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APPENDIX A

Notes on Estimation

Justification for the Use of Maximum Likelihood Estimation

Our philosophy throughout this work has been to present a variety of
explicit mathematical models for capture data based upon fully specified
assumptions. Given these models that incorporate various types of variability
in capture probabilities (time, behavior, and heterogeneity), we are con-
cerned with optimal estimation of population size, N, under each model.
To achieve that optimality, we turn to the field of mathematical statistics.

A number of very general approaches to optimal statistical inference have
been developed during the past 50 years. We feel that not all of them are
suitable for use by biologists for the problem at hand (e.g., decision theoretic,
or Bayesian approaches would require inputs from the biologist that we doubt
they would be willing, or able, to supply). We have chosen to use the method
of maximum likelihood\(ML) estimation and inference; it is one of the best
developed, omnibus tools of mathematical statistics.

The properties of ML estimation are well known (see Mood et al. 1974).
For many practical models, ML estimators are optimal in many desirable
ways. Because of its general applicability and good properties, ML estimation
has been the basis for most modern methods of estimating parameters from
animal marking experiments of all kinds (Seber 1973).

The only requirement for application of ML estimation is that one have
a well-defined parametric model with fewer parameters than the dimension
of the vector of minimal sufficient statistics. Thus, we have been able to use
ML estimation for Models M,, M;, M, M,;,, and the removal models, but
not for Model M;. Only for Model M, do we hesitate to claim there cannot
be significant improvements in the estimator.

It is not necessary to understand the mechanics of how a ML estimate is
computed; it suffices to understand this is not an ad hoc technique, but
rather a well-developed inference method.

For any of the models dealt with here, there is a sampling probability
distribution for the basic data (the {Xy}) that can be represented as a
mathematical function of appropriate parameters; symbolically it is

P{Xile,P},

for N = My4,, and with p representing a set of capture probability parameters
(e.g., p = (p,c) under Model My,). Given an actual sample, we can substitute
these data for the X; variables and treat this formula as strictly a function
of the parameters N and p. This function (of N,p) is called the likelihood
function. The ML estimators N and p are those values of N and p which
maximize the function

L(N,P) = P{Xij I N,p}

or, equivalently, which maximize the log of L(N,p). In this way, the problem
of deriving parameter estimators is reduced to the classic problem of
maximizing a given function over a set of possible values of specified
variables.
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The theory of ML estimation goes much deeper than just deriving point
estimators of parameters. It also gives methods for deriving approximate
sampling variances for the estimator and provides justification for the usual
procedure for confidence interval construction. Also, there is a strong tie be-
tween ML theory and the theory of minimal sufficient statistics.

A sufficient statistic is a condensation of the sample into a smaller number
of statistics that still contain all the information there is about N and p. For
example, My,; and n. are the minimal sufficient statistics for N and p under
Model M, (representing quite a condensation of the entire sample of Xj
values). The ML estimator is always a function of the sufficient statistic,
even if one has not explicitly determined the sufficient statistic. Partly be-
cause ML estimators are functions of the sufficient statistic, they have, for
large samples, the smallest possible sampling variances in the class of con-
sistent estimators. Stated differently, ML estimators are (asymptotically) the
most efficient estimators possible under a sampling theory approach to
inference. For all the above reasons, we have used likelihood theory as the
main basis of estimation in this monograph.

Numerical Methods

Except for the special case of only 2 trapping occasions (t = 2), the ML
estimators described in the preceding chapters do not have explicit mathe-
matical expressions. Hence, numerical methods must be used to maximize
the likelihood functions and thereby find the population estimates on a case by
case basis. Conceptually, this turns out to be easy for models to which we
can apply ML estimation. From above, the likelihood function is repre-
sentable simply as L{N,p). In all applicable cases (exclude Model My and
models where estimation is not possible), we find there is a closed form
expression for the value of the capture probabilities which maximize the
function L(N,p) for any fixed N = M,,,. Represent this as p(N). Thus we can
write

max max L(N,p) = max L{HP(N)|N)
rax ms ax L( |
max A(N),

N

where MN) is a function (analytically expressible) only of N. The maximiza-
tion of AM(N) over N must be done numerically, but this is a simple one-
dimensional search. .

An algorithm by Brent (1973) (also see Fletcher 1972) that does not require
analytic derivatives is used by program CAPTURE to maximize MN). The
algorithm searches between 2 end points. Those end points are first taken
as the number of animals captured, My, for_the lower bound and a linear
approximation to N plus M, for the upper bound. If the upper bound is
determined to be the maximum for the range specified, a new set of values
lying next to the old values is selected and the search over N continues in
this fashion until a true maximum is found. The algorithm searches along the
real line although only integer values are appropriate. Because the search
is one dimensional, the algorithm is very efficient.

The algorithm does not require the analytic first derivatives of A(N). This
means it is not necessary to evaluate the derivative of the log-gamma function
with respect to N(N! and (N — My, )! appear in all the likelihood functions).

i
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Integer N and Confidence Bounds

The domain of N includes only integer values. Therefore, the integer
that produces a maximum in the likelihood function is taken as the estimate.
The numerical search is conducted along the real number line; then the
value returned is truncated to an integer, and a check is made to see that
it is the estimate, and not N + 1. A somewhat arbitrary rounding to the
nearest whole integer is required for the jackknife estimator to maintain
consistency with the other estimators.

For all estimators, the variance is computed on the basis of the value of
N before it is rounded to an integer. We believe this procedure produces a
slightly better estimator of Var(Nl, and at the same time avoids numerical
problems that would occur when N equals My, (this situation does occur).

Confidence intervals of 95 percent are computed as N + 1.96 SE(N). Con-
fidence intervals (but not standard errors) are computed around the integer
value of N. The lower bound is then truncated to an integer and the upper
bound rounded upward to an integer. Those interval end points are thus
technically outside the true 95 percent confidence interval. When the lower
bound is less than the number of animals captured, the value could be reset
to My,,, a realistic procedure because we know that N is not less than M,,,.
The coverage of the interval is not changed by this procedure of using M, , for
the lower bound when the calculated lower bound is less than M,,,.

Admittedly, a confidence interval procedure that can yield a lower bound
less than the number of distinct animals captured (M,,,) is not desirable.
We investigated alternatives that avoid this problem, but we judged them
even less appropriate than the simple approach described above (see Ap-
pendix O). :

Estimation of Sampling Variance

Maximum likelihood theory includes a general method for obtaining the
large sample (i.e., asymptotic) formula for the true sampling variance of N.
We have denoted this simply as Var(N), thus suppressing the fact that it
is an approximation to the “true” sampling variance of N. The approximation
is generally good for large samples; unfortunately, in the capture-recapture
context we have no good measure of when a sample is sufficiently large. A
further complication enters because the formula for Var(N) is almost always
a function of the unknown parameters N and p; symbolically it is generally
of the form

Var(N) = Ng(p),

with the form of the function g known. But because N and p are not known
we must estimate Var(N) by

Var(N) = Ng(p).

The properties of Var(N) can be different (sometimes quite so) from those
of Var(N), which itself is only an approximation to the appropriate finite
sampling variance of N. One particular problem that has been noted in the
literature concerns the fact that N and SE(N) = \/Var(l\') = \/Ng(f)) can be
substantially correlated. This is not surprising, because, of course, N and /N
are highly correlated. The effect of this correlation is to cause an under-
estimate of SE(N) when N is lower than the true N (which it will be much
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of the time). This, in turn, causes the confidence intervals in such cases to
be shorter than they should be. An area suitable for further research on
capture-recapture statistics (both closed and open models) is the question
of improved estimation of sampling variances and confidence intervals.

APPENDIX B

Estimation in Model M,

In Model M,, parameterized by the parameters N and p, the relevant part
of the log-likelihood function is given by

%% (n)In(p) + (N — nJln(l - p),

where pe[0,1] and NeV = {M;,, My,; + 1, My, +2,...}. Given the value
of N, the ML estimator p(N) of p is given as the solution to

InL(N,p|X) = ln(

9 InLp|NX) =0,
op

which reduces to

This results in the solution

Now, the ML estimator N, of N satisfies

I [ InL(p|N,X
InL(R,,B(R,) [ X) = e [max o (p] 4

[}

— s Lo N |

max

max [ NI
e _1n<—(N . MM)!) + (m)In(n.)

+ (N = n)IntN — n.) — tNln(tN)J.

For a given data set, a search over ¥ is performed to locate the ML esti-
mate N, This value is then used in the calculation of the ML estimate
P(Ny) = p via

n.

b=

tN,
The asymptotic variance of N, is (cf. Darroch 1959)
Var(N,) = N[(1 — p)t — (1 — p)™* + t — 1]V
An estimate of this variance is
Var(No) = No[(1 = )~ = (1 ~ p)~* + t — 1]



106 WILDLIFE MONOGRAPHS

APPENDIX C

Estimation in Model M,

Model M, is parameterized by the t+ 1 parameters N, p;, Ps, ..., Pr- The
relevant log-likelihood function for estimation of the parameters is given by

InL(N,p|X) = 1n<—(—N‘—N!M—)!)+ Z n;ln(p;)

(N = ny)In(1 — py),

M-

+

P
-

where Ne#& = {Mi11, Mgy + 1, My + 2,...}, p = {ps, Pz, .. .Dt}, Diel0,1]for
j=1,2, ... t. Given the value of N, the ML estimators p;(N) of p; are given
as the solutions to the system of equations

0 — -
o5, InL(p|N,X) = 0, i=12,...,t

The j™ one of these equations reduces to

1; . N — 11y
B(N)  1-p(N)

which results in the solution

ﬁj(N> = %

Now, the ML estimator N, of N satisfies

o e _ max |max InL(p;, p,, . . .,pt|N,X)]
lnL(Nt>pl(Nt)> .. ,pt(Nt>|X) NeN _pj€[0,1]

= nax _IHL(fh(N),f)Z(N)’ . "f)t(N) |N,X)]

- tNln(N)}.

A search over & is performed in order to locate the ML estimator N,. It is
then possible to calculate the ML estimates p(N,) = p; of the p;forj = 1,2, .. ..t
via

ATy

P _’NT

The asymptotic variance of N, is given by Darroch (1958) as:

Var(R) = N[~ 1 4t-1-3(1- pj)‘l}_l.

[1(1-p)

j=1
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An estimate of this variance is

A, ~. N 1 i —1
Var(K,) = Nt{ 5)-1] .

: +t-1-%(1—-p)
[T -1y =

j=1

APPENDIX D

Estimation in Model M,

Model M, is parameterized by the parameters N,p, and c. The part of the
log-likelihood necessary for estimation of the parameters is given by

_ N!
X) = In((

+m.In(c) + (M. — m.)In(1 — ¢),

where NeAV = {My,, M1y + 1, Mg+ 2,...}, pel0,1], ce[0,1]. The ML estima-
tor ¢ of ¢ is produced by the equation

InL(N )+Mt+lln(p)+(tN M. = My, )In(1 — p)

B aL(Np.c|X) = 0,
dc

which reduces to

m. M. — m.

A

¢ 1-¢

Solving this equation gives é = m./M.. Thus, we see that estimation of ¢ is
independent of the estimation of N and p. Now, the relevant part of the log-
likelihood function for purposes of estimating N and p is

InL(N,p|X) = m(ﬁ) + M. In(p) + (EN — M. = My, )n(1 — p).

Given the value of N, the ML estimator p(N) of p is provided by the equation
9 InLp|NX) =0,
dp

which reduces to
Mgy L tIN - M. — Mt+1_

pN)  1-p(N)
The solution to this equation gives
o _ My,
bN) = =M

Now, the ML estimator Ny, of N satisfies

NN max [max InL(p |N,X)
InL(Np,p(Ny) ‘X NeN [pe[O 1] ]

= Nk [lnL(p(N) IN,X) ]
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_ max N! :
= NeN[ln<—(N — Mt+1)!> M In(My,y)

+ (tN = M. = My )In(tN — M. — M)
— (N — M)In(tN — M.)].

A search over ¥ is preformed to locate the ML estimate N,. It is then possible
to calculate the ML estimate p(N,) = p of p via

The asymptotic variance of N, is given by Zippin (1956) as:

J) = NA=p) [l = (1 —p)]
e

An estimate of this variance is given by

ooy Ny = P - (1 - p)
Varlo) = =T =) — #p*(1 - T

APPENDIX E

- Estimation in Model M,

The mathematical details of Model M, are covered in detail in Burnham
(unpublished dissertation) and Burnham and Overton (pers. comm.). The
following gives a few of the basic results for this model and the jackknife
estimator.

Under Model My, we assume

pij :’ pi 1 = ]., . .,N,

and we further assume that the py;...py are a random sample from some
(unknown) probability distribution F(p), pe[0,1]. For any F(p), the MSS con-
tains only the capture frequencies f,,...f;, and their distribution is
multinomial:

=+ N ) N—Myyy : N
F} (N _ MH-], fl, . -,ft (77'0> E(WJ) >

P{fl, . '>ft

where

1/t ) . '
e fo (j )p“ - p)'dF(p), j=0,...t

If one assumes a parameteric form for F(p), then standard approaches are
possible (e.g., ML). Burnham (unpublished dissertation) investigated the case
where F(p) is the class of beta distributions and found that approach basically
unacceptable.

The “jackknife” estimator used here was developed by application of the
generalized jackknife statistic (Gray and Schucany 1972) to the naive esti-
mator My, assuming the bias of M, as an estimator of N is expressible
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TABLE E.l.—THE JACKKNIFE ESTIMATORS Ny OF POPULATION SIZE, FORK = 1TO 5

-1
N = Moy + (45 ).

th = MH—l - <2t t— 3)f1 itt_ 2]).) f2

3t — 2 _ _ 23 )
N = My, + < >f1 <3t 15t + 19)f2+t t-3) f,

W= 1) - It=9)
o 4t- 10\, _ (6 — 36t + 55 46— 422 + 148t — 175\ _ (t — 4y
Nho = My + ( t )f‘ ( - 1) )fz * ( e — 1)t = 2) >f3 D=3 "
< 5t— 15\, _ (1082 — 70t + 125 1068 — 1208 + 485t — 660
Nos = My + ( t )f‘ ( tt— 1) )f2 *+ ( tt — 1)(t — 2) )f'“

(=4 - (-5 (t—5)°
(t(t TDE- -3 )f‘* TR Ty e

in a power series in 1/t. The end result of that application is that for the ktt
order jackknife the estimator is a linear function of the capture frequencies.
For example, we have

‘ t-1 TR
Nszer(_t )fls<1+_t )fl+Zﬁ.

These point estimators of N have been determined for up to the fifth order,
and are given in Table E.1.
Because

t
Mt+1 = E fj,
; i=1

any Ny is expressible as a linear combination of the capture frequencies,
say as

= Et and;.

Using the fact that the f; are multinomial random variables an approximate
variance estimator of Nhk is

A A t
Var(Ny) = Z an); — Npg

and confidence intervals can be constructed on the basis of the asymptotic
normality of Ny,.

A procedure for selecting one of the estimators has been suggested by
Burnham and Overton (pers. comm.). It involves testing whether Ny ,,, is
significantly different from Ny, and stopping when no significant difference
is found.
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APPENDIX F

Discussion of Model My,

The most general model one might assume in the instance where both
behavioral response to capture and variability among trapping occasions are
found involves the following set of parameters:

N = population size
p; = probability of capture on trapping occasion j of an animal not pre-
viously captured, j = 1,2,...t,
c*; = probability of capture on trapping occasion j of an animal first captured
onoccasionk, j=k+ Lk+2,...; k=1,...t- 1.

The corresponding probability distribution of {X,} is given by

PI{X,}] = ] (i! 5 DECEES

[t]:[ fI (1 — C*kj)““—R“’],

k=1 j=k+1
where

u; = number of animals first caught on occasion j, j = 1,2, .. .,t,
M; = number of marked (previously captured) animals in the population at
the time of the j™ sample, j = 2,3, .. .,t,
M., = total number of different animals captured in the experiment

t
(notice My = > uy),
=
Ry = number of animals caught on occasion j that were first captured on
occasion k,j=k+ L k+2, .., k=1, .., t— L
A MSS for this distribution is {w;, s, ..., uy, Rys, Ryg, -« o, Ry, Rag, o0 Rayy o0,
Ri.1.}, that has dimension t(t+ 1)/2. There are t(t+1)2+ 1 parameters
involved and straightforward ML estimation of N is not possible.

If we restrict the model so that ¢*y; = ¢;, i.e., the probability of recapture
on occasion j does not depend on the occasion of first capture, then Model
My, (as previously defined) results. It is easily verified that, when c*y; = ¢,
P[{X,}] given above reduces to the probability distribution given in the sec-
tion concerning Model My, where a discussion of the nonidentifiability of N
is presented. Thus, for purposes of estimating N, the assumption that ¢*y; =
c; has no utility.

ML estimation of N is theoretically possible if one is willing to further
restrict the model so that there is some relationship between c¢*; and p;. There
is no unique restriction, and as an example we considerc*;= 6p;,j =2, 3, ..., t,
where 0<p;<1,j=1,2,..,tand 0<; 0p;<1,j=2, 3, ..., t. With this as-
sumption, the probability distribution of {X,} becomes

» ‘ N‘ ! u, n—M
PLOCH = e i L2~ 207

[T1@wim1 — apyon]
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N!
= (1 — p)N (™)

TN = M)

[0
t

JT (1 = p)¥Mee(1 = 6p)™™ p;™.
=2

A sufficient statistic for this distribution is {uy,u,, .. .,uy,me,ms, .. ..m}, that has

dimension 2t — 1. Since there are t+ 2 parameters involved, the model
allows all parameters, in particular N, to be identified if t = 3. Estimation
under this model is not considered here, however, due to the questionable
assumption that recapture probabilities bear a constant relationship to initial
capture probabilities over all trapping occasions, for all animals. Thus, at
present we are not able to present an estimator of N that is appropriate
under the assumptions of Model My,

APPENDIX G

Discussion of Model My,

In the section concerned with Model M,, the random variable Xj; was stated
to be distributed according to a Bernoulli distribution with parameter py,
that represents the probability that the i animal is captured on the j® oc-
casion. Here, we assume that the elements of the set {X;} constitute a
mutually independent collection of random variables, and that p;; = p;p;,
i=12,...N, j=12,...,t. Furthermore, we let the p;, i=12,...N be a
random sample of size N from some probability distribution function F(p;0)
defined on [0, 1], and we restrictthe p;,j =1, 2, ..., tso that 0 < p;p; < 1 forall
i,j. Under those conditions, the probability distribution of the observed
sample {Xy}, wherei=1,2, ..., M,j=1,2, ..., t can be written as

P[{Xij}] = P[{Xi,-} IMt+1]P[Mt+1]a
where

My,

PI{Xy} [My;] = <,t[1 pj“’)(ﬂ f : p” Lljl (1- ppﬁ""ﬂ] dF(p;0>>,

i=1

y; = the number of times the i'" animal is captured,
P[M,,,] = the probability distribution of the number of different animals
captured in the experiment. This distribution will involve the
parameters N, py,ps, . . .,pr, and the distribution F(p;8).

Obviously, if the form of F(p;@) is left unspecified, ML estimation of N will
not be possible. If the form of F(p;0) is specified, but the vector of parameters
0 is not, likelihood estimation will be possible if the dimension of the minimal
sufficient statistic is sufficiently large to ensure identifiability of N. As
mentioned in the section on Model M, estimation of N will be possible
if F(p;0) is completely specified. In that case, a MSS of dimension t + 1
is {nyns, ...,ny,My1}, and the number of parameters to be estimated is also
t+ 1, i.e., pups2 .. -PuN. Therefore, unless the experimenter is willing to
make the doubtful assumption that at least the form of F(p;0) is known, we
can present no satisfactory estimation procedure appropriate under the
assumptions of Model My,.

111
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APPENDIX H

Estimation in Model My,

Pollock (unpublished dissertation) considered Model My, and found the
distribution of the set of possible capture histories {X,} under the assumption
that (p;,c;), which represents the pair of initial and recapture probabilities,
respectively, of the i animal, is the i™ member of a random sample of size
N from some bivariate distribution function G(p,c;0). Let us consider
rewriting the distribution P[{X,}|G(p,c;0)] as P[{uu,,...u |G(p,c;0)]-
Pl{X,} |{u1,u2, cooug, G(p,e;0)]. The distribution of the removals Pl{u,,
Uy, .. ., us} | G(p,c;8)] will be multinomial, with parameter N and cell prob-
abilities that are functions of the moments of G(p,c;0). The conditional dis-
tribution P[{X,}|{uy, u,, ..., u;}, G(p, ¢; 6)] will also depend on the moments
of G(p,c;0) but not on the parameter N. Therefore, the multinomial dis-
tribution

NI
[]jl u,-!] (N = M,,,)!

where 7; is a function of the moments of G(p,c;0) and

t
Ti+1 = 1- E T,
=1

P[{usu,, .. ..ud |G(p,c;0)] =

1
(II m“‘) (1r )N,
=1

is the relevant distribution for purposes of estimating N. Pollock (unpub-
lished dissertation) showed that if G(p,c;0) = G(p;0,)- G(c;0,), then ; = E[p
(1 = p)'] and the conditional distribution P[{X,} |{uyus, . . ,u}, G(p,c;0)] de- -
pends only upon G(c;0,). Regardless of whether p and ¢ are independent, once
we agree to base estimation of N solely on the first capture “removal” type
of data, then the problem can be reformulated. The behavioral response is
then irrelevant and all we need to consider is the probability distribution
of first captures. That is, we assume that py, . . .,py are a random sample from
some distribution G,(p;8).

Consider transforming the parameters 7,7, . . .,m into the set of parameters
P> D2, ..., Dy by using the relationship ;= (L — p )1 — Po)...(1 — Pi_)Ds»
j=1,2, ...t Thus, p;is a conditional probability that represents the average
first capture probability of those members of the population that have not
yet been captured at the time of the j® trapping occasion. Given this inter-
pretation, it is not unreasonable to assume that p, > p, > - -- > p,. Further-
more, we assume that (p; — P,) > (P, — Ds) > * - > (Pi—y — Dv), 0 that larger
differences in average first capture probability occur initially. (Note: if G,(p;0)
is the class of beta distributions both assumptions are easily shown to be true.)
The assumptions and the distribution P[{uu.,...,ud IG(p,c;O)], which we
abbreviate Plu,u,, .. .,ud, form the basis of the generalized removal method
outlined below.

Fork=12,...t- 2,

(i) Assume Py = Pgsy = - =Py =P and that py,p,,....pxy differ. This
reduces the number of parameters involved in the estimation of N
tok + 1.

(ii) Estimate N by the ML method. This task is greatly simplified by
rewriting
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t
Plugus, .. ,ud as [] Pl |uyus, . . .,u—], where Plu;|ug,us, . . uy)
=1

is the conditional distribution of the jt removal, given the values of
the previous removals.

Then

(iii) Choose the smallest value of k that produces a sufficient fit to the data,
and take as the estimate of N the estimate associated with this value
of k. The fit of the data uy, u,, ...., u, can be measured by the usual
size a chi-square goodness of fit test. We have used a = 0.20 because
of the seriousness of Type II errors. If significance levels of all the
tests (one for each value of k) are less than 0.20 we have chosen the
value of k corresponding to the largest achieved significance level.

For a given value of k, the asymptotic sampling variance of Ny, is

~ : L k=1 .2 _ 252 -
Var(®) = Ny =5 P - P } -
1_2771' i=1 73 bj (l—p)[n(l—pj)-i—zﬂ'j"l]
=1 =1 . i=1
An estimate Var(N,;) of Var(N,,) is obtained by replacing N,p,p1,Ps, . . -.Px_1,
T, T, . . .,7; by their respective ML estimates.

Finally, we mention that, for a given value of k, it is possible that the
experiment “fails,” i.e., valid estimation of N is not possible. Recall that
Seber and Whale (1970) provided a failure criterion for the estimator
associated with Model M,. (This model corresponds to the case k = 1.)
Following their method of proof, it is easily shown that the failure criterion
for any value of k is

i
> (t+k -2y <0
i=K

If the experiment fails for a value of k, the corresponding model is clearly
excluded from those eligible for selection as the appropriate model for
estimating N.

APPENDIX I

Discussion of Model My,

In Model My, it is assumed that the i animal in the population has, on
the jit trapping occasion, both a unique probability of first capture p; and
a unique probability of recapture c;;. The model therefore requires tN
parameters concerning first capture, (t — 1)N parameters concerning re-
capture (because c¢;;=Cy;=...=cy; =0), and the parameter N for its com-
plete specification. This totals (2t —1)N + 1 parameters and obviously all
parameters are not identifiable for estimation purposes.

The assumption can be made that the 2t — 1 dimensional vectors (p,
Pis - - sP16:C12,C13 - - C1t)s  (D2nP22, - - sP26:C22,Ca3, -« 5C20)5 + o5 (DNLDN2, - - >PNLCN2s
.. .,cny) are a random sample of size N from some probability distribution
function F(p1,pz, - . ,DuC2,Cs, - - -.c;;0) parameterized by the vector 8 and de-
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fined on [0,1]?*"!. The probability distribution function of {X,} can then be
written as

PI{X,]} = [wax]&”_ - I;I[E[m,]]xw,

where 7, = a scalar random variable that is a function of the 2t — 1 dimen-
sional random wvariable (py,ps,...,.p;,C2Cs, . ..,.cy) corresponding
to the capture history w, and

1 1
E[Ww] = j; st L T dF(pb v PC2y e "Ct;o)'

For instance, if t=4 and o= {1,1,0,1}, then 7, = p,cy(1 — cy)c,. If one is
willing to make certain assumptions concerning the family of distributions
to which F(-;0) belongs, the dependence structure among the variables
{PLP2 - - - P6C%Cs, . . .,Cif and the vector of parameters 0, then ML estimation
of N will theoretically be possible. However, it is not unreasonable to
suspect that the amount of numerical computation and the number of assump-
tions required will prohibit such estimates from being useful in practice.

APPENDIX ]

Estimation in Removal Models

For the removal experiment, it is assumed there may be heterogeneity
among the capture probabilities of the N members of the population subject
to removal. Moreover, the N capture (removal) probabilities p;,i = 1,2,...N,
are a random sample from some probability distribution function G(p;0)
defined on [0,1] and parameterized by the vector 8. Under those assump-
tions, the distribution of the vector of removals {u;u,,...,uy} is given by

‘ ' :
P[uh\ Ug, ..., Ut] = t N. (H Wju]) 7Tt+1N_M'“a
[H uj!](N - My, )! =1
=1
where

m = E[p(l - p)jul] = J(;l p(]- - p)j_l dG(p;o)a .] = 1>27 .. '>ta
s = E[(1 - p)] = f "(1 - p) dG(ps8)

=1~ 3 Elp(1 - p)1

Notice that this distribution of {u,u,, .. .,us} is of the form, and the param-
eters of the same nature as the distribution of {ug,u,,...u} in Model My,
Therefore, the generalized removal method developed for Model My, is also
applicable to removal experiments where estimation of N is desired. Al-
though the experimental situations associated with those 2 models are quite
different, the fact that the removals are the only statistics relevant for pur-
poses of estimating N, and the nature of the parameters m; combine to make
the generalized removal method appropriate in both cases.
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APPENDIX K

Tests of Model Assumptions

The details of the statistical tests described in the section entitled TESTS
OF MODEL ASSUMPTIONS are given here. Tests have been numerically iden-

tified and correspond to the identification numbers used in program CAP-
TURE.

Test 1

Since Model M, is a special case of Model My, a likelihood ratio test of
He: pi=p, i=1,....N versus Hy all p; are not equal, seems plausible.
However, due to the nonidentifiability of parameters in Model M; a valid
likelihood ratio procedure is not possible.

An alternative approach is taken by examining the fit of the observed
frequencies fj, .. .fi (recall these are the elements of the MSS for My) to
their expected values under Model M,. The resulting test statistic is intended
to be sensitive to departures from Model M, in the direction of Model M.
If H, is true, we would expect the test statistic T; to be approximately
diﬁtributed as a chi-square random variable with t — 2 degrees of freedom,
where

L -
Ti= 2 f
i=1 j

§= K[ })p - )
J
and N, and p are the ML estimates of N and p under Model M,.

Test 2

Testing the null hypothesis of Model M, versus the alternative of Model
M, is equivalent to testing the null hypothesis Hy: p = ¢ versus the alterna-
tive Ha: p #c. If it is assumed that the bivariate random variable {p ¢}
is distributed as a bivariate normal with mean vector {p ¢} and covariance

matrix
[Var(fﬁ) 0 ],
0 Var(e)

then, under H,, the quantity T’ = (p — ¢)*/[Var(p) + Var(e)] is distributed
as a chi-square random variable with 1 degree of freedom (ctf. Theorem
4.4.5 in Graybill 1976). Here, p and & are the ML estimates of p and ¢ under
Model M, (cf. Appendix D), and we use Var(p) = p*q*(1 — g")/N[q(1 — gq? -
p?t2qt], where q = 1 — p (cf. Seber 1973:312). Furthermore, we approximate
Var(¢) by treating ¢ as a binomial variable with M. fixed so that Var(é) =
¢(1 — ¢)/M.. Obviously, both Var(p) and Var(¢) will have to be estimated by
substituting the ML estimates of N, p, and ¢ under Model M,, so that the
actual test statistic becomes

-

Var(p) + Var(c)
It follows that T, has an approximate chi-square distribution with 1 degree
of freedom under Hy,.
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If H, is false, T, has an approximate noncentral chi-square distribution
with 1 degree of freedom and noncentrality parameter A = (p — ¢)¥2[Vax(p) +
Var(¢)] (cf. Theorem 4.4.5 in Graybill 1976). Thus, theoretical approximations
to the power of the above test can be found for fixed values of N, p, and c.
These approximations, obtained by the use of the noncentral chi-square
tables of Haynam et al. (1970), are given for the alternatives involved in
Table 8, Appendix N. Finally, it should be mentioned that, due to the con-
ditional nature of Var(¢), it was necessary to substitute

t k=2
EM]=Np> S q

k=1 ¢=0

for M. to enable evaluation of the noncentrality parameter A.

Test 3
Testing the null hypothesis of Model M, versus the alternative of Model M,
is equivalent to testing Ho: p;=p, j = 1,2,...t, against H,: Not all the p;
are equal. We assume that the t-varlate random variable (p.,ps,....py is
distributed as a t-variate normal distribution with mean vector (p;,ps, ..., Dy
and covariance matrix
Var(p,) o
. , where
0 Var(p,)

; = ny/N, = ML estimator of p; under Model M,, and
Var(pj) = p]qJ/N> q; = 1 - Pi J = 1>2a .. '>t'
Now, using Theorem 4.4.5 in Graybill (1976), the random variable

E P/ Var(p;) — <E Dy Var(p;) ) / 2 Var(p;) ™!

has a chi-square distribution with t — 1 degrees of freedom under H,. As in
test 2, the quantities Var(p;) will have to be estimated using the ML estimates
D and N;. Upon making these substitutions the test statistic T, reduces to

To= Suja (S /3 b

o] =1 =
Under Hy, T; has an approximate. chi-square distribution with t — 1 degrees
of freedom.

An approximation to the power of this test given any alternative is provided
by the knowledge that, under H,, T, has an approximate noncentral chi-
square distribution with t — 1 degrees of freedom and noncentrality param-
eter

A = (N/2) [2 p/a - (2 va,)'/ 3 (ba)).

Utilizing the tables of Haynam et al. (1970), these approximations were
calculated for the alternatives involved in Table 9 of Appendix N, and the
results are contained therein.
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Test 4

An overall goodness of fit test of Model M, can be thought of as equivalent
to testing Ho: py = pi versus Hy: notall py=p, i=12,.. . My, j=1,.. .t
Thus, the null hypothesis assumes heterogeneous individual capture prob-
abilities that do not change over time, and the alternative states that, given
heterogeneity, capture probabilities also change over time. Notice that H,
does not state how probabilities change over time, i.e., whether the change
is due to behavioral response, variation in trapping occasions, or a com-
bination of both. Thus, if H, is rejected, it is not rejected in favor of an
alternative Model; rather it is the goodness of fit of Model M, that is being
rejected. ‘

Burnham (unpublished dissertation) has shown that under H, the test
statistic

has an approximate chi-square distribution with t — 1 degrees of freedom
and is appropriate for testing Ho vs. H,. The test is conditional on the fre-
quency of capture statistics fif3, .. .f;. Burnham also recommended that if
f, is large enough, a statistic appropriate for testing Hy: p;; = p; versus Hy:
not all py; = p;, for all i such that y; = k, is given by

k 2
E(ij_?fk) -1

k t—k’

where z; = number of animals caught on day j that were captured exactly
k times, and ‘
y; = nuinber of times the i™ animal was captured.

Under H,, T,, has an approximate chi-square distribution with t — 1 degrees
of freedom, conditional on the value of f,. Notice that a test statistic of the
form of T4, can be constructed for any k = 1,2,...,t — 1 as long as f; is large
enough. We have used the criterion that f, must be larger than t before the
test is performed. ‘

Test 5

An overall goodness of fit test of Model M,, can be constructed by com-
bining the results of 2 independent tests. The first of these tests was intro-
duced by Zippin (1956) for testing Hy: p; = p versus H,: Not all p; = p,
j=12,...t In the context of Model M,, p; represents the probability of
first capture on the j® trapping occasion, and thus Zippin’s test attempts
to determine the constancy. of first capture probability over time. The test
statistic, which has an approximate chi-square distribution with t — 2 degrees
of freedom when Hg is true, is given as

At >

T, = 5: (u; — Nbf)_(Alj_l)2 + (N, — Myyy — Nud¥?
= Nybg™ Np@
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where N, and p are the ML estimates of N and p under Model M,, and
g =1~ p. (Note; we have used the following “pooling” strategy for this chi-
square test. If Nypg™ ' <2 and Nppd*'=2 for s = 1,2,...,r — 1, then the
“cells” corresponding to r,;r + 1,...,t are pooled into 1 cell. This will reduce
the degrees of freedom associated with T, tor — 2.)

A test (independent of the above procedure) for the constancy of recapture
probability over time can be constructed using the so-called variance test
for homogeneity of binomial proportions (cf. Snedecor and Cochran 1967:
240). That is, a test statistic appropriate for testing Hy: ¢; = ¢ versus H,:
notall ¢;=c¢,j=2,3,...t is given by

t
Ts, = E M;(&; — &)1 - @),
i=2

where

éj = mj/Mj,
& = ML estimate of ¢ under M, = m./M..

The statistic Ty, has an approximate chi-square distribution with t — 2 degrees
of freedom when H,, is true.

Because T;, and T, are independent and have chi-square distributions
when Model M, is true, an overall test statistic for the goodness of fit of
Model M,, is given by Ts = T, + T, This test statistic has an approximate
chi-square distribution with 2t — 4 degrees of freedom under Model M,,.

Test 6

Testing the goodness of fit of Model M; can be interpreted as being
equivalent to testing Ho: py = p; versus Hy: not all p;y=p;, i=1,2,... .My,
and j= 1,2,...,t. Thus, the null hypothesis assumes variation in capture
probabilities among trapping occasions while asserting that on a given oc-
casion all animals have the same probability of capture. The alternative
H, allows capture probabilities to differ among members of the population
on a given occasion, as well as allowing trapping occasions to affect capture
probabilities. Notice that H, does not specify why capture probabilities differ
among animals on a given occasion. That is, this difference may be due to
behavioral response, individual heterogeneity, or a combination of both.
Thus, when H,, is rejected, it is not in favor of a specific alternative model;
rather it is the goodness of fit of M, that is being rejected. We have chosen
to adopt the test procedure proposed by Leslie (1958) for the purpose of
testing Hy, versus H,. The proper test statistic is given by

3 [ttt £0 (k — 1 — 4.)2
TS:E[E 1 ( : ) ]Ij’
Ky - 2 R?,/af?

£=j+1

j=1

where

£,? = number of animals captured exactly k times that were first captured
on the j™ occasion,
u; = number of animals first captured on the j* occasion,

R;, = number of animals recaptured on the €% occasion that were first
caught on the j* occasion,
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t—itl
gy = > £ (k= Diu, and
k=1

! 0 otherwise.

Notice that we have followed Leslie’s recommendations that a “cohort” of
newly identified animals first captured on the j occasion not be included
in the overall test unless it consists of more than 20 individuals, i.e., u; must
be greater than 20. Furthermore, a new cohort is not included unless it is
subject to at least 3 subsequent trapping occasions, i.e., j= 1,2,...t—3.
Under the null hypothesis of “equicatchability,” T, has an approximate chi-
square distribution with

t—3
> (u;— DI,
=

degrees of freedom. ;

It should be mentioned that Carothers (1971) proposed an improved version
of Leslie’s test. However, practical use of the procedure requires some
arbitrary trimming of the data and therefore is difficult to use for simulation
purposes.

Test 7

Pollock (unpublished dissertation) developed a procedure designed to test
H,: Model M, fits the data versus H,: Model My, should be used. The test
statistic depends on the 2 vectors of statistics

£ = (O£, 5O, O 6P fP) where £9 is the number of ani-

mals captured exactly k times that were first captured on the i*® oc-
casion,

f = {f.f;,...f}, where f; is the number of animals captured exactly j
times.

This is a chi-square goodness of fit test formed by pooling t — 1 indepen-
dent chi-square tests. The ki of these tests is conditional on the value of f
and has t — k degrees of freedom. The overall test statistic is given by

T. = §RY {f“m _ [(t— l::i + 1)/ (li)]f“}z_
AT /O

Under H,, T, has an approximate chi-square distribution with

She—k = tt - 12
k=1

degrees of freedom. (Note: for each of the t — 1 distributions we have used
the same pooling strategy described for the test involving Ts,. In this case,
the quantity checked for sufficiently large expectation is

(82 )/ ()6

119



120

WILDLIFE MONOGRAPHS

Therefore, it may be that in a given case degrees of freedom will not be
t(t — 1)/2, but rather this quantity less the appropriate number of degrees of
freedom lost by pooling.)

A Test for Closure

An approach to a closure test suggested by Burnham and Overton (pers.
comm.) can be conceptualized by first considering the null hypothesis Hg:
Pi=D»i=L2, ...t for only those animals captured 2 or more times. Es-
sentially, H, merely asserts that individual capture probabilites are invariant
over time. Now consider, however, an alternative hypothesis H, that states
that for at least some i, i.e., for some animals that were captured at least
twice,py =pie= """ =pr=0and/orpy= - =py=0,where Il sr<s=<t
H, states that some members of the population were not present in the pop-
ulation for some initial or terminal part of the study, or both. If that alterna-
tive is true, one might expect that'the time between first and last capture for
animals is, on the average, shorter than one could expect under H,. That
conjecture is the rationale for the test procedure given below. Note that
the test is designed to detect birth-death or immigration-emigration
phenomena, or both, that occur only during the initial and latter stages of
the study, not phenomena occurring toward the middle of the study. For
example, the test would not be appropriate when some animals are present
during the initial stages of the study, leave the study area for a time, and
then return prior to the termination of the study.

Given that the i™ animal was captured exactly y; times, and that y, = 2,
let Q; =W, — V,, where W, is the occasion of last capture and V; is the
occasion of first capture. Thus, Q; is merely the time between first and last
capture for the i™ animal. Conditional upon the value of y;, the expectation
and variance of Q; are:

E(Qi|yi =k = (k — 1)t + D/(k + 1),
Var(Q; |y = k) = 2(t — k)(k — D)(t + 1)/(k + 2)(k + 1)

Under H,, the statistic
R 1M
BQ[ =+
k i=1

has the conditional expectation given above

_ [1if the i** animal was captured exactly k times
where I .
0 otherwise.

If f, is large, the test statistic,
EQ]k) — (k- D(t+ DIk + 1) K

[2(t - kk — Dt + l)]”2 ’
(k + 2)(k + 1)

Ckz

can be assumed to be approximately distributed as a standard normal. (We
have required that f, = 10.) An overall test statistic appropriate for testing
H, versus H, is given as
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z [E(Q|K) — (k — 1)(t + ik + 1)]

€= [t—l 20t — k)(k — I)(t + 1)]1/2
= (k + 2)(k + 1),

The test statistic C is also approximately distributed as a standard normal
if H, is true and the number of animals captured at least twice is large
(greater than 10). Tests of H, versus H, calculated by using either Cy or C
should be one-sided tests since the alternative specifies that the E(Q|k)
should be smaller than E(Q;|y, = k). Thus, closure is rejected only if the
test statistic is small. Finally, we emphasize that the test involving Cy is
conditional on the value of fi, and the test using C is conditional on the
values of fo.f5, .. . [i_1.

APPENDIX L

Density Estimation Based on Subgrids

The density estimation procedure using nested subgrids is based on
Dice’s (1938) boundary strip idea. The fundamental aspect of this approach
was proposed by MacLulich (1951). Let the trapping grid have area A, and
a perimeter length of P. Then for any convex grid (that includes all rectangular
grids) the effective trapping area A(W) is

A(W) = A, + PW/c + 7W?c,

where ¢ is a conversion factor to express PW and W2 in the units of A.
From that equation, we derive the expected population size at risk of capture
as

E(N) = DA(W),

where D is the true density of animals. Dividing through by the known
area A, we derive

EN) _ b1+ aw + bwz),
g
where
P T
- p=_7_
T AL AC)

Note that the unknown parameters are D and W and that E(N) is estimable
from the trapping study.

Given at least 2 grids of different sizes, we can estimate the parameters
D and W. Assume there are k different grids (these may be subgrids of 1
overall study). The relevant equations can be written as

%: DL+ aW+bWl+e, i=1 ...k
g
By assumption, E(e) = O. Let the variance covariance matrix of € be 3.
We are assuming the same density (D) and strip width (W) apply to all grids.
This seems especially reasonable when the grids are nested (see section on
DENSITY ESTIMATION).
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Given estimates N;, the above equations put estimation of D and W in the
framework of generalized nonlinear regression. All we need to carry out the
estimation is a knowledge of the variance-covariance matrix ¥. Letting Y, =
N/A,, we have

Var(Y;) = Var(N,)/A.2,
which is estimable. Also we know that
COV(Yi,Yj) = rijSE<Yi)SE(Yj)>

where 1; is the correlation of N; and N;,. This correlation is not known. Burn-
ham and Cushwa (pers. comm.) suggested the following way of approxi-
mating rj;.

The correlation of N; and N; will depend in large part on the overlap of
the 2 populations of size N; and N; that in turn depends on the overlap of the
areas A(W) and Ay(W). Thus let

A(W) N A(W)
A(W) U A(WY

that is, r;; is the area of the intersection of Aj(W) and A(W) divided by the
area of their union.

Using this formula, we can arrive at an estimator of § that seems reasonable;
hence, from the live trapping data we can compute Y, ..., Y and

We are now in a position to obtain weighted nonlinear least squares
estimators of D and W as D, W satisfying

riy = corr(NN;) =

g“{w Y-0H'3" (Y -1, where

fi= D[1 + a,W + b;W?], i=1,... .k

An approximate variance-covariance matrix for the estimators D and W is
given by the 2 x 2 matrix V'3~V where V is the Jacobian matrix

[Of Bf]
4D’ oW

The elements of the columns of the matrix V are, respectively,

of;

i = . + . 2

D 1+ W + bWz,

of;

L = D[a; + b;2W], i=1,...,t
W [a; + b2W] i=1

Because ¥ depends upon W (but not D), an iterative procedure is needed
wherein an initial value of W, is chosen, ¥ is computed based on it, and the
new D,, W, obtained. Iteration is contmued until stable estimates of D and
W are obtained.
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APPENDIX M

General Simulation Methods

The various estimators and tests described in this monograph were simu-
lated to study their small sample properties and operating characteristics.
The asymptotic properties of the tests and estimators are known in most
cases, but not the finite sample properties. Monte Carlo simulations provide
a method by which our estimation procedures may be evaluated under the
exact model from which they were derived. Because we would not expect
real data to fit any model exactly, by simulating data, we can study the prop-
erties of the procedures without interference due to the data not fitting the
model.

Pseudo-random uniform (0,1) variables were generated using the Burroughs
6700 FORTRAN intrinsic function RANDOM. The mixed congruential
method is used by this function (Anonymous 1971).

Beta variables for the simulation of heterogeneous probabilities of first
capture were generated using subroutine GGBTA from the IMSL (1976)
package, with the required uniform variables furnished by RANDOM. That
routine uses a rejection method (Fishman 1973).

In the most general simulations, the trapping process is simulated for each
animal in the population for each trapping occasion. The probability of
capture for a particular animal on a particular day is compared against a
uniform (0,1) variable. If the value of the random variable is less than the
probability of capture, then the animal is assumed captured, and that ele-
ment of the X matrix is set to unity. Otherwise, the value in the X matrix
is set to zero, indicating no capture. When the X matrix is completely filled,
the necessary MSS are computed and the tests and estimation completed.

‘APPENDIX N

Simulation Results

Simulation Results Regarding Estimation Procedures

In developing this material, we used 6 different models to generate simu-
lated data: all capture-recapture models except My, and My,,. For each of the
data sets, various estimation procedures considered here were applied to gain
insight into the operating characteristics of such procedures. The results
of this simulation study are presented here in tabular form.

For each model there are 2 corresponding tables. Obviously, for any given
model one may choose any number of sets of parameter values needed to
completely specify the model. Thus, the first table for each model lists all
the different sets of parameter values (each of which is called a Trial) used
in the simulation study. For example, Trial 1 in Table N.l.a indicates that
there were 400 animals in the population and that every animal had a 0.30
probability of capture on each trapping occasion. That information is all that
is required to specify an example of Model M,

The second table for each model presents the simulation results for each
estimation procedure used on data generated from the Trials of that model.
Column headings in the tables are:
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Estimator—identifies the estimation procedure used; e.g., “N,” indicates
that the estimation procedure described in Appendix C for Model M, was
applied to the data.

R—the number of replications (data sets).

t—th(:: number of trapping occasions.

Ave(N)—the average value of N taken over all replications, i.e.,

. R
Ave(N) = L Sy,
R &
o(N)—the “sample” standard error of N taken over all replications, i.e.,

o(N) = \/ S (R — Ave(N)(R — 1).

Aveﬁar(N)—the average value of JVar(N) taken over all replications, i.e.,

' omm—— 1 R o
AveVar(N) = — > Var(Ny.
R &
Coverage—the proportion of replications in which the constructed 95%
confidence interval contained the true population size N.
Trial—identifies which population (set of parameter values) generated the
data.

Two points concerning o(N) and Ave,Var(N) should be mentioned. First
the value of o(N) estimates the true standard error of the estimator N in
any given Trial and Model so that a_measure of the relative bias of the
estimator \Var(N) is given by |AveVar(R) — o(N) |/a(N). Second, the average
confidence interval width in a given Trial and Model is given by 2-(1.96)
Ave\/%m). ‘

As an example, consider the first line of Table N.1.b. We see that 200
data sets, each consisting of 5 trapping occasions were generated according
to Model M,, Trial 1 and that the estimation procedure associated with
Model M, was applied to each set. For those 200 data sets, N, was essentially
unbiased (Ave(N,) — N = =0.7), as was the estimator of the standard error
of N, (Ave Var(N,) — o(N,) = 0.05). Moreover, 95 percent of the constructed
confidence intervals covered the true value of N. This achieved confidence
coefficient of 0.95 corresponds exactly with the stated level of the interval,
namely 0.95. Such excellent performance of the confidence interval pro-
cedure is due in large part to the fact that N, and Var(N,) appear to be
essentially unbiased. Finally, note that the average width of the 200 con-
structed confidence intervals is given by 2(1.96)(11.96) = 46.88.

Simulation Results Regarding the Size and Power of Testing Procedures

Because the testing of assumptions plays a vital role in the analysis of
capture-recapture data, it is important to have some insight into the operating
characteristics of such tests. Simulation studies of the tests T, through T,
defined in Appendix K were carried out on data simulated from all 8 models
to provide such insight, and the results are presented in Tables N.7 through
N.13. In addition, Tables N.8 and N.9 give results of an approximation
to the power of tests T, and T; based on theoretical results in Appendix K.
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The column headings of the tables are:

a—indicates the nominal size of the test.

Data Model—indicates the Trial and Model that were used to generate the
data.

R—indicates number of replications (data sets).

t—indicates number of trapping occasions.

The reader will note that in some instances the number of replications R
appears to be strange. The explanation is that a few of the estimators and
tests simulated are subject to “failure,” i.e., a particular data set may have
characteristics that do not allow calculation of the desired statistics. In those
cases, the data sets are excluded from the reported simulation results.

Finally, in Table N.14 we give a description of the Trials of Models My, and
Mgy Those Trials were involved in the simulation of some of the tests of
model assumptions.

TABLE N.l.a—DESCRIPTION ON THE TRIALS OF

MODEL M,

N P Trial
400 0.30 1
400 0.10 2
400 0.05 3
200 0.25 4
100 0.20 3
100 0.15 6

TABLE N.l.b.—SIMULATION RESULTS OF ESTIMATION PROCEDURES USED ON DATA GENERATED ACCORD-
ING TO MODEL M,

Estimator N Ave(N) a(N) Ave'V Var(R) Coverage R t Trial
So 400 399.30 11.91 11.96 0.950 200 5 1
N, 400 456.93 219.31 160.25 0.922 500 5 3
N, 400 405.97 52.84 55.54 0.930 200 5 2
N, 100 101.70 19.43 - - 200 5 6
N, 400 397.34 46.56 - - 200 5 2
N, 400 453.82 203.75 - - 372 5 3
N, 400 405.73 52.54 - - 200 5 2
N, 200 199.60 6.58 - - 100 7 4
Np 100 113.46 17.25 13.74 ©0.830 200 5 6
Nn 400 386.89 27.65 27.93 0.920 200 5 2
Np 400 389.12 29.56 28.02 0.898 400 5 2

Np 200 226.38 10.77 10.07 0.260 100 7 4
Np 400 319.25 204.51 - - 372 3 3
Np 400 485.90 387.42 - - 198 5 2
Ny 200 198.59 11.66 10.47 0:880 100 7 4
N, 400 407.71 61.81 57.45 0.940 400 5 2
N; 400 439.96 161.42 148.13 0.940 500 5 3
N; 200 199.37 6.51 6.85 0.950 100 7 4
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TABLE N.2.a.—DESCRIPTION OF THE TRIALS OF MODEL M,

N (P1,p2, - - s pd Trial
400 (0.55, 0.55, 0.50, 0.45, 0.45) 1
400 ) (0.05, 0.10, 0.15, 0.15, 0.05) 2
400 (0.10, 0.10, 0.10, 0.10, 0.01) 3
400 (0.01, 0.01, 0.02, 0.03, 0.03) 4
400 (0.04, 0.05, 0.03, 0.07, 0.06) 5
400 (0.60, 0.40, 0.20, 0.10, 0.10, 0.10, 0.10, 0.10, 0.10, 0.10) 6
400 (0.50, 0.20, 0.10, 0.10, 0.10, 0.10, 0.10) 7
400 (0.60, 0.40, 0.20, 0.10, 0.10) 8
400 (0.20, 0.40, 0.30, 0.10, 0.20, 0.30, 0.20) 9
200 (0.30, 0.40, 0.10, 0.40, 0.30) 10
800 (0.02, 0.01, 0.03, 0.03, 0.01) 11
100 (0.05, 0.05, 0.10, 0.15, 0.15) 12

TABLE N.2.b—SIMULATION RESULTS OF ESTIMATION PROCEDURES USED ON DATA GENERATED ACCORD-
ING TO MODEL M,

Estimator N Ave(N) a(N) Ave\/m Coverage R t Trial
ISIt 400 399.30 202.39 348.63 0.839 155 5 4
N; 400 408.57 73.91 74.19 0.949 198 5 3
N 100 108.44 37.18 35.77 0.942 989 5 12
N; 800 1,015.62 630.46 748.23 0.902 194 5 11
N; 400 400.33 54.50 - 56.00 0.955 200 5 2
N; 400 399.28 3.55 3.86 0.960 200 5 1
N; 400 442.66 187.00 . 151.93 0.930 200 5 5
N; 400 397.14 206.97 341.61 0.880 292 5 4
N; 400 398.59 15.64 16.45 0.940 100 7 7
N; 400 398.81 8.03 7.57 0.950 100 10 6
Ny 200 198.70 8.98 7.98 0.880 100 5 10
N; 400 39941 10.16 9.96 0.930 100 7 9
Ny 400 399.45 12.80 11.94 0.940 100 5 8
Np 400 349.17 27.27 26.54 0.515 200 5 3
Ny 400 100.83 27.37 12.93 0.000 200 5 4
Nn 100 98.70 14.43 13.77 0.924 1,000 5 12
Np 800 219.60 27.94 20.79 0.000 200 5 11
Ny 400 244.46 24.04 22.17 0.000 200 5 5
Np 400 98.56 30.27 12.43 0.000 400 5 4
Np 400 506.72 27.76 22.00 0.000 100 5 8
Nn 400 516.22 31.59 26.91 0.000 100 7 7
Ny 200 456.68 50.28 15.91 0.000 100 10 6
Ny 400 235.94 15.78 12.54 0.170 100 5 10
Nn 200 459.60 18.32 15.30 0.010 100 7 9
Npy! 400 199.70 21.08 18.08 0.810 100 5 10
Npn? 400 410.30 54.16 70.10 0.860 100 7 9
Npn* 400 387.07 21.14 27.63 0.540 100 10 6
Nin?! 400 364.06 55.82 65.24 0.510 100 7 7
Npn! 400 342.56 9.48 5.72 0.040 100 5 7

! Note, we use Ny, and Ny as equivalent notation.
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TABLE N.3.a.—DESCRIPTION OF THE TRIALS OF

MODEL M,

N P c Trial
400 0.30 0.10 1
400 0.20 0.50 11
400 0.20 0.05 2
400 0.10 0.30 3
400 0.10 0.15 4
200 0.30 0.50 5
200 0.25 0.25 6
200 0.20 0.10 7
100 0.20 0.05 8
100 0.20 0.50 9
100 0.10 0.30 10
100 0.20 12

0.40
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TABLE N.3.b.—SIMULATION RESULTS OF ESTIMATION PROCEDURES USED ON DATA GENERATED ACCORD-

ING TO MODEL M,

Estimator N Ave(N) a(N) Ave\/@r(TQ) Coverage R St Trial
ISTb 100 82.00 36.73 64.76 0.708 161 5 10
Ny 200 208.09 38.53 40.27 0.930 100 5 7
Np 200 198.36 13.32 13.13 0.900 100 5 5
Ny 400 401.23 25.43 19.91 0.920 100 5 1
Ny 100 109.83 48.05 - - 199 5 8
Ny 400 400.22 22.38 - - 200 5 1
Ny 400 511.04 408.42 - - 193 5 3
Ny, 400 403.56 58.70 - - 200 5 2
Np 200 197.88 13.32 - - 200 5 3
Ny 400 461.48 269.25 - - 196 5 4
Ny 200 206.99 37.11 - - 200 5 7
Ny 200 198.59 11.66 1047 0.880 100 7 6
Ny 100 82.39 6.75 5.09 0.140 100 5 9
Nn 100 176.49 14.40 18.82 0.000 100 5 8
Np 400 347.67 29.55 26.16 0.495 200 5 4
N, 100 71.75 4.80 2.43 0.000 100 5 9
N; 100 299.25 193.37 115.92 0.630 100 5 8
N, 100 51.38 7.06 - - - 161 5 10
N, 100 293.88 109.76 - - 199 5 8
N, 400 720.39 57.05 - - 200 5 1
N, 400 212.48 13.56 - - 193 5 3
N, 400 1,070.94 176.01 - - 200 5 2
N, 200 175.18 5.80 - - 200 5 5
N, 400 305.73 33.32 - - 196 5 4
N 200 311.67 48.50 - - 200 5 7

)
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TABLE N.4.a~—DESCRIPTION OF THE TRIALS OF MODEL M,

N pLi=12...N Total
400 pi = 0.05, i = 1,200; p; = 0.15, i = 201,300; p; = 0.50, i = 301,400. 1
400 p; = 0.01, i = 1,100; p; = 0.05, i = 101,200; p; = 0.10, i = 201,300, 2
pi = 0.20, i = 301,400.

400 p; = 0.10, i = 1,100; p; = 0.20, i = 101,200; p; = 0.25, i = 201,300; 3
p; = 0.30, i = 301,400.

400 pi=0.0L, i = 1,50; p; = 0.15, i = 51,200; p; = 0.25, i = 201,300, 4
p: = 0.30, i = 301,400.

400 pi = 0.20, i = 1,100; p; = 0.30, i = 101,200; p; = 0.40, i = 201,300; 5
pi = 0.50, i = 301,400.

200 pi=0.05,i=1,50; p; = 0.15, i = 51,150; p, = 0.25, i = 151,200. 6

200 pi = 0.15,1 = 1,50; p; = 0.20, i = 51,100; p; = 0.25, i = 101,150; 7
p; = 0.30, i = 151,200.

100 pi=0.05,i = 1,40; p; = 0.10, i = 41,80; p; = 0.30, i = 81,100. 8

100 b~ f(3,22), i = 1,100.* 9

100 p;~ B(1,22/3), i = 1,100.1 10

100 pi ~ B(3/22,1), i = 1,100.1 11

100 pi=0.10,i= 1,40; p; = 0.20, i = 41,80; p, = 0.30, i = 81,100. 19

400 pi=0.05,i = 1,50; p; = 0.10, i = 51,200; p; = 0.15, i = 201,300; 13
p: = 0.25, i = 301,400

200 pi=0.05,i=150; p, = 0.10, i = 51,150; p; = 0.25, i = 151,200. 14

! Indicates that the probabilities p; were a random sample of size 100 from a beta probability distribution with the indicated parameter
values. E[p] = 0.12 in those cases.

TABLE N.4.b.—SIMULATION RESULTS OF ESTIMATION PROCEDURES USED ON DATA GENERATED ACCORD-
ING TO MODEL My

Estimator N Ave(N) a(N) Ave\/ﬁr(—N) Coverage R t Trial
IS]h 100 35.41 9.36 4.38 0.000 200 3 11
Ny 100 79.46 15.15 10.91 0.545 200 5 10
Ny 100 ' 84.66 14.32 11.56 0.675 200 5 8
Nn 400 331.06 23.99 22.69 0.180 200 5 1
Np 400 298.06 24.52 24.22 0.000 200 5 2
Nn 100 100.17 21.15 10.54 0.675 200 10 8
Np 400 460.10 32.31 26.77 0.395 200 5 3
Ny 200 226.78 19.82 11.94 0.440 100 7 7
Np 400 443.95 19.71 15.20 0.170 100 5 5
Np 400 461.22 32.64 26.92 0.410 100 5 3
Nn 400 417.08 30.91 24.92 0.850 100 5 4
Np 100 107.57 16.80 12.01 0.810 100 5 12
Nn 200 207.34 16.14 11.59 0.870 100 10 6
N, 100 26.83 4.79 - - 200 5 11
N, 100 62.68 12.39 - - 200 5 10
N, 100 68.90 12.43 — - 200 5 8
N, 400 227.83 10.97 - - 200 5 1
N, 400 260.29 30.93 - - 200 5 2
N, 100 73.72 7.28 - - 200 10 8
N, 400 365.12 17.15 - - 200 5 3
N; 200 193.61 9.70 7.69 0.770 100 7 7
N; 400 376.18 10.00 7.67 0.240 100 5 5
N; 400 364.31 16.44 17.01 0.460 100 5 3
N; 400 333.17 17.92 16.19 0.060 100 5 4
N, 100 87.87 12.07 10.19 0.690 100 5 12
N, 200 173.64 8.68 6.83 0.120 100 10 6
N, 400 228.02 10.73 7.40 0.000 - 100 5 1
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TABLE N.5.a—DESCRIPTION OF THE TRIALS OF MODEL M, THE PROBABILITY THAT THE i" ANIMAL

IS CAUGHT ON THE j® TRAPPING OCCASION IS EQUAL TO pip;,j=1, ...,tANDi=1, ...,N
N pri=12,...,N Puji=12,.., t Trial

400 p;= 0.15,i = 1,100; p; = 0.33, i = 101,200; p, = 0.30, p, = 0.60, p; = 0.10, p, = 0.30, 1
p: = 0.67, 1 = 201,300; p; = 1.00, ps = 0.60.
i = 301,400.

400 p; = 0.40,1i = 1,100; p; = 0.60, i = 101,200; p, = p, = 0.25, p3 = 0.50, py = 0.15, 2
p: = 0.80, i = 201,300; p; = 1.00, ps = 0.25.
i = 301,400.

400 p; = 0.30,1i= 1,150; p; = 040, i = 151,250; p, = 0.15, p, = 0.25, p; = 0.05, p, = 0.10, 3
p: = 1.00, p; = 251,400. ps = 0.30.

400 p; = 0.03,i = 1,100; p; = 0.35, i = 101,200; p; = p, = p; = 0.35, p, = 0.40, p5 = 0.60. 4
pi = 0.55, i = 201,300; p; = 1.00, .
i = 301,400.

200 p; =040, 1= 1,50; p; = 0.60, i = 51,100, p; = 0.50, p, = p; = 0.30, p, = 0.60, 5
pi = 0.80, i = 101,150; p; = 1.00, ps = 0.20, pg = 0.40, p; = 0.30.
i=151,200.

200 p;=0.25,1=1,50; p; = 0.50, i = 51,150; p1 = 0.15, p, = 0.25, ps = 0.05, py = 0.10, 6
p; = 1.00,i = 151,200. ps = 0.30.

400 p; = 0.45,i = 1,100; p; = 0.55, i = 101,200; p, = 0.65, p, = 0.75, p; = 0.55, p, = 0.35, 7
ps = 0.65, i = 201,300; p; = 0.75, ps = 0.60, ps = 0.50, p; = 0.80.
i = 301,400.

100 p;=0.35,1i = 1,25; p; = 0.45, i = 26,50; p1 = 0.65, p, = 0.75, p; = 0.55, py = 0.35, 8
p: = 0.535; i = 51,75; p; = 0.65, ps = 0.60.
i=76,100.

TABLE N.5.b.—SIMULATION RESULTS OF ESTIMATION PROCEDURES APPLIED TO DATA GENERATED
ACCORDING TO MODEL My,

Estimator N Ave(N) a(N) Ave\/m Coverage R t Trial
Nt 400 +303.60 14.13 11.74 0.000 100 5 1
N; 400 369.90 21.69 19.69 0.600 100 5 2
N; 400 309.04 37.46 35.66 0.340 100 5 3
N, 400 272.77 12.53 10.32 0.000 100 5 4
N; 200 187.93 5.68 5.29 0.360 100 7 5
N; 200 164.17 34.05 29.11 0.590 100 5 6
Ni 400 402.88 31.42 23.46 0.850 100 5 1
Nn 400 478.73 33.55 29.20 0.220 100 5 2
Nh 400 353.90 25.02 26.62 0.590 100 5 3
Np 400 352.78 29.38 20.68 0.430 100 5 4
Ny 200 217.72 8.42 9.46 0.560 100 7 5
Nn 200 178.21 21.29 18.67 0.760 100 5 6
Nyn 400 Failed in all 100 replications 100 5 1
Non 400 272.56 11.65 6.27 0.000 . 100 5 2
Npn 400 Failed in all 100 replications 100 5 3
Nyn 400 489.06 275.72 319.02 0.840 100 5 4
Npn 200 179.41 9.27 9.16 0.340 100 7 5
Non 200 235.91 156.90 337.63 0.793 92 5 6
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TABLE N.6.a.—DESCRIPTION OF THE TRIALS OF MODEL My,

N ey i=12, .. N Trial
400 p; = 0.05, i =1,200; p; = 0.15, i = 201,300; p; = 0.50, i = 301,400. i
400 pi = 0.01,i = 1,50; p; = 0.15, i = 51,200, p; = 0.25, i = 201,300; p; = 0.30, 21
i = 301,400.

400 p;=0.10,i = 1,100; p, = 0.20, i = 101,200; p, = 0.25, i = 201,300; p; = 0.30, 3t
i = 301,400.

400 pi = 0.20, i = 1,100; p; = 0.30, i = 101,200; p; = 0.40, i = 201,300; p; = 0.50, 4t
i = 301,400.

200 pi = 0.05,i = 1,50; p; = 0.15, i = 51,150; p; = 0.25, i = 151,200. 5!

200 pi = 0.15, i = 1,50; p; = 0.20, i = 51,100; p; = 0.25, i = 101,150; p; = 0.30, 6!
i= 151,200.

100 pi = 0.10,i = 1,40; p; = 0.20, i = 41,80; p; = 0.30, i = 81,100. 7t

400 pi = 0.10, i = 1,50; p; = 0.25, i = 51,200; p; = 0.35, i = 201,300, p; = 0.45, 8
i = 301,400, ¢; = max[(p; — ran(i)/4),0].

400 p; = 0.05,i = 1,50; p; = 0.10, i = 51,200; p; = 0.15, i = 201,300, p; = 0.25, 9?
i = 301,400; ¢; = min[(p; + ran(i)/4),1].

400 pi=0.05, i = 1,50; p; = 0.10, i = 51,200; p; = 0.15, i = 201,300; p; = 0.25, 10
i = 301,400; ¢; = max[(p; — ran(i)/4),0].

100 pi ~ B(1,22/3), i = 1,1003; ¢; = min[(p; + ran(i)/2,1)] 112

100 i ~ B(1,22/3), i = 1,1003; ¢; = max[(p; — ran(i)/2),0] 122

100 p; ~ B(1,22/3), i = 1,1003; ¢; = min{max[p; + (ran(i) — 0.5)/2,0},1} 132

400 p; = 0.15, i = 1,100, p; = 0.25, i = 101,300; p; = 0.35, i = 301,400. ¢; = 0.5 p; 14

100 pi=0.15,1i = 1,33; p; = 0.25, i = 34,66; p; = 0.35, i = 67,100. ¢; = 0.5 p; 15

!Indicates the trial was used for estimation purposes only. Because the performance of the estimator associated with Model My,
depends only upon N and the probabilities of first capture py, recapture probabilities; ¢; need not be specified.

2 The function ran(i) produces a random value of a variable distributed uniformly over the interval [0,1].
3py ~ B(1,22/3) indicates that the random variable p; has a beta distribution with parameters 1 and 22/3.

TABLE N.6.b.—SIMULATION RESULTS OF ESTIMATION PROCEDURES USED ON DATA GENERATED ACCORD-

ING TO MODEL M,

Estimator N Ave(N) a(N) Ave\/VT(N) Coverage R t Trial
ISIbhl 400 246.59 38.04 32.26 0.120 100 5 1
Npn? 400 340.83 57.57 47.90 0.360 100 5 2
Npp?! 400 366.43 41.87 35.63 0.600 100 5 3
Nin' 400 383.00 21.30 15.89 0.560 100 5 4
Ny 200 175.51 16.26 13.52 0.380 100 10 5
Ny 200 193.72 13.90 13.72 0.780 100 7 6
Npn! 100 94.14 43.26 41.48 0.620 100 5 7

! Note, we use Ny, and Ny as equivalent notations.



STATISTICAL INFERENCE FROM CAPTURE DATA—Otis et al. 131

TABLE N.7.—SIMULATION RESULTS CONCERNING
THE SIZE AND POWER OF THE TEST T; OF MODEL
M, vs. MODEL M,

a

-

0.01 0.05 0.10 Data model R

0.0100 0.0300 0.0550 M, Trial2 200
0.0100 0.0150 0.0450 M,, Trial6 200
0.9900 0.9900 0.9900 My, Trial1 200
0.0900 0.1150 0.1400 M,, Trial2 200
0.0850 0.1350 0.1900 My, Trial3 200
0.1350 0.1650 0.1950 M, Trial 8 200
0.3950 0.5650 0.6250 My, Trial8 200
0.1700 0.1750 0.2500 My, Trial 10 200
0.7450 0.7750 0.8400 M, Trial 11 200

—
gt Gtutotutut it

TABLE N.8.—SIMULATED AND THEORETICAL RESULTS CONCERNING THE SIZE AND POWER OF THE TEST
T, OF MODEL M, vs. MODEL M,

a

Method 0.01 0.05 0.10 Data model R t
Simulation 0.0100 0.0550 0.0860. M., Trial 2 198 5
Theoretical 0.0100 0.0500 0.1000 M,, Trial 2 198 5
Simulation 0.0280 0.0830 0.1240 M,, Trial 3 372 5
Theoretical 0.0100 0.0500 0.1000 M,, Trial 3 372 5
Simulation 0.0600. 0.1300 0.1400 M,, Trial 4 100 7
Theoretical 0.0100 0.0500 0.1000 M,, Trial 4 100 7
Simulation 1.0000 1.0000 1.0000 My, Trial 1 200 5
Theoretical 0.9990 0.9990 0.9940 My, Trial 1 200 5
Simulation 0.9150 0.9700 0.9800 My, Trial 2 200 5
Theoretical 0.9480 0.9880 0.9947 M,, Trial 2 200 5
Simulation 0.8800 0.9640 0.9790 My, Trial 3 193 5
Theoretical 0.8480 0.9500 0.9750 My, Trial 3 193 5
Simulation 0.0050 0.0660 0.1890 My, Trial 4 200 5
Theoretical 0.0510 0.1550 0.2450 My, Trial 4 200 5
Simulation 0.9700 0.9900 1.0000 M,, Trial 5 200 5
Theoretical 0.9460 0.9870 0.9980 M,, Trial 5 200 5
Simulation 0.2800 0.5100 0.6350 My, Trial 7 200 5
Theoretical 0.2610 0.4900 0.6140 M,, Trial 7 200 5
Simulation 0.4220 0.6280 0.7140 M,, Trial 8 199 5
Theoretical 0.4570 0.6940 0.7950 M,, Trial 8 199 5
Simulation 0.0190 0.1990 0.3230 My, Trial 10 161 5
Theoretical 0.2200 0.4370 0.5620 M, Trial 10 161 5
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TABLE N.9.—SIMULATED AND THEORETICAL RESULTS CONCERNING THE SIZE AND POWER OF THE TEST
T; OF MODEL M, vs. MODEL M,

a

Method 0.01 0.05 0.10 Data model R t
Simulation 0.0150 0.0525 0.1100 M,, Trial 2 400 5
Theoretical 0.0100 0.0500 0.1000 M,, Trial 2 400 5
Simulation 0.0120 0.0500 0.1060 M,, Trial 3 500 5
Theoretical 0.0100 0.0500 0.1000 M,, Trial 3 500 5
Simulation 1.0000 1.0000 1.0000 M,, Trial 2 200 5
Theoretical 0.9998 0.9999 0.9999 M;, Trial 2 200 5
Simulation 0.3800 0.6550 0.7350 M,, Trial 5 200 5
Theoretical 0.4269 0.6635 0.7703 M;, Trial 5 200 5
Simulation 0.6138 0.8028 0.7984 M, Trial 12 989 5
Theoretical 0.5925 0.7984 0.8751 M;, Trial 12 989 5

TABLE N.10.—SIMULATION RESULTS CONCERNING TABLE N.12.—SIMULATION RESULTS CONCERNING
THE SIZE AND POWER OF THE GOODNESS OF FIT THE SIZE AND POWER OF THE GOODNESS OF FIT
TEST T, OF MODEL M, TEST Ts OF MODEL M,

o o

0.01 0.05 0.10 Data model R 0.01 0.05 0.10 Data model R

0.0200 0.0500 0.0900 M,, Trial 2 100 0.0000 0.0200 0.1100 M, Trial 13 100
0.0000 0.0400 0.0900 My, Trial 3 100 0.0000 0.0300  0.0600 M, Trial 14 100
0.0000 0.0500 0.1000 My, Trial 8 100 1 0.0000 0.0100 0.0900 My, Trial 1 100
0.0000 0.0800 0.1300 My, Trial 100 100 0.0100 0.0700 0.1200 Mg, Trial 2 100
1.0000 1.0000 1.0000 My, Trial 14 100 0.0600 0.2800 0.3600 Mgy, Trial 7 100
0.0900 0.2300 0.3700 My, Trial 15 100 0.0300 0.0700 0.2000 Mg, Trial 8 100
1.0000 1.0000 1.0000 M, Trial 7 100 0.9300 0.9800 0.9900 Mgy, Trial 1 100
0.5400 0.7900 0.8800 Mgy, Trial 8 100 0.0200 0.0600 0.1000 Mgy, Trial 2 100
1.0000 1.0000 1.0000 Mgy, Trial 1 100
0.1600 0.3300 0.4200 My, Trial 2 100

-
-
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TABLE N.13.—SIMULATION RESULTS CONCERNING

TABLE N.11—SIMULATION RESULTS CONCERNING THE SIZE AND POWER OF THE TEST T; OF MODEL
THE SIZE AND POWER OF THE GOODNESS OF FIT M, vS. MODEL My,

TEST T; OF MODEL M,

a

« 0.01 0.05 0.10 Data model R

oor 005 010  Datamoddl R 0.0100 0.0800 0.1500 M, Trial 10 100
0.0000 0.0200 0.0200 My, Trial 11 100 0.0100 0.0300 0.0800 M, Trial 13 100
0.0000 0.0500 0.1200 My, Trial 12 100 0.0600 0.0700 0.0800 M, Trial 14 100
0.0000 0.0600 0.1000 Myy, Trial 14 100 0.4000 0.6700 0.7600 My, Trial 8 100
0.0000 0.1000 0.1600 My, Trial 15 100 0.1500 0.4000 0.5100 My, Trial 9 100
1.0000 1.0000 1.0000 My, Trial 1 100 0.0900 02300 0.3300 My, Trial 10 100
03300 0.5700 0.7100 My, Trial2 100 0.2800 0.5000 0.6100 My, Trial 11 100
10000 1.0000 1.0000 My Trial 1 100 0.0200 0.1400 0.1800 My, Trial 12 100
0.0600 0.1800 0.3000 My, Trial 2 100 0.0100 0.0500 0.1100 My, Trial 13 100

-
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TABLE N.14.—DESCRIPTION OF THE TRIALS OF MODELS My, AND My,

Mlbl
N PLj=12,...t c Trial
400 005 p: = 0.35, p; = 0.25, p, = 0.15, 2.5 1
= (.20, ps = 0.10, p; = 0.30.
100 035 p: = 0.25, p; = 0.15, p, = 0.20, 0.5 2
= 0.30.
Mlbh2
N P,i=12,...,N P,i=12,... t c Trial
400 p;=0.15,i = 1,100; p; = 0.25, p: = 0.65, p, = 0.75, p; = 0.55, p, = 045, 2.5 1
i = 101,200; p; = 0.35, i = 201,300; ps = 0.60, pg = 0.50, p, = 0.70.

p: = 0.45, i = 301,400.

100 p; = 0.15,i = 1,25; p; = 0.25, i = 26,50; p; = 0.65, p, = 0.75, p; = 0.55, p, = 045, 0.75 2
pi = 0.35,1 = 51,75; p; = 045, ps = 0.60.
i=176,100.

' The probability of any animal being captured. on the j*® occasion, j = 1,2,...t, is p; if the animal has not previously been caught and
cp; if the animal is being recaptured.

2 The probability of the i animal being captured on the j* occasion is p;p; if the animal has not previously been caught and ppic if the
animal is being recaptured.

APPENDIX O

Interval Estimation

Use of the Central Limit Theorem (cf. Mood et al. 1974:195) in setting
so-called “normal theory” confidence intervals for parameters is widespread.
The theorem usually is cited as justification for asserting that, for “large
samples,” a 95 percent confidence interval for the parameter of interest  is
given by P{f — 1.966(8) < 0 < 6+ 1. 960(0)} = 0.95, where 6(6) represents
an estimate of the standard deviation of 8 (also see Seber 1973:134 for an
example of an indirectly constructed confidence interval based on asymptotic
normality). Further impetus is given to this argument when ML estimators
are involved by the knowledge that, under certain regularity conditions,
those estimators are BAN (Best Asymptotically Normal). Furthermore, large
sample (normal theory) confidence intervals based on ML estimators are
known to have smaller expected width than intervals constructed using any
other estimator (cf. Mood et al. 1974:393).

Unfortunately, it is generally true that assertions concerning the operating
characteristics of large sample intervals cannot be made if sample sizes .
are small or regularity conditions are not met or both. Even more un-
fortunate is the fact that small or moderate sample sizes are more often the
rule than the exception in capture-recapture experiments. Therefore, it was
not unexpected that initial simulation of capture-recapture experiments re-
vealed that “normal theory” confidence intervals often exhibit undesirable
properties. For example, the lower limit of a given interval for population
size N may be less than the riumber of different animals captured in the
experiment. Also, coverage of the confidence interval, i.e., the percentage
of simulated intervals that contain the true value N, is often significantly
less than the nominal level of 0.95. Because of such problems, 2 alternative
interval estimation procedures were investigated in the hope that a more
satisfactory procedure could be suggested for practical use.
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The first procedure is based upon the supposition that the distribution of
the estimator N™! is more symmetric (hence closer to normality) than the
distribution of N (cf. Cormack 1968). Thus, the following procedure was
proposed. First, calculate the ML estimates N and Var(N). Construct a 95
percent confidence interval for N™* of the form P{N~! — 1.96N2/Tar(N) <
N7'< N7+ 1.96N"%/Var(N)}. Finally, invert the interval in the obvious
manner to arrive at a confidence interval for N. Simulation results involving
Model M, showed that, although the distribution of N-! was nearly normal,
the above procedure did not represent a significant improvement over the
usual large sample interval. Coverage of the 2 procedures was roughly the
same, but the “reciprocal” procedure had, on the average, greater width
than the usual large sample procedure. Moreover, lower confidence limits
for Nt sometimes were less than zero and thus, upon inversion, the upper
limit for N was negative.

The second alternative method for interval estimation involved the use of
only the likelihood function of the sample, and is based largely upon the
likelihood principle (cf. Kendall and Stuart 1973:226). That principle asserts
that the likelihood function provides all the information necessary for
making statistical inferences concerning the data and has been subjected
to serious theoretical questioning (Stein 1962, Birnbaum 1968, Kendall and
Stuart 1973). Nevertheless, we felt that it would be beneficial to simulate
the operating characteristics of these “likelihood intervals” in capture-
recapture experiments to evaluate their practical utility.

Briefly, the mechanics of constructing a likelihood interval are as follows.
(The reader is referred to Hudson [1971] for a thorough explanation.) For
a given data set X, form the log-likelihood function InL(6|X). (Assume 6 is
a scalar for simplicity of presentation.) Under the assumption that §, the ML
estimator of 6, is unique, and that the likelihood function is unimodal, the
likelihood interval I(6) is defined as I(9) = {0;1nL(6|X) = lnL(O\X) - 2}. I(0)
consists of all those 6 for which InL(9]|X) (the log-likelihood function
evaluated at §) is no more than 2 units away from the maximum value of the
likelihood function lnL@[X). The assumption is that these values of 9 are
“plausible” values of 0, in view of the data observed. That is, these values
of @ produce values of the likelihood function that are not “far” from its
maximum, and thus they cannot be discounted. The use of the value 2 may
seem arbitrary, but Hudson (1971) argued that this value leads to asymptotic
95 percent confidence intervals.

Likelihood intervals for population size N were constructed from data
simulated according to the 2-sample removal experiment treated by Seber
and Whale (1970). Varying the values of N and p (probability of removal)
did not appear to significantly affect coverage probability of the intervals,
although it is theoretically true that the coverage probability varies at least
slightly with the true values of the parameters. Moreover, lower limits of
the intervals did not extend below the number of animals seen. Average
coverage of the likelihood intervals (95.5%) was approximately the same as
that of the “normal theory” confidence intervals (92.2%) constructed from the
same data. However, average interval width for the likelihood intervals was
consistently greater than that of the normal confidence intervals; on the
average they were approximately 10 percent greater. In view of these some-
what mixed results, a second simulation study was performed on data from
Model M,. That study revealed similar results, in that coverage of the 2
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procedures was on the average approximately the same (96.0% for likelihood
vs. 93.2% for “normal” intervals), and the average width for the likelihood
intervals was always greater than that of the normal confidence intervals.
In one case, the average width of the likelihood interval was more than 3
times the average width of the normal confidence interval. Finally, in
virtually every simulation involving likelihood intervals, we noted that
approximately half of those intervals that did not contain N were too low
(i.e., the upper limit of the interval was less than N) and half were too high
(i.e., the lower limit of the interval was greater than N). This is in sharp
contrast to the results of simulating normal confidence intervals, where we
have found that the large majority of intervals that do not contain N are
too low.

On the basis of the results described above, we recommend continued use
of the usual large sample confidence interval procedure rather than either
of the 2 alternative procedures discussed. All 3 procedures possess both
attractive and unattractive operating characteristics, and the choice therefore
cannot be clear-cut. The decision to continue the use of large sample con-
fidence intervals was made for 2 basic reasons. First, biologists in general
tend to be more familiar with the computation and use of that procedure.
Second, and more important, is the fact that more is known about the theoreti-
cal properties of the large sample procedure than is known about the 2 al-
ternatives, and, therefore, it may be possible to assess theoretically the small
sample behavior of the procedure in certain capture-recapture situations.
Finally, we wish to reemphasize that large sample “normal” confidence
intervals should be used with great caution in many capture-recapture
experiments, and that much more theoretical work appears necessary before
more adequate procedures are available.
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