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1. Introduction and statement of results

For a prime ¢ € Z, reduction modulo ¢ connects modular forms for the congruence
subgroup Ip(¢) to modular forms for the full modular group SLs(Z). More precisely, we
have the following two theorems:

In [12], Serre shows the following:

Theorem. There is a one-to-one correspondence between forms of weight 2 for I'y(€) with
rational £-integral q-series coefficients and forms of weight £+ 1 for SLo(Z) with rational
L-integral q-series coefficients. Furthermore, define
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T(f)= >  flh

Y€Lo(£)\ SL2(Z)

then the correspondence is given by the map

f=T(fg00)) (mod £)
where g(o) s an auxiliary form such that gy =1 (mod £).

In [2, Proposition 5.2], Ahlgren and Papanikolas generalize Lemma 3 from [1] and
show the following:

Theorem. Suppose that f € S, (I'o(€)) has rational, £-integral g-series coefficients, with

leading coefficient 1, and that f|[We] = £ f, where [Wy] is the Fricke involution. Let N(f)
be the multiple of

N(f) = II A

€l (€)\ SL2(Z)
that has leading coefficient 1. Then ﬁ@‘/) € Ske+1)(SL2(Z)), ﬁ@”/) has rational, (-integral
q-series coefficients, and

N(f) = f* (mod ¢).

The Drinfeld setting offers for function fields constructions analogous to elliptic curves,
modular forms, and modular curves in the classical setting. It is therefore natural to
wonder if analogous theorems hold in the Drinfeld setting, and in this paper we show
that they do.

For the remainder of this work, we now let ¢ be a power of a prime p, rather than the
classical €*™# above. For F, the finite field of order ¢, we set A = F,[T] and K =F,(T).
We will fix a monic prime polynomial 7(T') € A, of degree d, and denote by p the ideal
generated by this polynomial. Then we have:

Theorem 1.1. Let ¢ > 3. There is a one-to-one correspondence between forms of weight
2 and type 1 for I'y(p) with rational w-integral u-series coefficients and forms of weight

g% +1 and type 1 for GLa(A) with rational w-integral u-series coefficients. Furthermore,
define

Tr(f) = > £l

YETo(p)\ GL2(A)

then the correspondence is given by the map
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f=Tr(fg9(0)) (mod p)

where g(o) is an auxiliary form such that gy =1 (mod p).
And also

Theorem 1.2. Let f be a Drinfeld modular form for I'y(p) with integral u-series coeffi-
cients, and such that the leading coefficient of its u-series expansion is 1. Suppose further
that f is an eigenform of the Fricke involution. Let N(f)(z) be the multiple of

N(f) = 1T F1

vE€To(p)\ GL2(A)

e~

that has leading coefficient 1. Then N(f) has integral u-series coefficients and

N(f)=f* (mod p).

As in Serre’s classical work on this subject, Theorem 1.1 is a corollary of a more
general result, which we give here since it is of independent interest.

Theorem 4.1. Let f be a Drinfeld modular form of weight k and type l for I'n(p), with
rational u-series coefficients. Then f is a p-adic Drinfeld modular form for GLa(A).

This paper is organized as follows: In Section 2 we present basic facts on Drinfeld
modular forms to establish our notation. In Section 3, we perform some computation
to get formulae and integrality results for some operators we will need. In Section 4 we
prove Theorem 4.1, from which we will obtain Theorem 1.1. Finally, in Section 5 we

show Theorem 1.2.
2. Preliminaries and notation
Recall from the Introduction that we set A = F,[T], where ¢ is a power of a prime p,

and K = F,(T). We complete K at the infinite place voo(z) = —deg(z), and write
Ko =F,(1/T)) for the completion of K at this place. We will also write

C=K.

for the completed algebraic closure of K., and 2 = P}(C) —PY(K.) = C — Koo. 2 has
a rigid analytic structure described in [7], and we call it the Drinfeld upper half-plane.
The group GLy(A) acts on {2 by fractional linear transformations.
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2.1. The Carlitz module

Let Endcr, (G,) be the ring of IF,-linear morphisms of the additive group scheme G,
that are defined over the field C. Then Endcr,(G,) is the ring of polynomials of the
form

E a;x?, a; € C,

where the ring multiplication is composition.
We will need Carlitz’s module p of rank 1, first studied by Carlitz in [4]. It is the ring
homomorphism

p: A— Endq]pq (Ga)

av> pg
which sends T to the polynomial
pr(z) =Tz + z%. (2.1)

One can show that there is a unique rank 1 A-lattice L, and a rigid analytic, entire,
surjective, F4-linear, L-periodic function ey, : C'— C given by the product

er(z)==[] (1—§>

XEL
AZ0

such that for each a € A, the following diagram commutes:

0 L C C 0
l -a \L ‘a lpa
0 L L. 0,

where -a denotes the usual multiplication by a on C.
We write L = 7A, where the Carlitz period @ € Koo “V/~T) is defined up to a
(¢ — 1)th root of unity. We choose one such 7 and fix it for the remainder of this work.
For m € A a monic prime polynomial of degree d as in the Introduction, we have

pr(x) = T2 + Z a;z? + 24" (2.2)
1<i<d—1

with each «; in A.
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We have:

Lemma 2.1. (See Hayes [10, Proposition 2.4].) For any positive integer n and prime
w € A, the polynomial

is Fisenstein.

Corollary 2.2. If m € A is prime, p"f:) is irreducible, with coefficients in A. Furthermore,

pr(@) =2 (mod p),
where p is the ideal generated by .

Proof. That p,(x) has integral coefficients is clear from its definition, from which it
follows that p”T(z) also does. Since p;(z) = z, the other assertions follow from Hayes’s
Lemma above. O

2.2. Drinfeld modular forms

In this section, when we refer to rigid analytic objects we will mean rigid analytic in
the sense of [5]. For a more complete reference on Drinfeld modules and Drinfeld modular
forms, we refer the reader to Gekeler’s excellent Inventiones paper [6], or to the author’s
PhD thesis [14].

Recall that we use p to denote a prime ideal of A. For any such ideal, we define

roe) = { (1) € GLat) [ e=0 (aoa )}

a subgroup of GL2(A).

Let I" be GL2(A) or Ip(p). We may take the quotient I'\{2, and this space has a
rigid analytic structure inherited from that of 2. Furthermore, there is a smooth affine
algebraic curve M defined over C such that I'\{2 is canonically isomorphic to the rigid
analytic space associated to M. The curve M can be compactified; in the case where
I' = GL2(A) this is done by adding one cusp denoted oo, and in the case where I = I'y(p)
this is done by adding two cusps denoted by 0 and co. We denote the compactified curve
by Xo(p). An analytic parameter at oo is given by the analytic function
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where L is the lattice associated to the Carlitz module above, and 7 is the Carlitz period.
(This is not completely true: an analytic parameter is given by u(2)9~1, but since we
will deal with Drinfeld modular forms with type they will have expansions in w.)

Definition 2.3. Let I" be GLy(A) or Ip(p). A function f : 2 — C is called a Drinfeld
modular form of weight k and type l for I', where k > 0 is an integer and [ is a class in
Z/(qg—1)Z, it

(1) for v = (41) € T, f(32) = (det) ez + ) ()
(2) f is rigid analytic on §2;
(3) f is analytic at the cusps of I

Condition (3) means that for some — and therefore any — analytic parameter at the
cusp in question, f has a power series expansion in this parameter with positive radius of
convergence. In this paper we shall need to discuss the coefficients of such an expansion,
which are not independent of the choice of parameter. For the cusp oo, we fix once and
for all the function u above as this parameter.

To describe the expansion at the cusp 0 for a Drinfeld modular form f for I'y(p), we
first need to define a slash operator: For any x € K2, x can be written uniquely as

1 Voo ()

where (, € IFqX, and u; is such that veo(u; — 1) > 0, or in other words u, is a l-unit

at oo. We call (, the leading coefficient of x.
For v € GLy(K) we have that dety € K*. By (2.3), we can write

1\ Voo (det )
dety = Cdet’y(f) Udet ~ -

For simplicity we write
Cdet ¥ = C’Y‘

We define a slash operator for v = (¢ g) € GLy(K) on a modular form of weight k
and type [ by

ot o\ B2
Fleal] = ci(dct”) (e + d)* 1(72). (2.4)

Note that for v € GL2(A) we have that dety = (,; thus if f is modular of weight k and
type [ for I and v € I, then flx,[y] = f.
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The matrix

0 -1
(o)

sends the cusp oo to the cusp 0 on Xy(p). We define the u-series expansion of a Drinfeld
modular form f of weight k and type [ for I5(p) at 0 to be that of the form

Tz

at co. We take this opportunity to note that the operator | ;[W,] is an involution on
the Drinfeld modular forms for I'h(p) called the Fricke involution.

Finally, when we simply speak of the u-series expansion of a form, without specifying
a cusp, we will always mean the u-series expansion at the cusp oo.

2.8. Modular forms for GLa(A)

We will need a few facts about the algebra of Drinfeld modular forms for the full
modular group GLy(A), which we collect here.
For k a positive integer and z € {2, Goss defines in [9] an Eisenstein series of weight
k
q" — 1 by:

def k+1~1—qg" 1
lef (1 L S 2.5
S T Y 25)
(a,b)#(0,0)

where Lj is the least common multiple of all monics of degree k, so that

k

L= (T9-T)...(T% -T),

and 7 is the Carlitz period fixed above. These series converge and thus define rigid ana-
lytic functions on {2. They should be considered the analogues of the classical Eisenstein
series, and they can be shown to be modular of weight ¢* — 1 and type 0 for GLy(A).
Finally, it is shown in [6] that with this normalization each g has integral u-series
coefficients.

Another modular form for GLg(A) which will be important in this paper is the
Poincaré series of weight ¢ + 1 and type 1, first defined by Gerritzen and van der Put in
[8, p. 304]. Let H be the subgroup

(G ))eon
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and as usual

a b
= Ly(A).
gl (C d> € GL2(4)
Then we may define a series

def dety - u(vz)
h = E — (2.6)
+1
yeH\ GL2(A) (CZ + d)q

Using the properties of the function wu(z), this series can be shown to in fact define a
Drinfeld modular form of weight ¢ + 1 and type 1. It is shown in [6] that h also has
integral u-series coeflicients.

It is a well-known fact (see for example [6]) that the graded C-algebra of Drinfeld
modular forms of all weights and all types for GLo(A) is the polynomial ring C[g1, h]
(where each Drinfeld modular form corresponds to a unique isobaric polynomial). Be-
cause of the prominent role of the Drinfeld Eisenstein series of weight ¢ — 1 in the theory,
as is customary we will simply write g instead of g; from now on.

2.4. p-adic Drinfeld modular forms for GLo(A)

As before, 7(T) € A is a monic prime polynomial of degree d and we denote by p the
principal ideal that it generates. For z € K, we write vy,(x) for the valuation of = at p.

Definition 2.4. Let f = Zfio c;ut be a formal series with ¢; € K. Then we define the
valuation of f at p to be

vp(f) = irilfvp(ci).

For two formal series f = Y a;u’ and g = > b;u’, we write f = g (mod p™) if v, (f —
g) = m.

We note that it was shown in [6] that if 7(T) is of degree d, then
ga =1 (mod p).
Following the definition of Serre [12], we define

Definition 2.5. A p-adic Drinfeld modular form is a formal u-series expansion »_ a;u’
such that there exists a sequence {f;} of Drinfeld modular forms for GLy(A) such that
vp(fi — f) = 0o as i — oo.

We do not know as yet the extent to which the coeflicients of these p-adic Drinfeld
modular forms have nice arithmetic properties.
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3. Operators on Ip(p)
3.1. Integrality of U, and V,

We begin by introducing two operators relevant to the theory of p-adic Drinfeld mod-
ular forms. As before p is a prime ideal generated by a monic prime polynomial 7(7T") of
A of degree d. For any rigid analytic function f on 2 with expansion f = >/ ciu’ at
oo we define:

1 z4+ A
=1 % 1(F5).
A€A
deg A<d

and

Vo = f(72).

We will show that if the coeflicients ¢; are integral, then the u-series coefficients of
U, and f|V, are also integral and moreover that
p p g

v (f1Up) = vp(f)

and

vp(fIVp) = vp(f).

We first consider the operator U,. This operator was already studied in [3], where the
author determined that the U, operator acts in the following manner on the coefficients
at oo of analytic functions on {2 (we note that Bosser’s result is more general and applies
to meromorphic functions with a pole of order less than ¢? at infinity, but we will only
need the version stated here):

Proposition 3.1. Let p be a prime ideal in A generated by a monic prime polynomial © of
degree d, and let f be an analytic function on 2. Assume that f has a u-series expansion
of the form

oo
= Zciui, ¢ € C.
i=0

As before we write the Carlitz module evaluated at 7 as px(z) = T2 + 32 ;cq oad
Then f|U, has a u-series expansion

0 .
flU, = Z a;uw’
j=1
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with

i1 4 o
a; = Z Z (]i )cna?...a;dﬂ'“’.

J<n<1I+(G-1)g¢  jeNdtt
io+i1+-tig=j—1
iot+i1q+-+igqi=n—1

From this explicit result we deduce that U, indeed preserves integrality of the u-series
coefficients, since each «; is integral, and furthermore:

Corollary 3.2. Suppose that f has u-series coefficients in K. Then

vp(fIUp) = vp(f)-

Proof. This follows from the properties of a non-archimedean valuation, which imply
that for each j

N > i . O
vp(ay) = j@gﬁlgﬂ)qd{vp(cn)}

We now establish the same properties for the V}, operator:

Proposition 3.3. Let p be a prime ideal in A generated by a monic prime polynomial 7
of degree d, and let f be an analytic function on 2 with u-series expansion of the form

o0
= Zciui, ¢ eC.
i=0

Then if each c; is integral, then so are the u-series coefficients of f|V,. In addition, if
each ¢; € K,

v (fIVe) 2 vp(f).
Proof. We have:

fIVp = Z ciu(rz)’,
i=0

and so we first investigate the u-series expansion of u(7z).
By definition, if L = 7 A is the lattice associated to the Carlitz module and e (z) is
the exponential function associated to it,

e1(r2) = px (e1(2).
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We also define the wth inverse cyclotomic polynomial

Fa(X) = X9 pr (XY

fr is a polynomial with integral coefficients. Thus we have the straightforward compu-
tation:

Since f(0) = 1, the formal expansion in X for

X 4" 4 higher ord
—— = X7 + higher order terms,
fr(X)
has integer coefficients, and u(wz) has a formal series expansion in u(z) with integral
coefficients.

Thus we have

> u(z)‘ld ’

=S (2.

’ ; "\ fr(u(2))

We note that for j fixed, only a finite number of terms of the right hand side contribute

to the coefficient of w/ on the left hand side, and they are all integral if the ¢;’s are

integral. We conclude that in this case f|V} also has integral u-series expansion.
Suppose now that the ¢;’s are merely in K, and v,(f) = m, which implies that

vy(c;) = m for each i. Then each of the summands in the coefficient of u/ for fixed j

on the left hand side has valuation > m. We conclude that the coefficient of v/ also has

valuation > m, which in turns implies that v,(f|V,) = m = v,(f) and completes the

proof. O

We end this section by relating the Vj, operator to the operator |, ;[W,] defined by

f

W] = 72w+ ().

as before. We have:
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Lemma 3.4. Let f be a modular form for GLo(A) of weight k and type I. Then

f|k,l[Wp] = 7rk/2f|vp~

e ()06 )

Proof. We have that

So that if we let

we have

FleiWp] = flralS]
= fli[n]
=2V,

k1[m]

where the invariance of f under the action of | [S] follows from the fact that f is
modular for the full GLy(A). O

Remark. From this fact, it follows that the action of |5 ;[W,] preserves integrality of the
u-series coefficients if f is modular for GLa(A).

3.2. Norm and trace

Definition 3.5. For f a modular form of weight k and type [ for I" a congruence subgroup
of GLy(A), define its trace as

()= >, f

~yeI'\ GL2(A)

k1 [7]-

The form Tr(f) is independent of the choice of coset representatives for I'\ GL2(A), and
it is a modular form of weight k and type [ for GLy(A).

Definition 3.6. For f a modular form of weight k and type [ for I" a congruence subgroup
of GLy(A), define its norm as

N(f) = H Fliea[v])-

yel'\ GL2(A)

Again, N(f) is independent of the choice of coset representatives for I'\ GLa(A), and it
is a modular form of weight k(¢? + 1) and type [ for GLy(A).
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We restrict our attention to the case I" = I'y(p), where we have:

Lemma 3.7. Let p be an ideal generated by w(T'), a monic prime polynomial. The set

0 -1
{(1 A) ‘deg)\<degw},

along with the identity, is a complete set of representatives for Iy(p)\ GLa(A).

The proof of this fact is elementary, and follows as in the classical case.

This explicit set of coset representatives will allow us to give formulae for Tr(f) and
N(f) in the cases we are interested in this paper. Before we do this, we introduce a bit
of notation to simplify our work below: For A € A such that deg A < degm, we write ~,

1/ A/m
0 1 /)
With this notation, we have

() D)

Proposition 3.8. Let f be a modular form of weight k and type | for I'y(p). Then

for the matrix

Te(f) = f+m'2(f

ket [Wo) [Up.-

Proof. Let

fole) ™ Fluali] = 2(n) 41 (21

4

Since (j/, = 1, and using the coset representatives from Lemma 3.7 we have

T(f)=f+ >, f|k,l|:<(1) )\1)}

A€A
deg A<d

=f+ Z folki[A]

AEA
deg A<d

k/2
A€A
deg A<d

= [+ 772 fo|U.

And the result follows from the definition of fy. O
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When f is invariant under the Fricke involution, we have

Proposition 3.9. Let f be a modular form of weight k and type | for Iy(p), and suppose
furthermore that

Flia[We] = af,

for a € {£1} CFy. Then

NG) = st 11 f(Z:A).

AEA
deg A<d

Proof. This time fy = af, and so going through the same argument as above we have:

N(f)=r- deg,idfk’l[(? )\1)]

=7 11 @Plkaln]

AEA
deg A<d

o 1L

AEA
deg A<d

1 + A
-t 11 1(557)

AEA
deg A<d

4. Correspondence and trace

The ground laid in Section 3 allows us to show

Theorem 4.1. Let f be a modular form of weight k and type | for I'y(p), with rational
u-series coefficients. Then f is a p-adic Drinfeld modular form for GLa(A).

Proof. For any positive integer n and g, the Eisenstein series of weight ¢ — 1 and type
0 for GLa(A), define

def a_
90) = (ga)" — 7" 1)/2(gd)7l’n(qd_1)70[wp]
d
= (g2)™ — 7™ (g2)" V¢

It is a modular form of weight n(¢? — 1) and type 0 for Iy (p). Since (g4)"|V, has integral
coefficients by Proposition 3.3 and g4 = 1 (mod p), we see that g is congruent to 1
modulo p. Furthermore,
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90 ln(gi—1),0[Wel = (92)" |, ga_1) o[ W] = a0/ (g
— 7Tn(q"l—1)/2(gd)n|Vp _ w(qd_l)/z(gd)"
= w00 ((0)" |V, — (90)")
=0 (mod p"(qd_l)/2+1).

The last congruence follows from noticing that
(92)" Ve = ((ga)™ = 1)|Vy +1

and applying Proposition 3.3 to the u-series (gq4)™ — 1, which has valuation at least 1, so
that

(94)"|Vy = (ga)" (mod p).

With n fixed as before, define g(,) = (g(o))pr. Since gy = 1 (mod p), we have that

(d

9 = (90))" =1 (mod p*").
Similarly, because
9(0)ln(gi—1)0[Wp] =0 (mod Pn(qd_l)m“)
it follows that
96l n(as-1).0 W3] = (90 lnga -1 oWp])” =0 (mod p"(a"=1/255"),
The function fg(. is a Drinfeld modular form of weight k + np” (¢ — 1) and type

I for I'y(p) with rational coefficients. Thus by Proposition 3.8, Tr(fg(,)) is of weight
k+mnp"(¢? — 1) and type [ for GLy(A) and we have

Te(fg90) — f = (Te(f90)) — f9r)) + f(9e) — 1)

We first bound the valuation at p of the term f(g(,) — 1) from below, using the fact
that gy =1 (mod pP"):

v (fl9() — 1)) = 9" +0p(f)-

We consider now

— np" (g% —
Tr(fg(y) — faey = a7~ FF @2 ((F g0 snpr(ga—1) .4 [Wel) [Up.
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Since we have v, (f|Uy) = vp(f), it follows that:

vp (Te(f9)) — o)) 21— (k+np" (¢% = 1)) /2 4 vp (f90)) lktnpr (ga—1) .0 [W3])
=1—(k+np"(¢" —1))/2 + vp (flri[Wp])
+0p (90 lnp (g —1).0W»))
=1— (k+np"(¢" = 1))/2+ vy (Flea[Wy]) +np" (¢ = 1) /2+p"
=1—k/2+vp(fleg[W]) + 0"

We conclude that

vp (Tr(fgey) — f) = min{p” + v, (), p" + 1 = k/2 4 0y (flea[W3]) }-

Now since f has rational u-series coefficients, then so does f|i[W,], since the Fricke
involution of Xy (p) is defined over the rationals. Thus both v, (f) and v, (f|x:[W}]) are
finite.

{Tr(fg(r))} is the sequence of Drinfeld modular forms satisfying the requirements of
the definition of a p-adic Drinfeld modular form. O

As a corollary we can prove Theorem 1.1:

Proof of Theorem 1.1. We begin by noting that for f modular of weight 2 and type 1
on Iy(p), we have that

Tr(fl21[Wel) = fl2a[We] + fIU,

is a modular form of weight 2 and type 1 on GLy(A). However, for all ¢ # 2 this space
contains no non-zero modular forms: In any case the full algebra of modular forms for
GL2(A) is generated by g and h. If ¢ > 4, then g is of weight ¢ — 1 > 3, and so there are
no forms of weight 2. When ¢ = 3, the forms of weight 2 are multiples of g, which have
type 0, and so there are no non-zero forms of weight 2 and type 1. We conclude that
fl2,1[Wy] = — f|U,. Therefore using Corollary 3.2 and the fact that the Fricke involution
is rational, we have that f|o1[W,] has rational m-integral u-series coefficients.
Writing

d_
go) = 9d — ml 1)/29d‘qd71,0[Wp]
as before, we consider the map

f = Tr(f90))-

This map takes an element of the space of forms of weight 2 and type 1 for I'h(p) to a
form of weight ¢? + 1 and type 1 for GLy(A). We have that g4 has integral coefficients,
and since it is a form for GLa(A) so does ga|qa_1,0[W,] by Lemma 3.4. Thus g¢) and
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90)lqa—1,0[Wp] have integral u-series coefficients. Now from the formula

Tr(f900)) = f900) + (fl2.1[Wplg0)lgz—1,0[Wp])1Up,

we conclude that Tr(fg()) also has rational, m-integral u-series coefficients. Thus the
map f — Tr(fg)) preserves rationality and 7-integrality of the u-series expansion
coefficients.

From the computations in the proof of Theorem 4.1, we have

op (Te(f90) = £) = mE{1 405 (1), 1 0 (F2a W)} > 1,

so that f = Tr(fg(o)) (mod p).

Now consider Mp&l the set of f € A/p[u] such that there is f of weight 2 and type
1 for I'y(p) with rational, m-integral coefficients and f = f (mod p). The space of forms
of weight 2 and type 1 for I'y(p) is of dimension g, + 1, where

def % if d is odd,

Io =\ 21

Y if d is even,

and has a basis of forms with integral u-series coefficients, and from this it follows that
Mmg’l has dimension g, + 1 as an A/p-vector space.

Since f = Tr(fg()) (mod p), Mp,ll is a subspace of the A/p-vector space quﬂ,h
the space that contains the reductions modulo p of all of the forms of weight ¢¢ + 1
and type 1 for GLy(A) with rational, m-integral u-series coefficients. However, the space
quJrLl also has dimension g, + 1, since Mya ; 1(GL2(A)) has a basis of forms with
integral wu-series coefficients. Thus MP,QJ = quﬂ’l, and the trace map establishes a
one-to-one correspondence between the spaces, as claimed. O

Remark. When g = 2, there are no non-trivial types, and the space of forms of weight 2
for GL3(A) is spanned by g*. Thus we cannot guarantee that Tr(f|2,1[W,]) = 0, or even
that f|2,1[W,] has integral coefficients. In the classical case the forms on I (€) such that
Tr(f) = Tr(f|[We]) = 0 are exactly linear combinations of newforms. It is reasonable to
conjecture that a similar result holds here and that the existence of oldforms of weight
2 for I'y(p) is exactly the obstruction to the result we seek.

5. Norm
In light of Proposition 3.9, we begin by studying the product
z+ A
I ()
0

A€EA
deg A<d

for f a function on {2 with u-series expansion )~ a,u™.
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5.1. A combinatorial result

For this section, let « be an indeterminate. Consider the polynomial

prle) 1 € A(w)fa].

By Eq. (2.2), this is a polynomial of degree ¢¢, and it is relatively prime to its formal
derivative, and therefore separable. Denote by

{7 1<i<q%}
the set of roots of this polynomial. We have:

Proposition 5.1. Let f(u) € AJu]. Then

(1) =100 o

Furthermore, if f(u) =02 a,u™, with a, # 0, the leading coefficient of

q? 1
104(:;)

d
s ad
is al .

To obtain this result requires studying symmetric polynomials evaluated at the
roots 7;. We quickly introduce the notation we will need. We refer the reader to [11]
and [13, Chapter 7] for all proofs and further discussion.

Let = (x1,22,...) be a set of indeterminates, and p = (1, pto, . ..) be a partition of
a positive integer n. Then p determines a monomial

ot =altah?

We define the monomial symmetric function
my, = Z %,
(0%

where the sum ranges over all distinct permutations « = (aq, o, ...) of the entries of
the vector p = (u1, o, - . .). We also set

mg = 1.
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When p is allowed to range over all partitions of all positive integers, including the empty
partition, the set {m,} forms a Z-basis of the algebra of symmetric functions.
We also define the elementary symmetric functions

€ = Mk = Z iy oo Ty,
11 <tg<---<ip
for each k > 1, where 1* is the partition of k whose parts are all equal to 1, and
eo =mp = 1.

We further write, again for p = (1, pto, . ..) a partition,

€ = €y Cps v - -

Again, the set {e,}, when u ranges over all partitions including the partition of 0, is a
Z-basis of the algebra of symmetric functions.

Lemma 5.2. Let p € Z be a prime. Let u be a partition of the integer n = m-p", for some
positive integers m and r, that is not the partition (m,m,...,m) (where m appears p"
times). Let € be the partition of n whose parts are all equal to p”. Then when we write

my = E Quy€y,

vEmp”

the coefficient a,e appearing before the elementary symmetric function ec is divisible
by p.

Proof. Throughout we fix a partition u satisfying the hypotheses of the lemma. If p’ is
the conjugate partition of u, we can write

ey =my + E buymy,
v<p

where < denotes the natural order on the set of partitions of n, and each b,, is a
nonnegative integer.
Solving for m,, we obtain

my, = €,y — g bumy.
v<p

To write the elements of the monomial basis m in terms of the elements of the elementary
basis e, it suffices to “back-solve” repeatedly:

my, =€y — Z b;u/ (eu’ - Z bVHmK>7

v<p K<V
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and so on. Proceeding in this manner, it suffices to show that b,¢ is divisible by p for
any partition g that is not ¢ to ensure that a,e is divisible by p. (Note that we have
excluded the case where p = &’ in the hypotheses of the lemma: £’ = (m, ..., m), where
m appears p” times.)

Since for any two partitions v and &, we have

bw-c = bn’u’a

we can instead show that be, is divisible by p for any partition v of n which is not the
partition &.

The coefficients b¢,, appear in the expansion of e¢s in terms of the monomial basis m.
But

(s

€e = (em)p )

by definition. Furthermore, e,, = mi=, again by definition. Because we are raising to a
pth power, all cross-terms disappear modulo p, and we are left with the congruence

ee =me  (mod p).

This shows that b, is divisible by p for any partition v of n which is not the partition &,
and completes the proof. O

With this lemma, we can now prove Proposition 5.1:

Proof of Proposition 5.1. Write

flu) = Z apu” € Afu].
n=0

Then the product

[0(:)

J=1

is a sum of terms of the form

. . . 1
21 12 1k

a,ya

where each ¢; is a positive integer and the n;’s are distinct, Z?Zl i; = ¢l a =
(a1,00,...,a4a) ranges over all distinct permutations of the entries of the vector
n = (ni',ny,...,n*) (the exponents here denote an entry that is repeated i; times),

and as before y* = A1 y52 ..
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Ifk=1,ie n= (qu) for some m, then

d 1 d 1
agﬂz,y_a:a%l a
(e}

q m ’
j=17;

Since a., € A, we have that a?j = a,, (mod p). Because the 7;’s are all of the roots of
the polynomial

1
pﬂ'(x) - Ev

whose constant term is %, it follows that

d

i

=1
(This is true even when ¢ is a power of 2, since in that case (—1)qd =1=-1inTF,.) As
a consequence we have

d 1 d 1
at, Z ye = ag, —— amu™  (mod p).
o j=17;

We now study the sum

for a fixed set of indices n = (n’l1 , nl;, e ,n?j), where k > 1.
Let N = max; n;, then

I
o g Llj=17;
where (3 ranges over all distinct permutations of the vector
((N — nl)il, (N — ng)i27 ey (N — nk)i").

Arranging the entries of this vector in decreasing order and discarding all of the entries
equal to 0, we obtain a partition x of the integer M = Nq? — Zj n;, and this partition
has strictly fewer than ¢¢ parts, but it is not the empty partition. Then we have

Zi _ 725(7) ’

<« N
g j=17;
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where m,,(y) denotes the monomial symmetric function introduced above evaluated at
x;=17,1<7< q?. (As is customary in the study of symmetric functions, we let z; =0
when j > ¢4.)

We will show that

myu(y) =0 (mod p),

when 4 is a partition of any integer that has strictly fewer than ¢¢ parts. This will
complete the proof of the proposition, since then the only terms in the product

d
q
1
114(5)
j=1 N
that do not vanish modulo p will be the ones of the form

d 1
al, -
«
which were discussed above.
By Corollary 2.2, we have
L q
pr(e) =~ =1 = (mod p)

As a consequence, for 1 < r < g% — 1, we have

er(y) =0 (mod p),
where again we use this notation to denote the elementary symmetric function introduced

above evaluated at z; = v;, 1 < j < ¢¢. Again, as is customary in the study of symmetric
functions, we let ; = 0 when j > q?, so that

er('}/) =0
when r > ¢%.
Because of this, for any partition ; that contains at least one part unequal to ¢%,
eu(r) =0 (mod p).

Let now p be a partition of n. If n #Z 0 (mod ¢¢), then writing

my, = g vy,

vkn
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we have that each v has at least one part that is not equal to g%, so

mu(y) =0 (mod p).

Let us consider now the case where n = 0 (mod %), say n = m - ¢%. Then n has
exactly one partition £ whose parts are all equal to ¢%, so

mu(7) = D awes(y) = aueee(y)  (mod p).

vkEm

Since u has strictly fewer than ¢? parts, u is not the partition (m,...,m), with m
appearing ¢% times, so we may apply Lemma 5.2 to conclude that aue = 0in Fgy. Therefore

mu(y) =0 (mod p),

and this completes the proof of the theorem. 0O
5.2. Specializing at z € {2

Let now z € 2 be fixed. The polynomial

which is the specialization at z € {2 of the polynomial studied above, is still of degree ¢,
this time in A((u(2)))[z].

Lemma 5.3. Fixz z € (2. The set

{u(”A): AE A, deg)\<d}
T

is exactly the set of the reciprocal of the roots of the polynomial

pr (@) — @
Proof. The set
A
{u<z+ >: Ae A, degh < d}
™
has cardinality ¢%: Indeed, recall that u(z) = m, for L the lattice associated to the

Carlitz module. Then if there are A\; and s, each with degree less than d, such that

<z+)\1> <z+)\2>
Ul —— | =u s
™ Vs
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it follows that

a(r(25)) -0

AL — A2

™

By definition of ey, this forces

€A

)

which because of degree considerations can only be the case if \; = As.
We also have that

Thus we conclude that

as A ranges over all elements of A of degree less than d, is a set of ¢ distinct roots of

the polynomial p,(x) — a polynomial of degree ¢%. This concludes the proof. O

u(z)’

To simplify the notation and be consistent with the notation of the previous section,
we will index the roots of

using natural numbers:

{'yj(z): 1<j< qd}.

Since the ~;(z) satisfy a polynomial with coefficients in A, we have that

11 f(ZJ;A) € Afu].

AEA
deg A<d
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Furthermore, if f has leading coefficient 1, then the leading coefficient of

H z+ A
A€A
deg A<d

is 1.
As a consequence of Proposition 5.1, specializing at z € {2 we have:

Corollary 5.4. Let f be a function on {2 with u-series expansion

i apu”™ € Afu].
n=0

Then

1o I 1(F22) =17 mod ),

i
AEA
deg A<d

With this we may now prove Theorem 1.2:

Proof of Theorem 1.2. Let f be a Drinfeld modular form for I'h(p) that is an eigenform
of the Fricke involution. By Proposition 3.9,

N =t 1 1(552).

A€A
deg A<d

Since f has leading coefficient 1, so does
z4+ A
ro11 f( . )

AEA
deg A<d

It follows that

Nn-1 11 (32,
A€EA
deg A<d

and the result follows. O
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