investigation.



Arguably the most important object associated to an algebraic curve is its zeta function
which encodes a large amount of information about the curve, including point counts for
example. Our main result is Theorem which computes the zeta function of the family
of curves under consideration over a sufficiently large field. This not only generalizes the
corresponding result in [21] for characteristic 2, but we also note that the authors of [21] do
not offer an odd-characteristic analogue in their paper.

The most prominent member of the family of curves considered in this paper is the
Hermite curve (Example [9.F]), which is well known to be a maximal curve over fields of
square cardinality. While this property does not extend to all members of the family under
investigation, our work does produce other maximal curves. New explicit examples of curves
with many points that do not occur in the table ([20]) are listed in Remark [9.2]

We now describe the content of this paper in more detail. Let p be an odd prime and
R(X) € F,[X] an additive polynomial of degree p", i.e., for indeterminates X and Y, we
have R(X +Y) = R(X) + R(Y). We denote by Cr the smooth projective curve given by
the Artin—Schreier equation

Y? —-Y = XR(X).

The key to the structure of the curve Cf is the bilinear form Tr(X R(Y)+Y R(X)), introduced
in Section , whose kernel W is characterized in Proposition . . We obtain an expression
for the number of points of C'r over a finite field in terms of W. Over a sufficiently large
field IF, of even cardinality, we conclude that the curve Cf is either maximal or minimal, i.e,
either the upper or lower Hasse-Weil bound is obtained (Theorem and part [2| of Remark
. To determine which of these cases applies, we use the automorphisms of Ck.

In Sections 3| and ], we show that W also determines a large p-subgroup P of the group of
automorphisms (Theorem . With few exceptions, P is the Sylow p-subgroup of Aut(Cg)
(Theorem. It is an extraspecial group of exponent p and order p*"*1, where deg(R) = p"
(Theorem 5.3)).

In general, the size of the automorphism group restricts the possibilities for the number
of rational points of a curve. In our situation, there is a concrete relationship, since both
the automorphisms and the rational points of C'r may be described in terms of the space
W. We establish a point-counting result that applies to the smallest field IF, over which all
automorphisms in P are defined.

The determination of the zeta function of C'r over F, (Theorem [8.4) relies on a decom-
position result for the Jacobian J(Cg) of Cr (Proposition that is an application of a
result of Kani-Rosen [8]. More precisely, we show that J(Cpg) is isogenous over I, to the
product of Jacobians of quotients of Cg by suitable subgroups of P over F, (Proposition
6.3). These quotient curves are twists of the curve Cg, with Ry(X) = X (Theorem for
which we may determine the zeta function by explicit point counting. Putting everything
together yields a precise expression for the zeta function of Cfk.

Our results also yield new examples of maximal curves (Section E[) The main technical
difficulty here is determining the field F, over which all automorphisms in P are defined.
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1.1 Notation

Let p denote an odd prime, I, the finite field of order p, and k = Fp the algebraic closure
of IF,. All curves under consideration are assumed to be smooth, projective and absolutely
irreducible. Consider the curve C'r defined by the affine equation

YP Y = XR(X), (1.1)

where

h
R(X) =) a; X" € Fp[X]
1=0

is a fixed additive polynomial of degree p" with h > 0, whose coefficient field is denoted F .
Note that R is additive, i.e., R(X +Y) = R(X) + R(Y) in F,-[X]. Thus, C is defined over
F,» and has genus

_pMp—-1)
Q(CR) - 9

Of interest will be the polynomial F(X) derived from R(X) via

h
E(X) = (R(X)"" + Z(aix)ph"’ € F,r[X] (1.2)
with zero locus
W ={cek| E()=0}. (1.3)

Note that the formal derivative of F(X) with respect to X is the constant non-zero polyno-
mial ay, so F(X) is a separable additive polynomial of degree p*" with coefficients in F-. It
follows that W is an F,-vector space of dimension 2h. When h = 0, i.e., R(X) = apX, we
have W = {0}.

We denote by F, the splitting field of E(X), so W C F,. In Section [4| of this paper
we will define and investigate a subgroup P of the group of automorphisms of C'g, and the
automorphisms contained in P will be defined over this field F,,.

For convenience, we summarize the most frequently used notation in Table [I}



Table 1: Frequently used notation

] Symbol ‘ Meaning and place of definition
P an odd prime
Fr field of definition of R(X) and of Cr (Section
Fs an arbitrary extension of IF,r (Section
F, F, D F,- splitting field of F(X) (Section
k=T, algebraic closure of F,, (Section
Cr the curve Cg : Y? =Y = X R(X) over F,- (1.1)
Oy quotient curve Cr/A (Theorem
R(X) R(X) = Z?:o a; X" € F,[z] an additive polynomial
E(X) E(X) = (RX))" + X1y(a: X)) € Fypr[X] (1.2)
b, c elements in k with ” — b = cR(c) (Remark (3.3)
B.(X) = B(X) | polynomial s.t. B(X)? — B(X) = cR(X) + R(c)X, and
W (F,) W(Fps) = {c € Fps : Trp ., (cR(y) + y(R(c)) =0 for all y € Fps}
w W = W(F,), space of zeros of E(X)
S(f) S(f) ={(a,c,d) € k* x k x F . there exists g € k[X] such that
flaX +¢) = df(X) = g(X)" — g(X)}
Tabed automorphism in Aut’(Cg)
Tbe Opbe = 011 (beginning of Section
P Artin-Schreier automorphism, p = 071,01 (just after )
Aut’(Cg) group of automorphisms on Cg that fix oo (beginning of Section 4)
P Sylow p-subgroup of Aut’(Cp) (Lemma [4.1)
H H = Aut’(C)/P (Theorem
Z(G) center of a group G
E(p?) extraspecial group of order p* and exponent p (Corollary
A a maximal abelian subgroup of P (Proposition
Jr Jr = Jac(CR), the Jacobian variety of Cg
J ~p J the abelian varieties J and J' are isogenous over the field F (Section @
Lo(T) numerator of the zeta function of the curve C' (before Corollary lﬁb

2 The kernel of the bilinear form associated to Cp

Let IF,s be any extension of F,-. For each s a multiple of r, we associate to the curve Cr the
s-ary quadratic form

z +— Trp,./F, (xR(z))




on [F,s, where Trg,.r, : Fps = Fp is the trace from the s-dimensional vector space IF,,s down
to F,. The associated symmetric bilinear form on Fps x Fs is

1
(@,9) = 5 Tre,m, (2 R(y) + yR(x)), (2.1)
with kernel
W(Fps) = {c € Fps : Trg,. /5, (cR(y) + yR(c)) =0 forall y € Fps}. (2.2)

Note that W (IF,.) is a vector space over [F,. The following characterizations and properties
of W(IF,s) will turn out to be useful.

Proposition 2.1. Let ¢ € Fys. Then the following hold:
1. If c € W(Fys), then Trg . /r,(cR(c)) = 0.
2. We have ¢ € W(F ) if and only if there exists a polynomial B(X) € F,<[X] with
B(X)? — B(X) =cR(X) + R(c)X. (2.3)
Moreover, there is a unique solution B.(X) € XF,[X] to the equation (2.3), and
(a) The polynomial B.(X) is additive.

(b) Every solution B(X) of is of the form B(X) = B.(X)+ [ for some § € F,,.
(c) If c1,co € W(Fps), then Beye,(X) = Bey, (X) + B, (X).

3. We have ¢ € W(F,s) if and only if E(c) = 0, where E(X) is the polynomial of
with zero locus W as defined in . In other words, W (F,s) = W NFs.

Proof.

1. Let ¢ € W([Fys). Then substituting y = ¢ into (2.2)) yields Trg . r,(2¢R(c)) = 0. Since
Trg,./r, (X) is Fp-linear and p is odd, this forces Tr . /r,(cR(c)) = 0.

2. The proof of part [2 is analogous to that of Proposition 3.2 of [2I]. Assume that
c € W(F,:). We show the existence of a solution B of (2.3)), and show that statements
2aH2d hold.

Recursively define the b; using the following formulas.

by = —cag — R(c),
by = —ca; + b, for1 <i<h-—1.

Now set B.(X) = Y.' b X", Then B.(X) € XF,[X], B.(X) is additive, and
Beite,(X) = Bey (X) + B, (X) for all ¢1,¢co € W(F,:). Furthermore, a simple cal-
culation reveals that

BP(X) — Bo(X) = cR(X) + R(c)X + eX”"

5



with € = b, _, — cap € Fps. Note that Trp ./, (Be(y)? — Be(y)) = 0 for all y € Fps by
the additive version of Hilbert’s Theorem 90.

If ¢ € W(Fys), then Trg .k, (cR(y) + yR(c)) = 0 for all y € Fps, so Trg , s, (ey?") =0,
which forces e = 0. Hence B.(X) satisfies (2.3, and

W, = cay,. (2.6)
Moreover, if B(X) is any solution to (2.3), then (B(X) — B.(X))? = B(X) — B.(X),
so B(X) — B.(X) € F,.
Conversely, if (2.3)) has a solution B(X) € F,:[X], then

0= Trg,./r,(B(y)" — B(y)) = Trr . /r, (cR(y) + R(c)y)
for all y € Fps, so ¢ € W(Fps).
3. This result is stated for p odd in Proposition 13.1 and proved for p = 2 in Proposition

3.1 of [21I]. It is also addressed in Remark 4.15 of the preprint [10] (the explicit
statement is not included in [I1], but can readily be deduced from the results therein).

O

Remark 2.2. The characteristic-2 analog of Proposition can be found in Section 5 of
[21]. However, part |1} of Proposition does not hold in characteristic p = 2 in general.

Part [3| of Proposition [2.1] immediately establishes the following corollary.

Corollary 2.3. W(F,:) C W, with equality for any extension of F,s of the splitting field F,
of E.

We conclude this section with a connection between the F,-dimension of the space V; =
F,./W(F,:) and the number of F,.-rational points on the curve Cx. This is obtained by
projecting the bilinear form onto Vi. We write 7 = x + W (F):) for the elements in V.
Proposition [2.6] is one of the key ingredients in the determination of the zeta function of Cg
over F, (Theorem [8.4)).

Proposition 2.4. Define a map Qs on Vy x V; via
o 1
Qs(7,7) = 3 Trr,./r, (TR(y) + yR(x)).

Then Q)4 is a non-degenerate bilinear form on Vg X V.

Proof. We begin by showing that Q)5 is well-defined. Let x;, 25 € Fps. Then
Tl =Ty & T1 — X9 € W(Fps)
<= Trp . r, (11 — 22) R(y) + yR(z1 — 22)) = 0 for all y € Fps
< Trr,. /v, (11 R(y) + yR(21)) = Trp,./p, (02 R(y) + yR(x2)) for all y € Fys
<~ Qs(fhg) = Qs<f27y) for all y € ‘/s



Similarly, one obtains that 7, = ¥, if and only if Qs(7,7,) = Qs(T,7,) for all T € V,. So if
(ilvgl) = (EQag2)a then QS(fhyl) = Qs(flayQ) = QS(E%gQ)'

It is obvious that Qs is bilinear. To establish non-degeneracy, let 7 € V; with Q4(Z,7) =0
for all y € V,. Then Trg , /e, (vR(y) + yR(z)) = 0 for all y € Fys, so x € W(F,s), and hence
T =0. -

It follows that the quadratic form T — Q4(Z, %) on V; is non-degenerate. Therefore, its

zero locus
{T € Vi : Trg,.p,(xR(x)) = 0}
defines a smooth quadric over [F,,.

In [7], Joly provides a formula for the cardinality of the zero locus of a non-degenerate
quadratic form, which we reproduce here for the convenience of the reader. The case of n
odd is treated in Chapter 6, Section 3, Proposition 1, and the case of n even is Proposition
2 of Chapter 6, Section 3. Note that in [7], the result is proved for forms over an arbitrary
finite field, but we restrict to F,, here which is sufficient for our purpose.

Theorem 2.5. Let ey X? + -+ + a,X? be a non-degenerate quadric in n variables with
coefficients in ), and N the cardinality of its zero locus. Then

pl if nis odd,
N={p" 4+ (2= p"* 1Y) if nis even and (—1)"2ay - - - a, € (F})?,
Pt = (p2 = 2 if nois even and (—1)"?ay - a, ¢ (F)2
Applying this result to the quadric z — Trg . /r,(zR(x)) on the space Fys /W (Fy), we
obtain the following point count for the curve C’y.

Proposition 2.6 (Proposition 13.4 of [21]). Let w, = dimg, (W (F,s)) and n, = s—w,. Then
the number of IFys-rational points on Cr is

p°+1 for ng odd,
p’+ 1+ (p—1)y/pstws for ng even,

with the sign depending on the coefficients of the quadratic form Q.

Proof. We have V, = Fs /W (F)s) ~ Fp*, where n, = s — w;. Therefore, for Z € Vi, we may
write T = (x1,...,2,,), with each z; € F,. In this way, QQs(Z,Z) on the space V is a non-
degenerate quadric in n, variables with coefficients in [F,,. Furthermore, it is diagonalizable
by [2], Theorem 3.1 of Chapter 8, since p is odd, and therefore can be written in the form
o a; X2 with a; € Fy for 1 <4 < n,. As a consequence we may apply Theorem to
obtain the cardinality of the set

(FeV,~F": Q,7,7) = 0} = {F €V, : Try,. i, (¢ R(x)) = 0}.

Each 7 € Vi with Q(Z,7) = 0 gives rise to p*s distinct values = € [, such that
Trg . /e, (vR(z)) = 0. For each of these » € F,, we have p solutions y to the equation
y? —y = zR(x). In addition to these points, C'g has one point at infinity which is defined
over any extension of F,r. Hence #Cg(F,s) = p”*™'N + 1 with N given as in Theorem
(with n = ny). O

#CR<IFPS) = {



3 Connection to automorphisms of Cp

In this section, we generalize the results of Proposition to lay the groundwork for our
investigation of the k-automorphisms of C'r that stabilize oo, the unique point at infinity on
Cgr. We follow Section 3 of [I1], but our notation is slightly different. To that end, we define
for any polynomial f(X) € k[X] the set
S(f(X)) =A{(a,c,d) € K x k x T} : there exists g(X) € Xk[X] such that
faX +¢) = df(X) = g(X)" = g(X)}. (3.1)
In our situation we take f(X) = XR(X), where R(X) is an additive polynomial of degree
ph. Tt is easy to verify that if (a, ¢, d) € S(XR(X)) then the map (x,y) — (az+c,dy+g(x))
is an automorphism on Cp that fixes co. In fact, in Lemma we will see that every

automorphism of Cr that fixes oo is of this form. The elements in S(XR(X)), along with
the polynomial g(X), can be characterized explicitly as follows.

Proposition 3.1. If h =0, then S(XR(X)) = {(a,0,a%) : a® € F}}.
Proof. If h =0, then R(X) = aoX, so
(aX 4+ ¢)R(aX 4 ¢) —dXR(X) = ao ((¢® — d)X* + 2acX + ¢*).

This polynomial is of the form g(X )P —¢(X) if and only if (X )? —g(X) = 0, or equivalently,
a*=d, c=0and g(X) € F,. O

Proposition 3.2.

1. Assume that h > 1 and let a € k*, ¢ € k and d € F,. Then (a,c,d) € S(XR(X)) if
and only if there exists B(X) € Xk[X] such that

cR(X)+ R(¢)X = B(X)? — B(X), (3.2)
and
aR(aX) = dR(X). (3.3)
2. If the equivalent conditions of part|[1] are fulfilled, then ¢ and B(X) satisfy the following
conditions.
(a) ce W.

(b) The polynomial B(X) = B.(X) only depends on ¢ and is uniquely determined by
and the condition that B.(X) € Xk[X]. It is an additive polynomial with
coefficients in Fpr(c) C F,.

(¢) The polynomial B.(X) is identically zero if and only if c = 0, and has degree p"~1

otherwise.



3. For a triple (a,c,d) € S(XR(X)), all polynomials g(X) as given in are of the

form
o(x) = B.(ax) + 24D
as i ranges over F,. In particular, each of these polynomials g(X) has coefficients in
F,(a).
Proof.

1. Let (a,c,d) € k* x k x F;. Suppose first that there exists B(X) € Xk[X] satisfying
(3.2)), and that a and d satisfy (3.3]). Then for any b € k such that ¥ — b = cR(c), we
have

(aX +c)R(aX +¢) —dXR(X) = X(aR(aX) — dR(X)) + cR(aX) + aX R(c) + cR(c)
= B(aX)? — B(aX) + b" — b,

and so we may take g(X) = B(aX) + b to show that (a,c,d) € S(XR(X)).

Conversely, suppose that (a, c,d) € S(XR(X)). Then there exists a polynomial g(X) €
k[X] such that

X(aR(aX) —dR(X)) + cR(aX) + aR(c)X + cR(c) = g(X)? — g(X).

Writing ¢(X) = b+ B(X) with B(X) € Xk[X], we sce that this is equivalent to the
existence of a polynomial B(X) € Xk[X] such that

B(X)? — B(X) = XF(X) + G(X) (3.4)
where F(X) = aR(aX) — dR(X) and G(X) = cR(aX) + aR(c)X are both additive
polynomials. We note for future reference during the proof of part [3| that this also
implies ” — b = cR(c).

Note that (3.3) holds if and only if F(X) = 0, in which case B(X) = B(X/a) € Xk[X]
satisfies (3.2)). Thus, it suffices to show that (a,c,d) € S(XR(X)) implies F(X) =0
to complete the proof of part [I}

To this end, we note that all the monomials in X F'(X) and G/(X) are of the form X Pl
and X?" for 0 < i< h If B(X) =0, then this immediately forces F'(X) = G(X) = 0,
so assume that B(X) # 0.

Comparing degrees in (3.4) shows that deg(B) < p"~*. Put

ph—l
B(X)=YbX?, bekfor1<j<p,
j=1



and consider the polynomial B(X)? — B(X). Its coefficient of X7 for 1 < j < p is

b whenpts,
{),?/p —b; whenp|jandj<p',
bﬁh_l when j = p".

All coefficients of X 7 for j # p',p" + 1 must vanish. We conclude that the coefficients
b; of B(X) are zero for all j # p',p" + 1, so we may write B(X) = XU(X) + V(X)
where U(X), V(X) € k[X] are additive polynomials. Then (3.4) yields
XPUX)P+V(X)P-XUX)-V(X)=XF(X)+GX).

Except for the monomials in X?U(X)P, this polynomial identity only contains mono-
mials of the form X?" and X?'*!: the monomials in X?U (X)? all take the form X7
This forces U(X) = 0. Thus, XF(X) = V(X)? — V(X) — G(X) is additive, which is
only possible if F'(X) = 0. The proof of part [1|is now complete.

. The proof of part [2|is now straightforward. We remark that equation (3.2)) is identical
to equation (2.3). Therefore (a) follows from part [2| of Proposition and B(X) is
identical to the polynomial B.(X) defined in that proposition since B(X) € Xk[X].
Thus, B(X) only depends on ¢ and is unique, and we write B.(X) for this polynomial
from now on. The additivity of B.(X) was already established in the proof of part [I]
since B,(X) = B(X/a), and B(X) = V(X) is additive; note that it also follows from
part [2a] of Proposition . Moreover, the coefficients of B, satisfy —, which
obviously belong to F,-(c). Part [1] and Corollary imply that F,-(c) C F,. This
proves (b).

If ¢ =0, then B.(X) = 0. If ¢ # 0, the polynomial B.(X) is obviously nonzero and
shows that B.(X) has degree p"~1. This proves (c).

. Writing g(X) = b+B(X) with B(X) € Xk[X] as in the proof of part , we have already
seen that B.(X) = B(X/a), and b is any solution to the equation & — b = cR(c). Any
two such solutions differ by addition of an element in F,. Furthermore, since 2 € F7,
it follows from that b = B.(c)/2 satisfies ¥ — b = cR(c), and the first statement
of part [3| follows. The second statement of part [3] follows from part [2b]

[]

Remark 3.3. We repeat here a remark made in the proof since we will use this throughout
the paper. For a triple (a,¢,d) € S(XR(X)), all polynomials g(X) as given in (3.1)) can be
written as

g9(X) = B.(aX) + b,

where B.(aX) € F,(a), and b € k is a solution of the equation

¥ —b=cR(c). (3.5)

Part |3 of Proposition |3.2| implies that every solution b of this equation is of the form b =
B.(c) +i with i € [,
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4 Automorphism group of Cp

In this section we apply the results of the previous section to study the group Aut(Cg) of
k-automorphisms of the curve Cg, and more particularly the subgroup Aut’(Cg) of auto-
morphisms of Cr that fix the unique point at infinity, i.e., the unique point of C'z which
does not belong to the affine curve defined by . The main result is Theorem , which
describes Aut®(Cg).
Recall from Section |3| that to a triple (a,c,d) € S(XR(X)) we associate the k-auto-
morphism
Oaped: Cr— Cg
(z,y) — (ax + ¢,dy + b+ B.(ax))

of C'r. Here b is a solution of the equation o» — b = cR(c) (see Remark and B, is as in
Proposition . Note that o, q fixes the point co. In the rest of the paper, we denote by

(4.1)

plz,y) =0o1101(z,y) = (x,y+ 1)

the Artin—Schreier automorphism of the curve Chk.
The following lemma summarizes some properties of the automorphisms o p 4.

Lemma 4.1. With the above notation and assumptions, we have

1. Every element of the stabilizer Aut®(Cr) of the point oo is of the form capeq as in

.

2. The automorphisms o141 with (b,c) # (0,0) have order p. For (a,d) # (1,1) the
order of 0qpcaq 1S NOt a p-power.

Proof. The lemma follows from Corollaries 3.4 and 3.5 in [I1]. We recall the proof.

1. Part 1] follows from Proposition 3.3 of [I1] in the case that g(Cr) > 2. (Since p is
odd in our set-up and the genus of Cr is p"(p — 1)/2, this only excludes the case
that h = 0 and p = 3. This case is treated in the proof of Corollary 3.4 of [I1].)
Namely, let ¢ € Aut’(Cg) be an automorphism of Cg fixing co. Then the proof of
Proposition 3.3 of [11] shows that there exists an isomorphism ¢: P — P! together
with a commutative diagram

Cr—=Cpr

—

Pl %, pl
where the vertical maps are (z,y) — x.

The morphism ¢ fixes co € P!, hence it is an affine linear transformation and we may
write it as ¢(z) = ax + ¢ with a € k* and ¢ € k. The commutative diagram above
implies that ¢(x,y) = (ax + ¢, dy + g(x)) for some g(X) € k(X) and d € k*. The
assumption that ¢ fixes the point oo implies that g(X) € k[X] is a polynomial. The
statement that ¢ = 0,44 follows since ¢ is assumed to be an automorphism of Ck.
This proves part

11



2. To prove part [2| we first remark that if 0,4 .4 has p-power order, then a = d = 1, since
1 is the only pth root of unity in k. We show that every nontrivial automorphism
01,1 has order p.

We compute that
Uf,b,c,l(l"» y) = (z+pc,y+pb+ Be(x) + Be(z +¢)+ -+ -+ Be(x + (p— 1)c)).

Recall from Proposition[3.2that B, is an additive polynomial; in particular, its constant
term vanishes. Hence

B(X)+B(X+c)+--+B(X+(p—1)c) = pz Be(ic) = pZiBC(c) = 0.

This implies that o7, ., = 1.
]

Remark 4.2. Part|l|of Lemma|4.1|does not hold for p = 2. In [21], Theorem 4.1 it is shown
that Aut’(Cr) always contains automorphisms of order 4 for h > 1 and p = 2. See also [11],
Section 7.2 for a concrete example.

The following result is Theorem 13.3 of [21], and describes the group Aut’(Cg). The
structure of the Sylow p-subgroup P of Aut’(C) will be described in more detail in Section
below.

Theorem 4.3.

1. The group Aut’(Cr) has a unique Sylow p-subgroup, which we denote by P. It is the
subgroup consisting of all automorphisms o141 and has cardinality p***!.

2. The automorphisms 04004 form a cyclic subgroup H C Aut(CR) of order

- ged(p' + 1),
i>0
a7;750

where e = 2 if all of the indices i such that a; # 0 have the same parity, and e = 1
otherwise.

3. The group Aut’(CRr) is the semi-direct product of the normal subgroup P and the sub-
group H.

Proof.

12



1.

2.

To prove part , one easily checks that {1 4.1 | 01401 € Aut’(Cgr)} is a subgroup of
Aut’(Cg). (This is similar to the proof of Lemma [5.2| below.) The statements on the
order of 044 in part 2| of Lemma imply that P is the unique Sylow p-subgroup
of Aut’(CRr), which implies that P is a normal subgroup.

Parts |[2a] and [3| of Proposition imply that the cardinality of P is equal to |W| - p.
The last statement of part [I] therefore follows from part [3] of Proposition 2.1} since E
is a separable polynomial of degree p*".

To prove part [2| we consider all elements (a,0,d) € S(XR(X)). Part [2¢/ of Proposition
implies that the polynomial Bj corresponding to this tuple is zero. Part [2] of
Proposition therefore implies that (a,0,d) € S(XR(X)) if and only if aR(aX) =
dR(X). This condition is equivalent to d = a?*! for all 0 < i < h with a; # 0, as can
be readily seen by comparing coefficients in aR(aX) and dR(X). Part [2[ now follows
immediately.

. Note that the order of H is prime to p. In particular, we have H N P = {1}. Part

follows since Aut’(Cf) is generated by H and P.

O

For completeness we state the following theorem, which follows from [I5], Satz 6 and

1.

2.

Satz 7. (See also Theorem 3.1 of [I1].) Since we study the automorphism group of Cr over
the algebraically closed field k here, it is no restriction to assume that R(X) is monic.

Theorem 4.4. Let R be monic.

Assume that R(X) ¢ {X, XP}. Then Aut(Cg) = Aut’(Cg).
If R(X) = XP?, then Aut(Cr) = PGUjs(p)

3. If R(X) = X, then Aut(CRr) ~ SLs(p).

For future reference we note the following result on the higher ramification groups of the

point co € Cg in the cover Cr — Cr/ Aut’(Cg). For the definition of the higher ramification
groups and their basic properties we refer to [14], Chapter 4 or [16], Chapter 3.

Lemma 4.5. Let R be an additive polynomial of degree h > 1, and Cg as given in .

1.

The filtration of higher ramification groups in the lower numbering of Aut’(Cg) is

G =Gy :AUtO(CR> 2 P =G, 2 Gy o= G1+ph = <P> 2 {1}

2. Let H C Aut(CRr) be any subgroup which contains p. Then g(Cr/H) = 0.

13



Proof. To prove part [I}, write vy, for the valuation at the unique point oo at infinity and
choose a uniformizing parameter ¢ at co. One easily computes that

) (a(t)—t): L+ ifoe(p)\ {1},
o\t 1 if o€ P\ (p).

This may also be deduced from the fact that the quotient of C'z by the subgroup generated

by the Artin—Schreier automorphism p(z,y) = (z,y + 1) has genus 0 ([12], Lemma 2.4).
Part [2] follows immediately from the fact that the function field of the curve Cr/{p) is

k(X). This can also be deduced from part [1] O

5 Extraspecial groups and the structure of P

We now focus again on the subgroup P described in part [I] of Theorem Part [2] of Lemma
implies that the Sylow p-subgroup P of Aut’(Cg) consists precisely of the automorphisms
T1per(x,y) = (x4 ¢,y + b+ B.(z)). For brevity, we simplify their notation to

Obc = Ol1,b,c,1-

The main result of the section, Theorem [5.3] states that P is an extraspecial group. For
more details on extraspecial groups we refer the reader to [5, Chapter II1.13] and [1§].

Definition 5.1. A noncommutative p-group G is extraspecial if its center Z(G) has order p
and the quotient G/Z(G) is elementary abelian.

We denote by E(p?) the unique nonabelian group of cardinality p* and exponent p. It
can be given by generators and relations as follows:

E@’) = (z,y|a? =y’ = [z, 9]’ = 1, [z, y] € Z(E(p®))).

This group obviously is an extraspecial group.
The following lemma describes the commutation relation in P. The lemma contains the
key steps to prove that P is an extraspecial group.

Lemma 5.2. Assume that h > 1.

1. We have [0y, ¢y, Oy.cy] = p~ 02 where
€(cr, ¢2) = Bey(¢2) = Bey(ca).

2. We have Z(P) = [P, P| = (p). The quotient group P/Z(P) is isomorphic to the space
W defined in equation , where the isomorphism is induced by oy — c.

3. Any two non-commuting elements o, 0’ of P generate a normal subgroup Ey 5 = (0, 0")
of P which is isomorphic to E(p?).

14



Proof.

1. To prove part [I] we compute that

oy H(x,y) = (x — ¢,y — b— Bu(x — ©)).
We therefore have

-1 —-1 _ -1
Ob1,c10b2,c20p; ¢1 o o (13, y) = Ob1,c10b2,c29p; ¢, (LL’ —C Y — by — Bcz (13 - CQ))

= Oby.cyObg.en (T — C2 — €1,y — by — Bey, (¥ — ¢2) — by — By (x — ¢ — ¢1))

= 0py ey (T — €1,y — Bey(x — 2) = by — Bey(x — ca — 1) + Bey(x — ca — 1))
= Op ey (T — €1,y — by — Bey(x —co — 1) — Be, (1))

= (x,y — Be,(x — g — ¢1) — Bey(¢1) + Be (. — 1))

= (z,y + Be,(c1) — B, (c2)).

Since o, ¢, 0y ,e, 05, }q oy, 22 certainly belongs to Aut’(Cr), part [1| of Lemma [4.1] implies
that o4, ¢, 0b,.¢,05, Tc1 oy, }CQ = Og4bcd for some a, b, c and d. From our computation above,
a=d =1, and ¢ = 0. By part [2d of Proposition [3.2, B.(X) = 0, which implies that
b= B.,(c1) — B, (c2) € F,. Part [1| follows.

2. Part|l|shows that [P, P] C (p). Since P is noncommutative, we have equality. Because
p =01 and By(X) = 0 by part [2¢| of Proposition we have that for any oy,

Opepoy o p = pP 0 =1,

since B.(X) is an additive polynomial and therefore has no constant term. Thus p
commutes with every element of P, and [P, P] = (p) C Z(P).

To finish the proof of the first statement of part [2 we now show that if ¢; # 0, then
for each automorphism oy, ., there exists an automorphism oy, ., such that oy, ., and
Oby .y do not commute. This shows that in fact (p) = Z(P).

Let ¢; € W\{0}. By par of Proposition and part [I] of Proposition[3.2] (1,¢1,1) €
S(XR(X)) and by part [2¢| of Proposition 3.2, B.,(X) has degree p"~'. Considering
¢y =: C as a variable, the recursive formulas (2.4) and for the coefficients b; of B¢
show that deg(b;) < p"™. We conclude that the degree of ¢(c;, C'), when considered
as polynomial in C, is at most p?*~!. Since the cardinality of W is p?", it follows that
there exists a co € W, and therefore oy, ., € P, such that €(cy, c2) # 0. We conclude
that Z(P) = (p).

Since pop. = Opi1.e, it follows from part [3] of Proposition that the map
P—=W, Ope > C

is a surjective group homomorphism with kernel (p). This proves part [2|
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3. Let 0 := 04, ¢,, 0" := 0p,, € P be two noncommuting elements, and write € = €(cy, ¢2).
Part [1]implies that oo’ = p~“0’0. Since 0,0’ and p have order p (part [2] of Lemma [4.1)),
it follows that o and ¢’ generate a subgroup E(c,0’) of order p? of P, which contains
Z(P) = {p). Since the exponent of this subgroup is p, it is isomorphic to E(p?).

For an arbitrary element o, € P, part |l| implies that o} .00, L e (p,0) C E(0,0),
and similarly for ¢’ replacing o. Thus E(o,¢’) is a normal subgroup, proving part .

]

Theorem 5.3. Assume that h > 1. Then the group P is an extraspecial group of exponent
.

Proof. Since h > 1, part 2 of Lemma shows that P is an extraspecial group. Part [2] of
Lemma [4.1] yields that P has exponent p. O

We now show that P is a central product of h copies of E(p?), i.e., P is isomorphic to
the quotient of the direct product of h copies of E(p?®), where the centers of each copy have
been identified. These subgroups of P of order p? have been described in part [3| of Lemma
0.2l

Corollary 5.4. Assume that h > 1. Then P is a central product of h copies of E(p?).

Proof. Theorem I11.13.7.(c) of [5] states that P is the central product of h extraspecial groups
P; of order p®. Since P has exponent p, it follows that the groups P; have exponent p as
well. Therefore P; ~ E(p?). O

We describe the decomposition of P as a central product from Corollary explicitly;
this description is in fact the proof given in [5, Theorem I11.13.7.(c)]. The proof of part 2| of
Lemma shows that €(cy, ¢y) defines a nondegenerate symplectic pairing

WxW =T, (c1,c2) — €(cq, ).
We may choose a basis (c1,...,cp, ¢, ..., c,) of W such that
e(ci, ¢j) = 0,

where §; ; is the Kronecker function. In particular, it follows that (ci,...,c,) C W is a
maximal isotropic subspace of the bilinear form e.

For every ¢, choose elements o;, o) € P which map to ¢;, ¢}, respectively, under the quotient
map from part [2 of Lemma [5.2] This corresponds to choosing an element b; as in part [3| of
Proposition [3.2] for each i. Part [1] of Lemma [5.2] implies that o; does not commute with o7,
but commutes with o, 0} for every j # i. Therefore E; = (03, 07) is isomorphic to E(p?)
(part (3| of Lemma . It follows that P is the central product of the subgroups F;.

We finish this section with a description of the maximal abelian subgroups of P. This

will be used in Section [] to obtain a decomposition of the Jacobian of Ck.
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Proposition 5.5. Let h > 1.

1. Every mazimal abelian subgroup A of P is an elementary abelian group of order p"*1i,
and is normal in P.

2. Let A~ (Z/pZ)"*' be a mazimal abelian subgroup of P. For any subgroup A = A, ~
(Z/pZ)" € A with A, Z(P) = {1} there exist subgroups Ay, ..., A,_1 of A such that

A=Z(P)UA U ---UA,,
A; ~ (Z/pZ)", A; N Z(P) = {1}, AN A = {1} ifi # .

3. Any two subgroups A of A of order p" which trivially intersect the center of P are
conjugate inside P.

Proof.

1. The statement that the maximal abelian subgroups A of P have order p"*! is Theorem
I11.13.7.(e) of [3].

2. A maximal abelian subgroup A is the inverse image of a maximal isotropic subspace of
W. Since P has exponent p, we conclude that A ~ (Z/pZ)"*! is elementary abelian.
Part [I] of Lemma [5.2] and the fact that A is the inverse image of a maximal isotropic
subspace of W imply that A is a normal subgroup of P. This proves part [I]

Let A C P be a maximal abelian subgroup. Without loss of generality, we may assume
that A corresponds to the maximal isotropic subspace generated by the basis elements
1, ..., cp of W as described above. In this case we have A = (p,01,...,05) where o;
maps to ¢; under the map from part [2 of Lemma [5.2] Define

A, = (01,...0n).

This is a subgroup of A of order p" such that A, N Z(P) = {1}.

We define 7 = 0y, S where b is some solution of the equation
B b= (¢ + o+ IR+ + )
as specified in Remark [3.3] Let
Ai:TiApT_i, i=1,....,p—1.

By part 28] of Proposition 2.1 B.(X) is additive in ¢. This implies that

h
By s (X) = ) Bu(X).
i=1
The choice of the basis ¢;, ¢; of W, together with part [I]of Lemma 5.2 implies therefore

that
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— —e(cl e o
ror ! = p ey = p ey = pos.

It follows that A; N Z(P) = {1} and A; N A; = {1} if i # j. By counting, we see that
each non-identity element of A is contained in exactly one A;. This proves part [2

3. Let A, A" be two subgroups of A as in the statement of part [3] Without loss of
generality, we may assume that A = A, = (01,...0y), as in the proof of part 2| Then
A = (poy...,pMhoy) for suitable j; € F,. Define ¢ = Z?Zl jic; € W and choose b
with ¥ — b = B.(c)/2. As in the proof of part [2[ it follows that 7 := o}, satisfies
TAT1 = A

]

6 Decomposition of the Jacobian of Cj

In this section we decompose the Jacobian of Cr over the splitting field IF, of the polynomial
E. This decomposition allows us to reduce the calculation of the zeta function of Cy over
F, to that of a certain quotient curve. This quotient curve is computed in Section E and
Section |§ combines these results to compute the zeta function of Cr over F,.

The decomposition result (Proposition [6.3) we prove below is based on the following
general result of Kani-Rosen (Theorem B of [§]).

Theorem 6.1. Let C' be a smooth projective curve defined over an algebraically closed field
k, and G a (finite) subgroup of Auty(C) such that G = HyUH,U...UH;, where the subgroups
H; < G satisfy H; N H; = {1} fori# j. Then we have the isogeny relation

Jac(C)'™! x Jac(C/G)? ~ Jac(C/H)"™ x --- x Jac(C/H,)"™,
where g = #G, h; = #H;, and Jac" = Jac x --- x Jac (n times).

We apply Theorem to a maximal abelian subgroup A C P. Recall from part |1} of
Proposition that A is an elementary abelian p-group of order p"*! which contains the
center Z(P) = (p) of P. Part [3| of Proposition implies that all automorphisms in A are
defined over F,.

Recall from part part [2| of Proposition the existence of a decomposition

A=A UAU---UA,, (6.1)

where Ag = (p) is the center of P and for i # 0 the A; are elementary abelian p-groups of
order p”.

Each group A; defines a quotient curve C4, := Cgr/A;. Since all automorphisms in A;
are defined over F, it follows that the quotient curve C4, together with the natural map
ma,: Cp — 6,41. may also be defined over F,. The following lemma implies that all curves
UAZ, are isomorphic over F,.
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Lemma 6.2. Let A be a maximal abelian subgroup of P, and let A and A" be two subgroups
of A of order p" which have trivial intersection with the center of P. Then the curves Cr/A
and Cr/A" are isomorphic over F,.

Proof. Part [3| of Proposition [5.5] states that the subgroups A and A’ are conjugate inside P.
Namely, we have A’ = 7A7~! for an explicit element 7 € P. The automorphism 7 of Cr
induces an isomorphism

7: Cr/A — Cr/A".
Since 7 is defined over [y, this isomorphism is defined over F, as well. O

We write Jg := Jac(Cg) for the Jacobian variety of Cg. Since Cf is defined over F,
and has an F,-rational point, the Jacobian variety Jp is also defined over F,. The map 74,
induces [F,-rational isogenies

Tt Jp — Jac(Ca,), 74, Jac(Ca,) — Jr. (6.2)

The element

€4, = I%?TZZ_ o4, . € End’(Jg) := End(Jz) ® Q
is an idempotent ([8], Section 2) and satisfies the property that e4,(Jg) is isogenous to
Jac(C 4,). Note that p” is the degree of the map ma,.
In the following result we use these idempotents to decompose Jr. The same strategy
was also used in [21], Section 10| in the case that p = 2. In that source, Van der Geer and
Van der Vlugt give a direct proof in their situation of the result of Kani-Rosen (Theorem

that we apply here.

Proposition 6.3. There exists an F,-isogeny
—_— h
JR ~TF, JaC(CAp)” .

Proof. We apply Theorem to the decomposition (|6.1)) of a maximal abelian subgroup A
of P. This result shows the existence of a k-isogeny

p
T2 5 Jac(Cr/ AP~y Jac(Ca, ) x [ Jac(Ca)"". (6.3)

i=1

The groups A and Ay contain the Artin—Schreier element p; hence the curves Cr/A and
C'4, have genus zero (part 2| of Lemma [4.5). Therefore the Jacobians of these curves are
trivial and may be omitted from (6.3).

As before, let €4, € End (Jg) denote the idempotent corresponding to A;. Theorem 2 of
[8] states that the isogeny relation from (§6.3) is equivalent to the relation

P
p-1ln~ ph(z ea,) € End’(Jg).

=1
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Here, as defined on page 312 of [§], the notation a ~ b means that x(a) = x(b) for all virtual
characters of End’(Jg). Since End’(Jg) is a Q-algebra, we may divide by p on both sides of
this relation. Applying Theorem 2 of [§] once more yields the isogeny relation

p
Jr ~ [ [ Jac(@a )" (6.4)

=1

We have already seen that the isogenies 7. and 74, . are defined over F,. It follows that
the isogeny is defined over F, as well (see also Remark 6 in Section 3 of [8]. Since the
curves C 4., and hence also their Jacobians, are isomorphic (Lemma , the statement of
the proposition follows. O

7 Quotients of 'z by elementary abelian p-groups

We consider again a maximal abelian subgroup A =~ (Z/pZ)"*! of P and choose A C A with
A~ (Z/pZ)" and AN Z(P) = {1}. In this section we compute an F,-model of the quotient
curve C 4 = Cr/A. Lemma implies that the F,-isomorphism class of the quotient curve
does not depend on the choice of the subgroup A.

Since AN Z(P) = {1}, part [1] of Lemma implies that the filtration of higher ramifi-
cation groups in the lower numbering of A is

A=Gy=Gp 2 Gy = {1},
so the Riemann-Hurwitz formula yields
29(Cr) —2=p"(p—1) —2 = (29(Ca) — 2)p" +2(p" — 1).

We conclude that g(C4) = (p — 1)/2.

Proposition implies that the elements of A commute with p, since p € Z(P). It
follows that C4 is an Artin-Schreier cover of the projective line branched at one point.
Artin-Schreier theory implies therefore that C'4 may be given by an Artin-Schreier equation

YP—Y = fa(X),

where f4(X) is a polynomial of degree 2. Theorem below implies that this polynomial
fa(X) is in fact of the form f4(X) = a4X? for an explicit constant as. These curves are
all isomorphic over the algebraically closed field k, but not over F,. The following lemma
describes the different F,-models of the curves Y? — Y = eX? for e € F,.

Lemma 7.1. For e € F,, define the curve D, by the affine equation
YP - Y =eX? (7.1)

Two curves D., and D., as in are isomorphic over ¥y if and only if e1/es is the product
of a square in ¥, with an element of ¥y. In particular, over ¥y, any two of these curves are
1somorphic.
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Proof. Let D., and D., be curves of the form . Suppose there exists an [F -isomorphism
¢: Dy = D.,. We claim that there exists an [ ,-isomorphism which sends co € D, to
00 € De,.

We first consider the case that p # 3, i.e., g(D,,) > 2. In this case, Proposition 3.3 of
[11] states that there exists an automorphism o of D., over F, such that ¢ o o sends the
point oo € D, to the point co € D,.,. To prove the claim it suffices to show that ¢ may be
defined over F,.

To prove this, we follow the proof of Proposition 3.3 of [11] and use the fact that ¢ maps
every point of D, to a point of D,, with the same polar semigroup. Theorem 3.1.(a) of
[T1] implies that the only points of D., with the same polar semigroup as oo are the points
Q; := (0,i) with ¢ € F,. It follows that ¢ '(00) is either co or @; for some i € F,. In the
former case, there is nothing to show. If ¢ ~1(0c0) = Q;, we may choose

- x w—1
U(Qf,y) - y(erl)/Q) y .

Note that this is an automorphism of D., which maps oo to );. Moreover, o is defined over
the field of definition of D,,. This proves the claim for p > 3.

We prove the claim in the case that p = 3. In this case the curves D,, are elliptic curves.
The inverse ¢~ ': D, = D,, of ¢ is also defined over F,. It follows that Q := ¢~ !(c0) €
D.,(F,) is F -rational. Then the translation 7g_o.: P — P + @) — 0o is defined over F, and
sends the unique point oo € D, to (). Precomposing ¢ with 75_ gives an [F -isomorphism
which sends co € D,, to oo € De,.

Therefore, without loss of generality we let ¢: D, — D,., be an [F-isomorphism which
sends the unique point of D,, at co to the unique point of D,, at co. Any such automorphism
can be written as p(x,y) = (vyx + 11, 1y + v3) with v; € F, and 1,1y # 0. The condition
that ¢ maps D,., to D,, is equivalent to

p_ 2
Uy = Uy, Va€1 = Ca2ly,
0 = 2es1911, vl — g = egui. 7.3

It follows that v; = 0 and 15,15 € F),. The coefficient e, is given by

Va€1
€y = —5.
v
This proves the first assertion of the lemma. The second assertion is clear since any element
=k, R
of F, is a square in F . O

We now compute an F,-model of the curve Cr/A for A C P an elementary abelian
subgroup of cardinality p" with AN Z(P) = {1}. We prove this by induction on h, following
Section 13 of [21]. The following proposition is the key step in the inductive argument. The
formula for the coordinate V' of the quotient curve given in Proposition 13.5 of [21] contains
an error that has been corrected here. We recall that R(X) is an additive polynomial of
degree p" with leading coefficient a;, € F,» C F,.
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Proposition 7.2. Assume that h > 1, and let
o(z,y) = ope(x,y) = (r+ ¢,y + b+ B.(x))

be an automorphism of Cr with ¢ # 0 and b = B.(c)/2. Then the quotient curve Cr/{c) is
isomorphic over F, to the smooth projective curve given by an affine equation

VP —V = f(U)=UR), (7.4)

1

where R(U) € F (U] is an additive polynomial of degree p"~' with leading coefficient

s lem  hFEL
g2 ifh=1.

2cp—1

Proof. In the proof c¢ is fixed, therefore we write B(X) for B.(X). We define new coordinates

X
U=XP—c'X, V=-Y+UX)=-Y+9X*+ ?B(X), (7.5)
where 7 is defined by
_ B9
o 2e

One easily checks that U and V are invariant under o. The invariance of V' under o is
equivalent to the property

V(X +c¢)—VY(X)=B(X)+b.

Here we use the definition of b as b = B(c)/2. Since U and V' generate a degree-p subfield of
the function field of Cz and the automorphism o has order p, U and V' generate the function
field of the quotient curve Cr/(o).

The Artin—Schreier automorphism p induces an automorphism p(U, V) = (U,V — 1) on
the quotient curve Cr/(c). It follows that the quotient curve is also given by an Artin—
Schreier equation, which we may write as

VPV = —YP 4+ Y + UP(X) — U(X) = —XR(X) + UP(X) — U(X). (7.6)

It is clear that the right-hand side of can be written as a polynomial f (U) in U, since
it is invariant under o by construction. Since the constant term of U is zero, the right-hand
side has a zero at X = 0, so f(U) € UF,[U].

Recall that part [I] of Proposition [3.2] established

B(X)? — B(X) = cR(X) + XR(c). (7.7)
This implies

X(BX)" = B(X)) X*R(c)

XR(X) =
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It follows that
B(X)P

cP

— XR(X) 4+ VP(X) - ¥(X) = U+~PX% 4+ X? (@ - 7> : (7.8)

Using ((7.7)) one computes
B(c)”

Cp—i- 1

PXP + X? (—R<C) —v) =PU* - XU.
C

Define
_ BX)P  B(c)f

Since © is invariant under o, we may write O(X) = 0(U) as a polynomial in U. Note that
6(0) = 0 since ©(0) = 0. The additivity of the polynomials B and U in the variable X
imply that the polynomial ¢ is additive in the variable U. It follows that we may write
(U) = Z?:_()l w;UP". From , we deduce that the leading coefficient of 6 is

D
" o b )
h—1 prs —Cp_l-

Altogether, we find .
VP—V =fU)=U@OU)+A~"U).

Setting R(U) := O(U)+~PU, we see that R(U) is an additive polynomial in U. The statement
about the leading coefficient of R(U) follows from the definitions of # and ~. [

Remark 7.3. The above proposition is a corrected version of Proposition 13.5 of [2I] that
extends the result for p = 2 in Proposition 9.1 of [2I]. Van der Geer and Van der Vlugt
only indicate the generalization of their results to characteristic p > 3. A crucial difference
between even and odd characteristic is that in characteristic 2 the extraspecial group P
contains elements of order 4. If the automorphism o3, has order p = 2, then c satisfies
B(c) = 0. This considerably simplifies the computation in the proof of Proposition .

The distinction between elements of order 2 and 4 in P\ Z(G) in characteristic 2 yields
a decomposition of the polynomial E (Theorem 3.4 of [21]). There is no analogous result in
odd characteristic.

Recall from Section [5] that every maximal abelian subgroup A of P is the inverse image
of a maximal isotropic subspace A of W. For any such A, let {ci,...,c,} be a basis of A as
described prior to Proposition . Then every subgroup of A of order p" that intersects Z(P)
trivially is generated by automorphisms of the form {oy, ¢\, ..., 04, ¢, } Where 0¥ —b; = ¢;R(¢;)
for 1 < i < h. In fact, there is a one-to-one correspondence between such subgroups of A
and sets of elements {by, ..., by} satisfying b — b; = ¢;R(c;). By Remark the elements in
all these sets are of the form b; = B,,(¢;)/2 + §; with 3; € F,,.
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Theorem 7.4. Assume h > 1. Let A be a maximal abelian subgroup of P. Any subgroup A C
A of order p" that intersects the center Z(P) of P trivially gives rise to an F -isomorphism
of the quotient curve C4 onto the smooth projective curve given by the affine equation

YP -V = a X2

Here

ia= ] «

c€A\{0}

where we recall that ay, is the leading coefficient of R and A is the mazimal isotropic subspace
of W that is the image of A under the quotient map P — W.

Proof. We prove by induction on h that there exists a subgroup A C A with A ~ (Z/pZ)"
and Z(P)NA = {1} such that the quotient curve C'y = Cy/A is given over F, by the equation
stated in the theorem. The statement of the theorem follows from this using Lemma [6.2]

For h = 0 there is nothing to prove.

Assume that h > 1 and that the statement of the theorem holds for all additive polynomi-
als R(X) of degree p"~1. Fix a basis {c1, ¢s, ..., c} for the image of A in W. We may choose
by = Be,(cn)/2. As in Section 5, we write o (2,y) = 0, ¢, (,y) = (& 4 cn,y + by + B, (2)).
Propositionimplies that the quotient curve Cj,_; := Cr/(0oy) is given by an Artin—Schreier
equation

Y2 = Yo = Xoa Rut (X0 1),

where Rj,_; is an additive polynomial of degree p"~!.

Since A is an abelian group, it follows that Aj,_; := A/(os) ~ (Z/pZ)" is a maximal
abelian subgroup of the Sylow p-subgroup P,_; of Aut®(C},_1). The definition of the coordi-
nate X;_; as X? — cfl_lX in the proof of Proposition implies that A,_; corresponds to
the maximal isotropic subspace (¢1,...,¢n—1) of W,y := W/{cp, c},), where ¢; = ¢ — c’;L_ch-
and ¢j, € W is an element with €(c¢;, c},) = &;, as in Section [5|

The induction hypothesis implies that there exists a subgroup A,_1 C Aj,_; with A, _; ~
(Z/pZ)"* and A1 N Z(P,_1) = {1} such that the quotient C}_;/A;_; is given by

Yy — Yo = aa, , X
We may choose b; satisfying b7 — b; = ¢;R(¢;) for i = 1,...,h — 1 such that the images of
Tbycrs -+ Oby_q.ony i Ap_1 generate A,_; (Remark . Put o; = oy, ., fori=1,...,h —1.
Then A := (04, ...,0p) satisfies
CR/A =r, Chfl/Ahfl-

This concludes the induction proof.
The statement about a4 follows immediately from the formula for the leading coefficient
of the quotient curve given in Proposition n
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8 The zeta function of the curve Cp

In this section, we describe the zeta function of the curve Cg over the splitting field I, of
the polynomial F(X) defined in (1.2)).

Let C be a curve defined over a finite field Fs, and write N,, = #C () for the number
of points on C' over any extension Fjs» of Fps. Recall that the zeta function of C, defined as

Ze(T) = exp (Z N’f") ,

n>1

is a rational function with the following properties:
1. The zeta function may be written as

Leg,. (T)
(1=T)(1 —pT)’

Zo(T) =

where Lo . (T') € Z[T] is a polynomial of degree 2g(C') with constant term 1.

2. Write L(T) = [[2,(1 — a;T) with o, € C. After suitably ordering the a;, we have

pS
Q2g—i = Pt |l =p2.
7

3. For each n, we have

29
Ny = #C(Fpn) = 14" = Y al.
i=1

2g

Loy, (T) = [[(1 = aiT)

=1

as above, then for any r > 0, we have

29

Lo, (T) = H(l —ofT).

=1

The numerator Le,.(T') of the zeta function Z¢(T') over Fys is called the L-polynomial of
C/Fps. If the field is clear from the context, we sometimes omit it from the notation and
simply write Lo (T).

Recall that the Hasse-Weil bound asserts that

[#C(Fye) — (0° + 1)] < 2p°9(C).
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A curve C/F,s is called mazimal if #C(Fps) = p* + 1+ 2p*/2g(C) and minimal if #C(F,s) =
p* +1—2p°/2g(C). Since the number of points on a curve must be an integer, if C' is a
maximal curve, then s must be even. Furthermore, using properties [2f and |3|above, it is clear
that C is maximal if a; = —p*/? for each 1 < j < 2¢(C), and C is minimal if a; = p*/? for
each 1 < j <2¢(C).

Assume that s is even and that s is an extension of F,. In the notation of Proposition
2.6, we have w, = dimg, W = 2h (Corollary . Since the curve Cg has genus p(p — 1) /2,
Proposition [2.6] implies that C'g is either maximal or minimal in this case. Moreover, one
easily sees that if either s is odd or [F,s does not contain [Fy, then Cg is neither maximal nor
minimal. The following proposition asserts that this almost determines the zeta function of
Cr over F,. The statement is an extension to odd characteristic of Theorems 10.1 and 10.2
of [21]. Note that the statement for odd characteristic is simpler than that for characteristic
2.

Proposition 8.1. Let F,« be an extension of F,, the splitting field of E(X). Write g =
p"(p —1)/2 for the genus of Cg.

1. If s 1s even, the L-polynomial of Cg is

Loy (T) = (14 p*/*T)%.

2. If s is odd, the L-polynomial of Cg is

Leg(T) = (1% pT2).

Proof.

1. Let ai,..., a9, be the reciprocal zeros of the L-polynomial of C' over s, where we
order the «; such that a;og,—; = p°.

We first assume that s is even. Since F,s is an extension of F,, we have
2g
Ny = #Cp(Fp) = 14+p° £20p"° = 149 = 3 a,.
i=1

Since |a;| = p*/? we conclude that
_ _ _ s/2
Q=+ = Qg = E£p”°.
This proves part

2. We now assume that s is odd. Proposition [2.6] implies that

29

Ny = #Cr(Fp) =1+p =14p" =Y a; (8.1)

=1
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Since the reciprocal roots of the L-polynomial of C' over F s are oz?, we conclude from
part || that either af = p® or of = —p® for all j.

If o = —p® for all j, then a; = =ip*/?, where i is a primitive 4th root of unity. It
follows that ag,_; = p*/a; = —ca;. Hence

(1 — O[]T)(]_ — a29_jT) = 1 +pST2.
Assume now that a? = p* for all j. In this case we have a; = +p*/? and ay,_; =
p*/a; =a;. Let m = #{1 < j < g|a; =p¥?}. It follows from (8.1]) that
0= #Cr(Fps) — (0° + 1) = p**(=2m + 2(g — m)).

We conclude that 2g = 4m, i.e., m = ¢/2 (in particular, g is even). For the L-
polynomial of Cr over F,s we find

Lo (T) = (1= p°T?),

as claimed in part [2]

Remark 8.2.

. The proof of part [2| of Proposition [8.1] shows that the case L¢, (T) = (1 — p*T?)9 can
only occur when g is even, i.e., if p =1 (mod 4).

. Assume that s is even. Then «o; = p*/? or a; = —p*/? for all 1 < j < 2¢, and therefore
Cr is either minimal or maximal. If Cr is minimal over F,s, each o; = p*/%. The
curve Cg therefore remains minimal over each extension field F,.s. If Cr is maximal
over [F,s, each o; = —p*/2. The reciprocal roots of the L-polynomial over F,sr are
a; = (—1)/p*//2. We conclude that Cg is maximal over e if f is odd and minimal
if f is even.

To determine the zeta function of Cg, it remains to decide when the different cases occur.
The following result, which is an immediate corollary of Proposition[6.3] reduces this problem
to the case h = 0.

Corollary 8.3. Let A ~ (Z/pZ)" C P be a subgroup with AN Z(P) = {0}. Write Cy =
Cr/A. Then

h

Lepr,(T) = Lg, g, (T)°

Proof. This is an immediate consequence of Proposition [6.3] since abelian varieties which
are isogenous over F, have the same zeta function over [F,. This follows for example from
the cohomological description of the zeta function in Section 1 of [9]. O
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Recall from Theorem that the curve C' 4 from Corollary is a curve of genus (p—1)/2
given by an affine equation of the form

YP—Y = aX?,

for some a € ;. This corresponds to the case h = 0. All curves of this form are isomorphic

over F, and the different F,-models are described in Lemma . The next result determines
the L-polynomials of the curves C'4. In the literature one finds many papers discussing the
zeta function of similar curves using Gauss sums (for example [3], [9], [23].) We give a
self-contained treatment here based on the results of Section 2

Theorem 8.4. Consider the curve Cg over some extension of F, and put g = g(CRr). For
h > 1 we put a = ay with ay as given in Theorem[7.4) for some choice of A. For h =0 we
let a = ay, be the leading coefficient of R.

1. If p=1 (mod 4), then the L-polynomial of Cr over Fps is given by

(1 —p°T?)9 if s is odd,
Loy, (T) =S (1—p**T)%  if s is even and a is a square in F,

(14 p*/?T)%  if s is even and a is a nonsquare in Fo..

2. If p=3 (mod 4), then the L-polynomial of Cr over s is given by

(1+ p°T?)9 if s is odd,

(1=p?T)% ifs=0 (mod4) and a is a square in F,,
Logr,(T) = (1+p/?T)% ifs=0 (mod4) and a is a nonsquare in Fy.,
(1+p*2T)%  ifs=2 (mod 4) and a is a square in F7s,
(L=p?T)% ifs=2 ( )

mod 4) and a is a nonsquare in F,.

Proof. Corollary implies that it suffices to consider the case h = 0. To prove the theorem
we may therefore assume that R(X) = aX. We label the corresponding curve D, as we do
in Lemma [Z.T]

Case 1: The element a is a square in .

Then Lemma implies that D, is isomorphic over [F, to the curve D; given by the
affine equation Y? —Y = X2, Since D is defined over F,, we compute its L-polynomial
over IF,. The argument that we use here proceeds in the same manner as in the proof of
Proposition However, since both the polynomial R(X) and the field are very simple, we
do not need to consider the quadric () considered in that proof explicitly.

As in the proof of Proposition it suffices to determine the number N, of IF2-rational
points of the curve D;. We have p+1 points with = € {0, 00}. As in the proof of Proposition
, the F,2-points with  # 0, 0o correspond to squares z = 2% with Trg ,/r, (z) = 0. Every
such element z yields exactly 2p rational points. Since Trg ,/m, (z) = z + 2P, the nonzero
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elements of trace zero are exactly the elements with 2?~! = —1. Choosing an element ¢ € F
of order 2(p — 1), we conclude that the nonzero elements with trace zero are

ker(Tre ,/w,) \ {0} = {¢¥*" | =0,...,p—2}.

First suppose that p =3 (mod 4). Then all the elements of ker(Tr]Fp2 /F,) are squares in [Fp2,
SO

#D1(Fpe)=1+p+(p—12p=1+p°+ (p—1)p.
As in the proof of Proposition it follows that a; = +ip'/? = —agy—; for 1 < j < g after
suitable relabeling. If s is even then of = a5, _; = i*p*/? and

. 1—p*2T)? ifs=0 (mod 4)
L= 0T — a8, T) = 1— 22T + p7? = ’
( Q; )( Qog—j ) Lty p (1 +ps/2T)2 if s=2 (mod 4)

If 5 is odd then af = £i*p"/? = —a3,_;, and therefore
(1-aT)(1— a3, ;T)=1+4p°T"

Now assume that p =1 (mod 4). Then none of the elements of ker(Trp ,/x,) are squares
in F,2, and we conclude that

#Dy(Fpe)=1+p= 14—p2 —(p—=1)p.

Again as in the proof of Proposition it follows that, up to relabeling, o; = p¥/? = Qg j
for 1 < j < g/2, and o = —p*/? = g, for g/2+1 < j < g. (Note that g is even since
p = 1 (mod 4).) We may therefore relabel again to ensure that a; = p*/? = —ay, ;, for
1 <j < g. With this new labeling, if s is even, then o = a3, ; = p*/?, and

(1-aiT)(1 -«

Fag2T) = (L= p?T)?,

s/2

and if s is odd then o = p¥* = —ay,; and

(1= a3T)(1 = sy, T) = (1= p*T)(1 + p*°T) = (1 = p°T?).

This concludes Case 1.

Case 2: The element a is a nonsquare in F), and s is odd.

Then the set {af* : § € F}, } contains }% distinct elements, all of which are nonsquares.
As a consequence, this set contains all nonsquares of Fs. For s odd, the nonsquares in F}, are
also nonsquares in F},, and therefore the set {af” : 8 € F},} contains an element in F}. (In
fact, this set contains all the nonsquares in F,.) Lemma now implies that the curve D,
is isomorphic over F, to the curve D;, and the desired result follows therefore from Case 1.

Case 3: The element a is a nonsquare in Fj. and s is even.
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Here, we consider M := ker(Trg,./r,) = {2 € Fps | Trr,./r,(2) = 0}. Since the trace is
surjective and F-linear, the cardinality of M is p*~'. We may write M as a disjoint union

M = {0} U M* U M™,

where M54 (resp. M™9) are the elements of M \ {0} which are squares (resp. nonsquares) in
Fr,.
As in the proof of Case 1 we have

#D1(Fps) = 1+p+ #M™ - 2p,
and a similar argument gives
#Do(Fps) =1+ p+##M™- 2p.

From the expression for #D;(F,s) computed in Case 1, it follows that

S

71_ _ _ .
LM = ?1 + %p(s /2 ifp=3 (mod4)and s=2 (mod 4),
qu - @p(s—m/g ifp=1 (mod4)ors=0 (mod4).

Since #M™9 = #M — 1 — #M*4 = p*~! — 1 — #M*9, we conclude that

#D,(F,) = 1+p*—(p—1)p’? ifp=3 (mod4)ands=2 (mod 4),
v I1+p°+(p—1)p’? ifp=1 (mod4)ors=0 (mod4).

The expressions for the L-polynomial now follow as in the previous cases. O

We finish this section by proving that all curves C'r are supersingular. This result is not
new. Our proof just adds some details to Theorem 13.7 in [21]. An alternative proof is given
by Blache ([I], Corollary 3.7 (ii)).

Proposition 8.5. The curve Cg is supersingular, i.e., its Jacobian is isogenous over k = Fq
to a product of supersingular elliptic curves.

Proof. The curve Cp is supersingular if and only if all the slopes of the Newton polygon of
the L-polynomial are 1/2. (This follows for example from [19], Theorem 2.) The statement
of the proposition follows therefore from Theorem [8.4] . O

The reasoning of Van der Geer and Van der Vlugt for Theorem 13.7 of [21] is slightly
different, since they do not compute the L-polynomial of C'r over F,. They argue that the
Jacobian variety Jy of Cg is isogenous over k to p” copies of the Jacobian of the curve D,
with equation Y? —Y = X?. (This is a weaker version of Proposition ) They then use
the fact that the curve D, is supersingular.
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9 Examples

By work of Thara [6], Stichtenoth and Xing [17], and Fuhrmann and Torres [4], we know that
for ¢ a power of a prime, a curve C' which is maximal over F . satisfies

0y [0, 5] o fre=0),

Moreover, the Hermite curves are the only maximal curves of genus % ([13]).

Recall from Section [§ that a curve C' is maximal over F. if and only if it L-polynomial
satisfies Log . = (1 + p**T)»©). In our setting, Theorem shows that for a curve Cg
of the type considered in this paper and a defined as in Theorem , if F)s contains the
splitting field F, of E(X), then Cg is maximal over F,. if and only if one of the following
holds:

e s is even, a is a nonsquare in [y, and p =1 (mod 4),
e 5s=0 (mod 4), a is a nonsquare in F;, and p =3 (mod 4),
e s =2 (mod 4), ais a square in F}, and p = 3 (mod 4).

In each case the negation of the condition on a guarantees that C'g is a minimal curve over
F,s.

p

In light of these facts, the only difficulty in generating examples of maximal and minimal
curves lies in computing suitable elements a. In this section we present certain cases in which
such a can be computed. We start with a discussion of the case h = 0, and then turn our
attention to R(X) = X?". At the end we briefly investigate isomorphisms between certain

curves Cr and curves with defining equations
YP4Y = XP'H

Throughout this section, we let H, denote the Hermite curve which is defined by the affine
equation
YP+Y = XPH (9.1)

As mentioned above, this is a maximal curve over F2. The curve Y?+Y = X? is a quotient
of the Hermite curve Hy,, and therefore this curve is maximal over F,2. The following lemma
determines when the twists

Y?P —Y =aX?

of this curve are maximal.

Lemma 9.1. Let R(X) = aX € Fp2:[X]. Then Cg is mazimal over F s if and only if one
of the following conditions holds:

1. p=1 (mod 4) and a € s is a nonsquare,
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2. p=3 (mod 4), s is even, and a € F2. 15 a nonsquare,
3. p=3 (mod 4), s is odd, and a € o0 is a square.

Proof. In this case we have E(X) = 2aX, hence F . automatically contains the splitting
field of E. The lemma therefore follows from Theorem [8.4] O

Remark 9.2. The database manYPoints ([20]) compiles records of curves with many points.
The following two maximal curves fall in the range of genus and cardinality covered in the
database. However, in both cases there is as yet no explicit example of a maximal curve of
this genus over this field in the database.

1. In the case where h = 0, p = 11 and s = 4, let a € F];4 be a nonsquare. Then the
curve
Y —Y =aX?

is maximal over F114+ and of genus 5.

2. In the case where h = 0, p = 19 and s = 4, let a € F;g« be a nonsquare. Then the
curve
Y-y =aX?

is maximal over [Fi9+ and of genus 9.
The following proposition gives an example of a class of maximal curves with small genus

compared to the size of their field of definition, in contrast to the Hermite curves which have
large genus. A similar result for p = 2 can be found in Theorem 7.4 of [21].

Proposition 9.3. Let h > 1.

2

1. Let R(X) = X*". Then E(X) = X

curve Cr is minimal over [Fy.

"+ X, which has splitting field Fy = Fjan. The

2. Let a) € IF;% be an element with ath_l = —1 and define R(X) = anX?". Then
E(X)= aflh (XP™" — X)), which has splitting field F, = F,en. The curve Cg is maximal
over .

Proof. We first prove the statement about the splitting field of £(X) for both cases. Consider
the additive polynomial R(X) = apX P e ps[X] with A > 1. Then 1} shows that

E(X)=d" X" + a,X.
If a, = 1, then E has splitting field F; = Fpu. If a), € ]F;zh satisfies a],';hfl = —1, then

E(X) = azh (X?™" — X)), which has splitting field F, = [ 2n. In both cases, we conclude from
the explicit expression of E that

W={ceF,|&" = —a,lfphc}.
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For every ¢ € W, the formulas (2.4) and (2.5) imply that

(3

B(X) ==Y a'¢"" XV

We first consider the case that a, = 1. Choose an element ¢ € W \ {0}, i.e., " = —¢, and
define a
A={cC|(€Fn} CW.

For any two (j, ¢k in F», we have

h—1 h—1
h+i

h+1 7 7 7 h-+1 7 h+1
Beg,(cG) = =D 0" = =N T = B, (o),

=0 i=0

since Cph = ( for any ¢ € F,». Therefore the pairing from part |1| of Lemma satisfies

€(cC;, cCk) = Beg,(¢Cr) — Beeo(c(;) = 0 for any pair (c(j, () € A

We conclude that A C W is a maximal isotropic subspace. Write A C P for the correspond-
ing maximal abelian subgroup of P. Recall the constant from Theorem |7.4]

CI,A:% H Y.

veA\{0}

Here the leading coefficient a;, of R(X) is 1. The definition of A implies that

I =] ¢=-""

veA\{0} CEEln

We conclude that a4 = —cph*1/2 is a square in F}, since —1/2 is a square in . C I
Theorem [8.4] now yields
Lo, (T) = (1 = /aT).
It follows that C'y is minimal over F,. This proves part [I}
We now assume that a; € IF;% satisfies a‘zh = —ay,. In this case the splitting field of
E(X) is F, = F,n as shown earlier. Choose a primitive (p?" — 1)-st root of unity ¢. Then

we may write ap = C(Qj“)(ph“)/Q for some j. It follows that aj, € F} is a square if and only
if (ph+1)/2 is even. This is equivalent to p =3 (mod 4) and h odd.
We choose A = F,» CW =F . For every c,c’ € A, we have
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As in the proof of part [1, we conclude that A is a maximal isotropic subspace for the pairing

e from part [ of Lemma [5.2] Since
H c= -1,

ceA\{0}

we conclude that a4 is equivalent to a, modulo squares in Fy. (The argument is similar to
that in the proof of part ) We conclude that ay is a square in F} if and only of p = 3
(mod 4) and h is odd. Theorem implies that Cr is a maximal curve over F, in each of
these cases. This proves part [2| O]

Remark 9.4. In their follow-up paper [22] to [2I], Van der Geer and Van der Vlugt con-
structed further examples of maximal curves as a fiber product of the curves C'r. We have
not considered this construction in the case of odd characteristic. We leave this as a subject
for future research.

Example 9.5.
1. We consider the Hermite curve H,, given in (9.1), and the curve Cg given by
Y?P —Y = XPH
We claim that the curves H, and Cr are not isomorphic over F,2. To see this, we show

that #Cg(F,2) = 1+p # 14 p* = #H,(F,2). This clearly implies that the two curves
are not isomorphic over [F ..

We note that
P e — s, x = 't

is the restriction of the norm on 2 /F,, so the image of 1 is Fy. It follows that
Trg , v, (z'77) =227 £ 0 for all v € Fa.

We conclude that the F2-rational points of Cr are the p points with z = 0 together
with the unique point co. This proves the claim. (Exercise 6.7 in [I6] asks to prove
that H, and Cr are isomorphic over [F,2 if p =1 (mod 4). The above calculation shows
that this does not hold.)

However, the Hermite curve H,, is isomorphic over [F,2 to the curve given by
Cr : YP - Y = a; XPT,
where a; € [F2 satisfies alf_l = —1. The isomorphism is given by ¢: Cr — H,, (z,y) —
(z,aly). This conforms with part [2] of Proposition [9.3]
2. Let a5 € IF;;% be an element with aflh = —ay, as in part [2| of Proposition Write

R(X) = apX?". Then ¢: (z,y) — (z, az%_ly) defines an isomorphism between C'r and
the curve given by

YP4Y = XP'H
Part |2 of Proposition therefore implies that this curve is maximal over F,2». This
can also be shown directly, for example using Proposition 6.4.1 of [16].
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