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EXERCISE 4:  CLOSED CAPTURE MIXTURE (HETEROGENEITY) MODELS
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OBJECTIVES

· To learn and understand the basic closed capture mixture model, and how it fits into a multinomial maximum likelihood analysis.

· To use Solver to find the maximum likelihood estimates for the probability of capture and the probability of recapture for two groups, and N, the population size.

· To run models Mh, Mth, and Mbh, and understand the model outputs.
PREREQUISITES

· You must have completed Exercise 3, Closed Capture Models, before starting this exercise.
HETEROGENEITY IN CAPTURE PROBABILITY
In this exercise, we build on the closed capture model introduced in Exercise 3.  Remember, this e-book describes different methods for estimating population sizes of plants and animals.  Closed capture models is a set of methods that involve capturing animals, marking them, and releasing them in a sampling occasion. This process is repeated in different sampling occasions, where newly captured individuals are marked and released, and previously marked animals are “recaptured” and released.  The closed capture model estimates p, or the probability of capture, c, the probability of recapture, and the frequency of individuals that were never captured in the study.  This number, when added to the number of animals known to be alive, gives an estimate of N, the population size.  
Recall the major assumptions of the closed capture model:  1) the population is closed – meaning that the true N is constant over the course of sampling and that individuals cannot enter the population through birth or immigration, and cannot leave the population through death or emigration; 2) animals are captured independently of one another, and 3) no marks are lost.  

A notion behind the simple closed capture model is that pi and ci apply equally to all individuals in the population.  For a study with three capture occasions, there are estimates of p1, p2, p3, c2, and c3, and these probabilities (whatever their value may be) apply to all animals in the population.  Clearly there are times when this is not the case.  
The idea behind heterogeneity models is that each individual in the population being sampled is unique and is likely to have a unique capture probability.  Behavioral differences, social status, age, sex, and other innate differences can make an individual more or less likely to be captured.  So how do we deal with this?  First, we must decide whether heterogeneity is observable or not observable.  

Observable heterogeneity refers to situations when the factors causing the differences can be identified.  

Example 1:  Males and females have different capture probabilities.  Differences may occur because males are more active than females during the time of the survey, e.g., males are bringing food to offspring while the females brood offspring and so forth.  If we can determine the sex of individuals at capture then we can treat this situation by analyzing sex as a covariate in a Huggins Closed Capture model.  In other words, you run models where capture probabilities are estimated separately for males and females and then compare the results to models where capture probabilities are estimated jointly for males and females.  Using AICc methods, you can decide if a model that includes separate estimates for males and females is better supported by the data.  So, with this example, individuals can be placed in groups to account for potential differences in capture probabilities.  

Note: If sex could not be determined at capture then this would be unobservable heterogeneity.  We will see this in a minute with the mixture models.  

Example 2:  Condition of individuals affects capture probability because animals in poor condition are more easily attracted to traps.  If we assume that weight is a reasonable measure of condition then we could collect this data when animals are captured and incorporate weight in the model as a covariate.  If we use covariates we must use the Huggins models, which we’ll cover in the future exercises.

Both of these examples describe observable heterogeneity.  Unobservable heterogeneity refers to situations when the factors causing differences in capture probability cannot be identified.  This could simply mean we have absolutely no clue what might cause differences but are willing to accept that (even though we are clueless) there might be differences that we cannot measure.  This could also be situations where we cannot observe the difference at the time of capture.  For example, in some cases we cannot identify the sex of individuals at the time of capture.  Age may also cause differences in capture probabilities but probably could not be determined in the field.  This unobservable heterogeneity is what we are going to deal with in this exercise.

Several estimators have been developed for the heterogeneity model (see Williams et al. 2001 for a description of the various estimators).  The Jackknife estimator and the Chao estimator are used in program CAPTURE.  These estimators are not likelihood based and therefore cannot be compared using AIC techniques.  Recently, Norris and Pollock (1996) and Pledger (2000) developed mixture models of heterogeneity which are likelihood based.  These mixture models are used in program MARK and thus we will focus on them here.  

MIXTURE (HETEROGENEITY) MODELS

So, what is a mixture model?  With a mixture model, we assume that the population can be divided into multiple groups and each group has a unique capture probability.  For example, let’s assume that juveniles and adults have different probabilities of capture and that age cannot be determined at capture.  In this case, we have two groups in the population that are associated with age.  We could model this data using a two-point mixture model.  Keep in mind that in real life we do not know what causes the differences in capture probabilities but are guessing at the cause of the differences.  You can also run three-point mixtures, four-point mixtures, and so on.  When analyzing real data, you would want to evaluate different numbers of mixtures and see which mixture is best supported by the data.  For our purposes, we’ll stick with a two-point mixture.

Let’s look at this in more detail.  We mentioned previously that when using mixture models we are dividing the population into groups.  So, for the two-point[image: image41.wmf]N
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 mixture model we are dividing it into two groups.  So we now have the population divided into group 1 and group 2 such that Ntotal = N1 + N2.  This makes sense.  So the first trick is to figure out the proportion of individuals in group 1 and the proportion in group 2.  We let π represent the proportion of animals in group 1 so now N1 = πNtotal and N2 = (1 – π) Ntotal because an animal must be in group 2 if it wasn’t in group 1.  This is the major part of the mixture models.  Remember before when we had an example of observable heterogeneity where sex caused the difference.  The model we mentioned was to estimate capture probabilities for each group (males and females) separately.  That is what we do here:  we estimate the proportion of the population that is in each group and then estimate the capture probabilities for each group separately, even though we do know for sure what constitutes group membership.

CLOSED CAPTURE MIXTURE MODELS

Ok, so we’re talking about a bunch more parameters, essentially more than two times the number of parameters compared to the models Mo, Mt, and Mb.  These mixture models can be very data hungry and hard to fit, so the first thing to keep in mind is that we need more capture occasions to fit these models.  In fact, four capture occasions is the minimum.  Remember with three capture occasions we only had seven capture histories we could observe (the 000 history is what we estimated).  If we tried to model heterogeneity with a two-point mixture and time effects only (model Mt for two groups), we would need one parameter for the proportion of animals in a group (), three parameters in each group to model the detection probabilities (p1, p2=c2, p3=c3), and one parameter to estimate f(000), for a total of eight parameters.  So, three capture occasions does not give us enough data to run the heterogeneity models.

CAPTURE HISTORY PROBABILITIES FOR MIXTURE MODELS

Let’s look at the 1111 capture history for four capture occasions.  Our general probability statement for this history from the closed captures spreadsheet for this history would be p1c2c3c4.  We need to add some notation to do this for a two-point mixture.  Let capture probabilities be denoted as pij and recapture probabilities as cij where i is the capture occasion and j identifies the mixture.  For example p11 is the probability of capture for the first occasion for an animal in the first mixture and p12 is the probability of capture for the first occasion for an animal in the other mixture.  So the second number that is subscripted identifies the group.  Using this notation we can write the two-point mixture probability statement for the 1111 capture history as:


p(1111) = π p11 c21c31c41 + (1 – π) p12 c22c32c42
That’s right….compute the capture history probability for group 1 and multiply it by the percentage of the population in group 1 (), and then compute the capture history probability for group 2 and multiply it by the percentage of the population in group 2 (1-). Then add the two terms together to get p(1111).

How about history 1011?


p(1011) = π p11 (1 - c21)c31c41 + (1 – π) p12 (1-c22)c32c42
Notice that the structure of the probability within one of the mixtures is identical to what we used on the closed captures worksheet.  In fact, see what happens if you let π equal 1.  The probability statement for the 1111 capture history becomes:


p(1111) = (1)p11 c21c31c41 + (1 – 1) p12 c22c32c42


or


p(1111) =  p11 c21c31c41 

which should look very familiar to you by now.  Hopefully, the structure of the model is making sense to you.  

MIXTURE SPREADSHEET MODEL
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Ok, let’s go to the spreadsheet.  Click on the sheet labeled “Closed Mixture (Heterogeneity).”  You will notice that the overall structure of the spreadsheet looks very similar to the closed captures spreadsheet.  But there are some important differences.  With 4 years of data, we now have 2^4 = 16 capture histories and their corresponding frequencies, given in cells C4:D19.  Note that the frequency of animals with history 0000 (not shown here) is unknown and is again a goal for estimation.  

MIXTURE PARAMETERS

Now let’s take a look at the parameters for the closed capture 2-point mixture model, listed in cells E4:E19.  We now have parameter pi, which is , and a set of p’s and c’s for each group and one for f(0000) for a total of 16 [image: image43.emf]2
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parameters.  But the multinomial likelihood function contains 16 parameters (p1 through p16, representing the 16 different history probabilities), and so there are only 15 “free” parameters to work with.  You got it, this general model is over-parameterized again so we will have to constrain it and reduce the number of parameters estimated.  The general model that we have here is called model Mtbh (where the “h” is for heterogeneity), so of course we have to constrain it just like we constrained model Mtb before.  

COUNTING PARAMETERS

Now look at the column labeled “Estimate?”  In mixture models, we will always want to estimate pi (cell F4) and f(0000) in cell F19, so a 1 will always be entered in those cells.  The remaining cells will be a 1 or 0 depending on how the p’s and c’s are constrained.

BETAS AND LINKS

Next are the betas.  These can be any value.  Then we have the MLEs, which are linked to the betas with a sin link function.  As in the Closed Capture exercise, a sin link function is used for all of the parameters except the f(0000) MLE, where a log link is used.  Remember the sin link constrains the MLE’s to be between 0 and 1, which is what we want for  and the pi’s and ci’s.

CAPTURE HISTORY PROBABILITIES

The next step is to write out probability statements for the capture histories for each of the mixtures separately (columns I and J).  We could have written these out as one long equation but keeping them separate will hopefully make the model programming clear.  Let’s go through the equations for 1111 histories for group 1 (cell I4) and group 2 (cell J4).  

Cell I4 has the equation: =H4*H5*H9*H10*H11, which is p11c21c31c41.

Cell J4 has the equation =(1-H4)*H12*H16*H17*H18, which is (1-)p12c22c32c42.  

These should be pretty straight forward to you by now.
We then add the probability statements for the mixtures together (column K) to get the probability of observing each capture history 1111.  

Let’s try one more, history 0101.

For mixture 1, cell I13 has the equation =H4*(1-H5)*H6*(1-H10)*H11, which is 

(1-p11)*p21*(1-c31)*c41.

For mixture 2, cell J14 has the equation =(1-H4)*(1-H12)*H13*(1-H17)*H18, which is (1-(1-p12)*p22*(1-c32)*c42.

Cell K13 has the equation, =I13+J13, which computes the total probability of getting a 0101 history, given the parameters.
Work your way through a few other examples on your own and make sure the equations sink in.  Note that the sum of the capture history probabilities (cell K20) must be 1.  

THE MULTINOMIAL LIKELIHOOD FUNCTION
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All that’s left is to compute the likelihoods and log likelihoods, given the frequencies of each history and the history’s probability.  The multinomial likelihood formula that we’ve been using is in the blue box above.  This example has only 8 possible outcomes, whereas our example has 16 possible outcomes.  The bracketed term is the multinomial coefficient.  The term to right is what we have been calling “probability portion of the likelihood.”  The yi in the blue box are the frequencies of each kind of history and the pi in the blue box equation above are the history probabilities.  (To get the history probabilities, we estimate , and combinations of pi and ci for each group).  

As we’ve done in the past, we’ll compute the multinomial coefficient and the probability portion of the likelihood separately, and then we’ll add them together to give us the full log likelihood.  The multinomial coefficient is computed in cell G24 with the equation =GAMMALN(H21+D19+1)-GAMMALN(D19+1).  It should be clear to you by now how this is computed…if not, go back to the Closed Capture Models exercise and review the material there (we’ve copied that worksheet into this exercise for quick review).  The probability portion of the likelihood is computed in cell H24 with the equation =D4*LN(K4)+D5*LN(K5)+D6*LN(K6)+D7*LN(K7)+D8*LN(K8)+D9*LN(K9)+D10*LN(K10)+D11*LN(K11)+D12*LN(K12)+D13*LN(K13)+D14*LN(K14)+D15*LN(K15)+D16*LN(K16)+D17*LN(K17)+D18*LN(K18)+D19*LN(K19).  This equation also should be straight-forward to you by now.  
MIXTURE MODEL OUTPUT

The basic output for this two point mixture model is given in cells C23:L24.  
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MIXTURE MODEL OUTPUT


N is the derived estimate of population size.  Mt+1 is the total number of individuals with histories other than f(0000).  N effective (cell E24) is the effective sample size that MARK computes, and is 4*Mt+1.  K (cell F24) is the total number of parameters for a given model.  We’ve already seen that the multinomial coefficient of the likelihood (cell G24) is identical to what we had before in the closed capture worksheet, as is the probability portion of the likelihood (cell H24).  

MAXIMIZING THE LOG LIKELIHOOD

Once again, we’ll use Solver to find the maximum of the multinomial log likelihood function in cell I24 by changing the betas for , pi, and ci, as well as for f(0000).  Using mixtures does not affect our computations this at all.  

The model’s -2LogeL is computed in cell J24.  In MARK this value would be subtracted from the -2LogeL of the saturated model to obtain the model’s deviance (we haven’t included the saturated model on this worksheet…feel free to add it if you want to).  Cells K24 and L24 give the model’s AIC and AICc scores.   That’s it!  Now we can parameterize the models and find the MLE’s.  Let’s run some models.  

MODEL Mh

We know that model Mtbh is overparameterized but this should give us some indication of potential models.  We can constrain this form and get models Mh, Mth, and Mbh (where h is for heterogeneity).  Let’s start with model Mh.  We know we are going to have two mixtures (this is the h part), but there is no behavior or trap response and there is no difference in capture probability associate with capture occasion.  So what did we do last time?  To get rid of the behavior effect we set the c’s equal to the p’s for a given occasion.  To get rid of the time effect we set all the p’s equal.  So we need to set p2, p3, p4, c2, c3, and c4 equal to p1 within each group.  Here are the starting entries (the formula are shown).  Cells G6:G11 have the equation =G5, and cells G13:G18 have the equation =G12 to force the constraints.
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pi 1 =(SIN(G4)+1)/2
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p2(group 1) 0 =G5 =(SIN(G6)+1)/2

p3(group 1) 0 =G5 =(SIN(G7)+1)/2

p4(group 1) 0 =G5 =(SIN(G8)+1)/2

c2 (group 1) 0 =G5 =(SIN(G9)+1)/2
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p1(group 2) 1 =(SIN(G12)+1)/2
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p4(group 2) 0 =G12 =(SIN(G15)+1)/2

c2 (group 2) 0 =G12 =(SIN(G16)+1)/2

c3 (group2) 0 =G12 =(SIN(G17)+1)/2

c4 (group2) 0 =G12 =(SIN(G18)+1)/2

f(0000) 1 =EXP(G19)


We have four parameters in this model, pi, p11, p12 and f(0000), which is reported in cell H19.  Now open Solver and maximize the full LogeL like we did before by setting I24 to a maximum by changing cells G4:G5, G12, G19.  Again you’ll want to add the constraint that the betas for the probabilities are between +/- 1.66.  Also, add the constraint that f(0000) is between 0 and 5 for this particular problem.  (We used simulated data and so we know that the betas should fall within this interval).  
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Here are the spreadsheet results.  We’ll compare our results in MARK in the MARK exercise.
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pi 1 -0.01096 0.49452

p1(group 1) 1 0.937471 0.90303

p2(group 1) 0 0.937471 0.90303

p3(group 1) 0 0.937471 0.90303

p4(group 1) 0 0.937471 0.90303

c2 (group 1) 1 0.937471 0.90303

c3 (group1) 0 0.937471 0.90303

c4 (group1) 0 0.937471 0.90303

p1(group 2) 1 -0.25625 0.37327

p2(group 2) 0 -0.25625 0.37327

p3(group 2) 0 -0.25625 0.37327

p4(group 2) 0 -0.25625 0.37327

c2 (group 2) 1 -0.25625 0.37327

c3 (group2) 0 -0.25625 0.37327

c4 (group2) 0 -0.25625 0.37327

f(0000) 1 3.644422 38.261


Now, let’s review what these parameter estimates mean.  If pi () is the proportion of individuals belonging to group 1, then 49.542% of the population belongs to this group.  Within this group, the probability of capture or recapture was 0.90303.  The probability that an individual belongs to group 2 is 1-, or 1 - 0.49452.  This group had a much lower probability of capture or recapture – only 0.37327.  The frequency of individuals that were never captured, f(0000), was estimated as 38.26 individuals.  
Note that your results may be similar, but the groups might be switched.  That’s fine….the labels “group 1” and “group 2” are just labels…it doesn’t matter which group is labeled 1 or 2. What matters is estimating the proportion of the population that belongs to each group, and the group-specific parameter estimates.

Let’s study the rest of the output:
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MIXTURE MODEL OUTPUT


This model estimated 4 parameters, and gave a final estimate of N as 496.26.  The total number of animals known to be alive in the study (Mt+1) was 458, so a fair number of individuals were never captured.
MODEL Mth

Now let’s try model Mth.  Clear the betas from your previous model.  There is no behavior effect but now the capture probabilities differ between the mixtures and among capture occasions.  So we’ll be estimating , and p1, p2, p3 and p4 for each group, and forcing c2=p2, c3=p3, and c4=p4 for each group.   We’ll also be estimating f(0000), so K for this model = 10.  
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pi 1 =(SIN(G4)+1)/2

p1(group 1) 1 =(SIN(G5)+1)/2

p2(group 1) 1 =(SIN(G6)+1)/2

p3(group 1) 1 =(SIN(G7)+1)/2

p4(group 1) 1 =(SIN(G8)+1)/2

c2 (group 1) 0 =G6 =(SIN(G9)+1)/2

c3 (group1) 0 =G7 =(SIN(G10)+1)/2

c4 (group1) 0 =G8 =(SIN(G11)+1)/2

p1(group 2) 1 =(SIN(G12)+1)/2

p2(group 2) 1 =(SIN(G13)+1)/2

p3(group 2) 1 =(SIN(G14)+1)/2

p4(group 2) 1 =(SIN(G15)+1)/2

c2 (group 2) 0 =G13 =(SIN(G16)+1)/2

c3 (group2) 0 =G14 =(SIN(G17)+1)/2

c4 (group2) 0 =G15 =(SIN(G18)+1)/2

f(0000) 1 =EXP(G19)


In the beta column, enter equations to enforce the appropriate constraints as shown above.  Here is what your sheet will look like after you enter equations:  
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pi 1 0.50000

p1(group 1) 1 0.50000

p2(group 1) 1 0.50000

p3(group 1) 1 0.50000

p4(group 1) 1 0.50000

c2 (group 1) 0 0 0.50000

c3 (group1) 0 0 0.50000

c4 (group1) 0 0 0.50000

p1(group 2) 1 0.50000

p2(group 2) 1 0.50000

p3(group 2) 1 0.50000

p4(group 2) 1 0.50000

c2 (group 2) 0 0 0.50000

c3 (group2) 0 0 0.50000

c4 (group2) 0 0 0.50000

f(0000) 1 1


Now we can use Solver to get the MLE’s.  
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Maximize the full log likelihood (cell I24) to get our MLE’s by changing cells G4:G8,G12:G15,G19.  Keep the constraints on the betas that you have used in the past.  Here are our results and we’ll compare these with MARK.
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pi 1 0.01196 0.50598

p1(group 1) 1 -0.23428 0.38393

p2(group 1) 1 -0.26445 0.36931

p3(group 1) 1 -0.27911 0.36225

p4(group 1) 1 -0.25174 0.37546

c2 (group 1) 0 -0.26445 0.36931

c3 (group1) 0 -0.27911 0.36225

c4 (group1) 0 -0.25174 0.37546

p1(group 2) 1 0.966993 0.91159

p2(group 2) 1 1.070817 0.93880

p3(group 2) 1 0.988075 0.91748

p4(group 2) 1 0.766683 0.84688

c2 (group 2) 0 1.070817 0.93880

c3 (group2) 0 0.988075 0.91748

c4 (group2) 0 0.766683 0.84688

f(0000) 1 3.648778 38.428
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MODEL Mbh

Ok, last one, model Mbh.  Now there is no effect due to capture occasion (p1 = p2 = p3 = p4) but there is a behavior effect from first capture (c2 = c3 = c4).  Set up your spreadsheet to enforce the constraints:  
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pi 1 =(SIN(G4)+1)/2

p1(group 1) 1 =(SIN(G5)+1)/2

p2(group 1) 0 =G5 =(SIN(G6)+1)/2

p3(group 1) 0 =G5 =(SIN(G7)+1)/2

p4(group 1) 0 =G5 =(SIN(G8)+1)/2

c2 (group 1) 1 =(SIN(G9)+1)/2

c3 (group1) 0 =G9 =(SIN(G10)+1)/2

c4 (group1) 0 =G9 =(SIN(G11)+1)/2

p1(group 2) 1 =(SIN(G12)+1)/2

p2(group 2) 0 =G12 =(SIN(G13)+1)/2

p3(group 2) 0 =G12 =(SIN(G14)+1)/2

p4(group 2) 0 =G12 =(SIN(G15)+1)/2

c2 (group 2) 1 =(SIN(G16)+1)/2

c3 (group2) 0 =G16 =(SIN(G17)+1)/2

c4 (group2) 0 =G16 =(SIN(G18)+1)/2

f(0000) 1 =EXP(G19)


Now use the Solver approach to find the MLE’s.  That should do it.  Here are our results:
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pi 1 -0.00831 0.49584

p1(group 1) 1 0.981223 0.91559

p2(group 1) 0 0.981223 0.91559

p3(group 1) 0 0.981223 0.91559

p4(group 1) 0 0.981223 0.91559

c2 (group 1) 1 0.923396 0.89883

c3 (group1) 0 0.923396 0.89883

c4 (group1) 0 0.923396 0.89883

p1(group 2) 1 -0.24721 0.37765

p2(group 2) 0 -0.24721 0.37765

p3(group 2) 0 -0.24721 0.37765

p4(group 2) 0 -0.24721 0.37765

c2 (group 2) 1 -0.26088 0.37103

c3 (group2) 0 -0.26088 0.37103

c4 (group2) 0 -0.26088 0.37103

f(0000) 1 3.61054 36.986


[image: image14.emf]22

23

24

C D E F G H I J K L

N  M

t+1

N effective

K  Mult Coef Portion L

Full Log

e

L

 -2Log

e

L  AIC  AIC

c

494.9860 458

1832 6

2480.91 -1190.39567 1290.51509 -2581.03017

-2569.030171

-2568.9841

MIXTURE MODEL OUTPUT


COMPARING MODELS

 Before we go on though we should examine our results like we did before.  Determine which is the “best” model and compare the estimates are between models.  Keep in mind when doing this that for an actual data set we would probably run models Mo, Mt, Mb, Mtb(additive), Mh, Mth, and Mbh and compare all of them (again, assuming there is some biological justification for running each model).  Find a blank section and paste in each model’s AICc score and K.  Then, enter equations to compute the minimum AICc score, the delta scores, and the AIC weights and interpret your results.  

CREATING A MARK INPUT FILE

We run through these various models in MARK, and will show you have to switch between model types (mixture versus standard closed capture models).  Copy cells L4:L18 into NotePad, and save as “ClosedMix.inp” before starting MARK.
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SIMULATING DATA

As we’ve done in other spreadsheets, we’ve included a section on the spreadsheet for simulating data.  On this sheet, data for the closed capture two-point mixture model is contained in columns N:AO.   The input cells are group specific – this is where you enter parameter values for each group and upon which your data will be simulated.
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p1 0.8 p1 0.6

p2 0.8 p2 0.6

p3 0.8 p3 0.6

p4 0.8 p4 0.6

c2 0.8 c2 0.6

c3 0.8 c3 0.6

c4 0.8 c4 0.6
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The spreadsheet is currently set up to simulate 500 individuals (total), 200 of which are in Group 1 and 300 of which are in Group 2.  The pi’s (cells O4 and Q4) should reflect these proportions, and equations are entered in those cells to ensure the proportions are correct.  

SIMULATING DATA BASED ON EXPECTATION

OK, now that we have the parameters for each group and N for each group, we can compute the expected number of individuals to have each kind of history.  The formula in cell Y3 computes the number of individuals expected to have a 1111 history, given the parameters, with the equation =O5*O9*O10*O11*O12+Q5*Q9*Q10*Q11*Q12.   Although the cells are not named on this sheet, this equation is the same thing as =p11*c21*c31*c41*N1+p12*c22*c32*c42*N2.  In other words, we compute the capture probability for group 1 based on group 1’s parameters, and multiply it by the number of individuals in group 1.  We do the same thing for group 2, and then add the two numbers together to get the expected number.  Got it?  
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The expected frequencies are listed in cells Y3:Y19 and AA3:AA10.  Again, simulating data based on expectation is a GREAT way to evaluate your study design in terms of bias and precision of parameter estimates.  You could play around with parameter estimates as well as N1 and N2, simulate expected data, run the analysis in MARK, and then compare the MLE’s and standard errors to models where N differs.  

SIMULATING DATA WITH STOCHASTICITY
The second way to simulate data is to include a stochastic component, which is how the data were simulated for this exercise.  The individuals are listed in column N.  Column 0 contains a random number, which is used to assign each individual to a group.  Columns P:V are random numbers for p1, p2, p3, p4, c2, c3, and c4 that will be used if an individual is assigned to group 1.  Columns W:AC are random numbers for p1, p2, p3, p4, c2, c3, and c4 that will be used if an individual is assigned to group 2.   

ASSIGNING GROUPS

Column AD assigns each individual to either group 1 or group 2.  The formula in cell AD15 is =IF(O15<$O$4,1,2).  If the group random number given in cell O15 is less than the proportion of individuals in group 1, then assign this individual to group 1. Otherwise assign it to group 2.   Pretty straight-forward.

ASSIGNING CAPTURE HISTORIES

Now that we know what group an individual is in, we want to generate capture histories.  Histories for individuals in group 1 are generated in columns AE:AI, and histories for individuals in group 2 are generated in columns AJ:AN.   We’ll only go through group 1 now because once you understand how group 1 histories were generated you should be able to understand how group 2 histories were generated. 
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OUTPUT - STOCHASTIC

 For session 1, individual 1, the equation in cell AE15 is 

=IF(AD15=2," ",IF(P15<$O$5,1,0)).  This is a nested IF function.  If AD15 = 2, then the individual is in group 2 and we return a “ “ or blank.  If AD15 is not equal to 2, then the second IF function is carried out:  IF cell P15 (individual 1’s random p1) is less than the specified p1 for group 1 in cell O5, then the individual was captured and a 1 is returned. Otherwise the individual was not captured and a 0 is returned.

For session 2, individual 1, the equation in cell AF15 is =IF(AD15=2,"",IF(AE15=1,IF(T15<$O$9,1,0),IF(Q15<$O$6,1,0))).  Again there are a few IF functions.  IF AD15 = 2, then the individual is in Group 2 and we return a blank.  If AD15 is not equal to 2, then individual 1 is in group 1 and we can move to the next IF function, which evaluates if AE15 = 1 or not.  If AG15 = 1, then the animal was captured in the first session. Was it recaptured in session 2?  The function IF(T15<$O$9,1,0) tells us that if the random number in cell T15 is less than the specified c2 for group 1 given in cell O9, the animal was recaptured; otherwise it was not recaptured and a 0 is returned.  However, if cell AE15 does not equal 1, the animal was not captured in session 1. Was it captured in session 2?  The function IF(Q15<$O$6,1,0) tells us that if the random number is cell Q15 is less than the specified p2 for group 1 in cell O6, the animal was captured in the second session. Otherwise it was not captured and a 0 is returned.  

Sessions 3 and 4 are similar but a bit more complex due to the fact that we have to consider what happened in all preceding capture events.  Cell AG15 generates a history for individual 1 in session 3 with the equation =IF(AD15=2,"",IF(OR(AE15=1,AF15=1),IF(U15<$O$10,1,0),IF(R15<$O$7,1,0))).  

It’s similar to what we did for session 2, except that this time we consider whether an animal was captured either in session 1 OR in session 2 with an OR function. See if you can work your way through the formula. 
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pi 1 =(SIN(G4)+1)/2

p1(group 1) 1 =(SIN(G5)+1)/2

p2(group 1) 1 =(SIN(G6)+1)/2

p3(group 1) 1 =(SIN(G7)+1)/2

p4(group 1) 1 =(SIN(G8)+1)/2

c2 (group 1) 1 =(SIN(G9)+1)/2

c3 (group1) 1 =(SIN(G10)+1)/2

c4 (group1) 1 =(SIN(G11)+1)/2

p1(group 2) 1 =(SIN(G12)+1)/2

p2(group 2) 1 =(SIN(G13)+1)/2

p3(group 2) 1 =(SIN(G14)+1)/2

p4(group 2) 1 =(SIN(G15)+1)/2

c2 (group 2) 1 =(SIN(G16)+1)/2

c3 (group2) 1 =(SIN(G17)+1)/2

c4 (group2) 1 =(SIN(G18)+1)/2

f(0000) 1 =EXP(G19)

The combined histories for groups 1 and 2 are computed in column AO with a concatenate function (and & symbol also works).  Now when you press F9, the calculate key, Excel generates new random numbers and hence new capture histories for the 500 individuals.  The total number of individuals with each history is given in cells S3:V11.  Remember, you won’t record the number of individuals with a 0000 history – the model’s job is to figure that out. 

MARK Instructions for Closed Capture Mixture Models
The following instructions accompany the spreadsheet “Closed Mixture.”  If you have not worked through the spreadsheet exercises, do so now.  If you haven’t already done so, copy cells L4:K18 in the Closed Capture worksheet and paste it into NotePad.  Then save the file as Closed Mix.txt.  Next, change the extension to .inp (Closed.inp).  Alternatively, put quotes around the file name when you save it in notepad with the inp extension, “Closed Mix.inp” and you won’t have to change the extension.  This is the file you will import into MARK. 

In an actual analysis of closed capture-recapture data you would run a suite of a priori models.  These would likely include the models we previously ran in the closed captures exercise as well as those we are about to run in this heterogeneity section.  Luckily all of the models have a similar likelihood structure and can be compared using AIC.  And, yes, the AIC values you get from the closed captures mixture models can be compared to the closed capture models previously done because the model structure is identical (the previous exercise can be thought of a mixture model where all individuals belong to a single group).  

Caution: You cannot compare closed capture model AIC values to Huggins closed captures AIC values.  The likelihoods are not the same.  When you do the Huggins exercises try comparing AIC values for similar data and models.  The estimates will be the same but not the AIC.

RUNNING THE NON-MIXTURE MODELS AND CHANGING DATA TYPES
Getting back to the analysis, for a real analysis you would probably run models Mo, Mt, Mb, and Mtb first using the “Closed Captures” option in MARK.  
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Remember that this dataset includes four capture sessions.  Now, when you move on to the heterogeneity models, you certainly don’t want to start a new analysis.  What you do in this situation is change data types.  Go to the PIM drop down and select Change Data Type.  You will see the same menu pop up that we saw when we started an analysis.  Now all you do is select the Full Closed Captures with Heterogeneity data type you want and proceed with your analysis.  All the new results will appear in the results browser, along with your original models. 
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STARTING A NEW MIXTURE ANALYSIS

If you haven’t run the other closed capture models on this data set and just want to do the heterogeneity models then, Open MARK and select File | New.  Then select the “Closed Captures” data type and then “Closed Captures with Het.” in the pop-up screen as shown above.
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Add a title (e.g., Closed Capture Mixture), and then click on the button to Select File and browse to your .inp file.  You can double check the data by clicking on the View File button.  

Select the number of time intervals used for the survey, which is 4 for this dataset.  There is 1 attribute group and 0 covariates in this example.  Now for something new…..at the bottom of the screen MARK asks you for the number of mixtures.  For our example we will just use 2.  Later, if you want, you could go to the PIM’s, change data types to the Closed Captures with Het., and add more mixtures.  Hit “OK.”  MARK will pop-up a message telling you that a DBF file has been created.  
MIXTURE MODEL PIMS

Hit “OK” and you will be taken to a screen with the Parameter Index Matrix, PIM, for the “Probability of Mixture (pi) Group 1 of Closed Captures with Heterogeneity.”  Note that there is just one parameter, , and MARK will call this parameter 1.
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Open up the rest of the PIMS by going to PIM | Open Parameter Index Matrix, and then select all the PIMs and go to Window | Tile so you can see them all.  There should be 4; one for the mixture probability, one for captures, one for recaptures, and one for N.  
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Notice that, by default, every single parameter is uniquely indexed. Remember this is not a valid model, but that you can adjust the numbers in the boxes to reflect the various models we’ll be running.  Let’s start with model Mh.

MODEL Mh

Remember in model Mh, we estimate 4 parameters:  First,  (pi), or the proportion of animals that belong to group 1; 1- is the proportion of animals that belong to group 2.   Second, you’ll estimate capture probability for group 1 (remember that p1 = p2 = p3, = p4 = c2 = c3 = c4, so you estimate a single parameter). Third, you’ll estimate capture probability for group 2).  Fourth, you’ll estimate the frequency of 0000 animals to derive N, the estimate of population size.  

Let’s start with the mixture PIM.  We have two mixtures so we have one parameter (one beta) for this.  The estimate is the probability that an individual is in the first mixture.  Since there are only two mixtures all the rest have to be in the other mixture (1 - pi).  So we will leave this indexed as 1.

Now for the capture probabilities (PIM labeled “p group 1 of closed captures with heterogeneity”).  For Model Mh we have constant capture probability for each mixture (2 more parameters).  The top row is the parameter index for the beta estimating capture probabilities for group 1.  The bottom row of course represents the group 2.  So we can change the numbers in the PIM so that capture probability for group 1 is indexed as 2 and capture probability for group 2 is indexed as 3.  Now the last PIM is for the population estimate.  Renumber this so that it is indexed as 4.
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Thus, beta 1 is the beta for p, beta 2 is the beta for group 1 p, beta 2 is the beta for group 2 p, and beta for is the beta for N.  

Now we can run model Mh.  Go to the “Run” drop down menu and select “Current Model.”  The “Setup Numerical Estimation” screen appears.  You can type in a title for the analysis and give the current model a name, such as Mh.  Click the “OK to Run” button.  Click YES to use the identity matrix and Yes to append the results to the browser.  
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Here are MARK’s estimates:
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Before we move on, let’s compare the MARK results with our spreadsheet results.  You can see that they match, although the groups are switched (which is not a problem).
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pi 1 -0.01096 0.49452

p1(group 1) 1 0.937471 0.90303

p2(group 1) 0 0.937471 0.90303

p3(group 1) 0 0.937471 0.90303

p4(group 1) 0 0.937471 0.90303

c2 (group 1) 1 0.937471 0.90303

c3 (group1) 0 0.937471 0.90303

c4 (group1) 0 0.937471 0.90303

p1(group 2) 1 -0.25625 0.37327

p2(group 2) 0 -0.25625 0.37327

p3(group 2) 0 -0.25625 0.37327

p4(group 2) 0 -0.25625 0.37327

c2 (group 2) 1 -0.25625 0.37327

c3 (group2) 0 -0.25625 0.37327

c4 (group2) 0 -0.25625 0.37327

f(0000) 1 3.644422 38.261


If you select the full output button (the button to the right of the trash can), you should find portions that report the model LogeL, AIC, and AICc. Here they are from MARK and you can compare them to your spreadsheet.  
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It’s reassuring that the spreadsheet results match. Remember that purpose of the spreadsheet is to show you how the computations are made – it’s not intended for actual data analysis.
MODEL Mth

Ok, now we want to run model Mth, where probability of capture and recapture are occasion specific, and vary between the two groups.  In this model, we will estimate p (pi), then p1, p2 = c2, p3 = c3 for group 1, p1, p2 = c2, p3 = c3 for group 2, and N.
Ok, go ahead and open up all the PIM’s again and tile them so you can see them.  See if you can work out how index the PIMs to run this model.  This is how we set this model up:
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We want to parameterize model Mt for each mixture right?  So, take care of the mixture probability first.  We will index this probability with a 1.  Ok, now that is done so move on to the parameters for the first mixture (the top rows in the p’s and c’s).  If we want a time effect then we know we want the p’s for each occasion to be different.  So we use parameter indices 2, 3, 4, and 5.  We don’t have a behavior effect in this model so we need to set the recapture probabilities for the first mixture equal to the capture probabilities.  So change the recapture indices for the first mixture to 3, 4, and 5 (remember there isn’t one for the first occasion).  Ok, the first mixture is done, except for the parameter for N but we estimate the total population size, not the population of each mixture, so we will wait on that.

Now we just need to build the time effect for the second mixture (the bottom row of the p’s and c’s).  We know that the p’s will be different for each occasion again so each cell gets its own index.  The last index used was 5, so start with parameter index 6 for the capture probability of the first occasion for the second mixture.  This means that parameter 6 or beta6 is the parameter estimating the capture probability for the first occasion for the second mixture.  Then use 7, 8, and 9 for the next 3 occasions.  Change the recapture indices to match.  Now we can index the population estimate as 10.  
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You can also look at the PIM chart for this model by clicking on any of the buttons labeled PIM Chart.  Note the PIM chart calls the whole population Group 1, and that there are parameters for the mixtures within Group 1.  (This is a bit misleading, which is why we prefer to use the PIM matrix for mixture models).
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Go ahead and run this model, and call it Mth.  Add your results to the Results Browser.  
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The parameter estimates from this model are found by clicking on the box to the right of the trash can:
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And here are the spreadsheet estimates.  
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pi 1 0.01196 0.50598

p1(group 1) 1 -0.23428 0.38393

p2(group 1) 1 -0.26445 0.36931

p3(group 1) 1 -0.27911 0.36225

p4(group 1) 1 -0.25174 0.37546

c2 (group 1) 0 -0.26445 0.36931

c3 (group1) 0 -0.27911 0.36225

c4 (group1) 0 -0.25174 0.37546

p1(group 2) 1 0.966993 0.91159

p2(group 2) 1 1.070817 0.93880

p3(group 2) 1 0.988075 0.91748

p4(group 2) 1 0.766683 0.84688

c2 (group 2) 0 1.070817 0.93880

c3 (group2) 0 0.988075 0.91748

c4 (group2) 0 0.766683 0.84688

f(0000) 1 3.648778 38.428


You’ll see that the results match.  Let’s now carefully study the results from MARK.  

What about the other output? You’ll see that the results are generally the same:
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The effective sample size for this model is Effective Sample Size = 1832, which is Mt+1 * 4.  MARK reports that the number of parameters for this model is 10.  What about Deviance?  It is computed as the difference between this model’s -2LogeL and the saturated model’s -2LogeL, though we didn’t add the saturated model to this worksheet.  

MODEL Mbh

Just one model to go, model Mbh.  Follow the same logic we used for model Mth and you should be fine.  First, use parameter index 1 to specify the mixture probabilities.  Great, that is it for the h part of the model.

Now build the behavior model for each mixture and we are set.  Start with the capture probabilities for the first mixture (top row of boxes).  There is no time effect so these are all indexed as 2.  Then do the recapture probabilities for the first mixture.  These are different than the capture probabilities so these are indexed with a 3.  Now for the other mixture (second row of boxes), use parameter index 4 to get constant capture probability and index 5 to get the behavior effect on the recapture probabilities.  The population estimate can then be indexed with a 6.  All set?  Your PIMs should look like this:
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If you’re more comfortable using the PIM chart, here is the chart for Mbh:
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Go ahead and run this one as Mbh, and add the results to the Results Browser.
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That’s it.  MARK’s parameter estimates for this model are:
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pi 1 -0.00831 0.49584

p1(group 1) 1 0.981223 0.91559

p2(group 1) 0 0.981223 0.91559

p3(group 1) 0 0.981223 0.91559

p4(group 1) 0 0.981223 0.91559

c2 (group 1) 1 0.923396 0.89883

c3 (group1) 0 0.923396 0.89883

c4 (group1) 0 0.923396 0.89883

p1(group 2) 1 -0.24721 0.37765

p2(group 2) 0 -0.24721 0.37765

p3(group 2) 0 -0.24721 0.37765

p4(group 2) 0 -0.24721 0.37765

c2 (group 2) 1 -0.26088 0.37103

c3 (group2) 0 -0.26088 0.37103

c4 (group2) 0 -0.26088 0.37103

f(0000) 1 3.61054 36.986


The groups are again coded differently in MARK and the spreadsheet, but the results generally match in all ways.  Our hope is that the spreadsheet helps in understanding how MARK generates this output.

THREE-POINT MIXTURE MODELS

If you are up for it, change the data type and try 3 mixtures.  You will have to use the first 2 parameter indices to specify the mixture probabilities and then use our logic of building a constant, time, or behavior model for the p’s and c’s of each mixture.  A word of caution: these models are data hungry so as you add mixtures you probably will start getting bad strange or non-identifiable parameter estimates because of over-parameterization.
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