
The PoCSverse
Benford’s law
1 of 13

Benford’s Law

References
The Amusing Law of Benford

Last updated: 2023/08/22, 11:48:21 EDT

Principles of Complex Systems, Vols. 1, 2, & 3D
CSYS/MATH 6701, 6713, & a pretend number,

2023–2024| @pocsvox

Prof. Peter Sheridan Dodds | @peterdodds

Computational Story Lab | Vermont Complex Systems Center
Santa Fe Institute | University of Vermont

Licensed under the Creative Commons Attribution-NonCommercial-ShareAlike 3.0 License.

The PoCSverse
Benford’s law
2 of 13

Benford’s Law

References

Outline

Benford’s Law

References

The PoCSverse
Benford’s law
4 of 13

Benford’s Law

References

Benford’s Law—The Law of First Digits



𝑃(first digit = 𝑑) ∝ log𝑏 (1 + 1
𝑑)

for certain sets of ‘naturally’ occurring numbers in
base 𝑏

 Around 30.1% of first digits are ‘1’,
compared to only 4.6% for ‘9’.

 First observed by Simon Newcomb [3] in 1881
“Note on the Frequency of Use of the Different
Digits in Natural Numbers”

 Independently discovered in 1938 by Frank
Benford.

 Newcomb almost always noted but Benford gets
the stamp, according to Stigler’s Law of
Eponymy.
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Benford’s Law—The Law of First Digits

Observed for
 Fundamental constants (electron mass, charge,

etc.)
 Utility bills
 Numbers on tax returns (ha!)
 Death rates
 Street addresses
 Numbers in newspapers

 Cited as evidence of fraud in the 2009 Iranian
elections.
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Benford’s Law—The Law of First Digits

Real data:

From ‘The First-Digit Phenomenon’ by T. P. Hill (1998) [1]

The PoCSverse
Benford’s law
7 of 13

Benford’s Law

References

Benford’s Law—The Law of First Digits

Physical constants of the universe:

Taken from here.
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Population of countries:

Taken from here.
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Essential story


𝑃(first digit = 𝑑) ∝ log𝑏 (1 + 1
𝑑)

= log𝑏 (𝑑 + 1
𝑑 )

= log𝑏 (𝑑 + 1) − log𝑏 (𝑑)

 Observe this distribution if numbers are
distributed uniformly in log-space:

𝑃 (log𝑒𝑥)d(log𝑒𝑥) ∝ 1⋅d(log𝑒𝑥) = 𝑥−1 d𝑥 = 𝑃(𝑥)d𝑥

 Power law distributions at work again...
 Extreme case of 𝛾 ≃ 1.
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Benford’s law

Taken from here.
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Citations to articles citing Benford’s law: a Benford analysis

Tariq Ahmad Mir

Nuclear Research Laboratory, Astrophysical Sciences Division, Bhabha Atomic

Research Centre, Srinagar-190 006, Jammu and Kashmir, India.

email: taarik.mir@gmail.com

1. Abstract

The observation that in large data the occurrence of first significant digits of num-

bers is often governed by a logarithmically decreasing distribution, quite far from

the ordinarily expected uniform distribution, is called Benford’s law (BL). It was

first reported by S. Newcomb and many decades later independently by F. Ben-

ford. Due to its counter-intuitiveness the law was ignored for decades as a mere

curious observation. However, huge swell in number of publications which the law

has seen lately is an indication of its remarkable resurgence. The law has come a

long way, from obscurity to now being a regular subject of books, peer reviewed

papers, patents, blogs and news. Here, we use Google Scholar (GS) to collect the

data on the number of citations received by the articles citing the original papers

of Newcomb and Benford, and then investigate whether the leading digits of this

citations data are distributed according to the law they discovered. We find that

the monthly citations data of the articles citing Benford’s paper remarkably follow

the law but that of Newcomb’s paper in some cases does/does not follow the law.

On the other hand, the yearly citations data corresponding to both Newcomb’s and

Benford’s paper follow the law.

2. Keywords

BL; citations; Google Scholar

3. Introduction

As per the common perception the first digits of decimal numbers in large data

ought to be distributed uniformly, irrespective of the digit magnitude. But, in reality,

this is only superficial. Contrary to intuition, in large tabulated data digits 1 to 9

appear as first digits with varying proportions with digits of smaller magnitude

appearing as the first digits of numbers more frequently than do the digits of larger
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“Citations to articles citing Benford’s law: A
Benford analysis”
Tariq Ahmad Mir,
Preprint available at
https://arxiv.org/abs/1602.01205, 2016. [2]
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Fig. 1: The observed proportions of first digits of citations received by the articles
citing FB and SN on September 30, 2012. For comparison the proportions expected
from BL and uniform distributions are also shown.

6. Discussion

The literature on BL is bound to swell as its importance and applications are being
realized. We investigated the behavior of the monthly data sets on the number of
citations received by the articles citing the original papers of Newcomb and Benford
with respect to the law they discovered. To ascertain that the (non)conformity of
the monthly citation data sets are not only isolated incidences, the citation numbers
were collected over longer period of 20 months from February 28, 2012 to September
30, 2013. The number of records increases monotonically with the addition of new
citations towards the end of each month in turn affecting the pattern of occurrence
of the first digits of the data due to subsequent citations to the articles linked to BL.
However, from one month to another only few new citations are added to the original
papers resulting in turn in small monthly increase in number of records, as evident
from Tables 3 and 4. Thus on a monthly basis only 1-digit citation numbers are
most likely to change whereas 2-digit and 3-digit citation numbers are less prone to
such monthly changes. For example, the number of citations to Raimi [33] increased
from 193 on May 31, 2012 to only 194 on June 30, 2012 and for the same period the
number of citations to Hill [5] increased from 276 on 283. No change of first digits
occurs in both the cases. On the other hand, for a longer period of data collection,
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On counting and logarithms:

 Earlier: Listen to Radiolab’s
“Numbers.”.

 Now: Benford’s Law.
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