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useful : Bad notation :

E4P4

Separate out

pN°µ"
TH Nl in KUI FM MKDIU

k⇒EEtEEImE;M±H nytimes.ig.mwe.nu
.

p =

l
"  =L D

,
-2

,
Bit ,Ds-4 last Ming : Row Swaps

es ,  a -

Tdoatlhestat
lzz= -1

-

Alternate factorization (HdB,fferµD IPH = KUI

or

*KIEloK?nfK :"Yp
[ p#a⇒x

(
possible for every matrix At

= IL DIU
'

Amazing
! !

*

If 111=45
'

lhen tA= KDILI
p µ

next



Why kH works : E6bp1
d"

3×3 example (
ignoring row

swaps ) .

.

Mclain
: Eij matrices always

combine to produce Row 1 of Nl = Row 1 of 1A

a lower triangular
matrix with lij 's Row 2 of H = Rout of IA

in the right spots - lzix Row 1°F Nl

& 1 's along the main -

diagonal row 1 of A

Row 3 of Hl = Row 3 of a
" -

tee
; :B;;] in::o÷:*

y

Why
does #j

'

IEI
'

En
'

work so simply ? In Vet
1×

Row 1 of 1A  = Row 1 of Ul

Reason :
1x

As we  uncover W with row operations ,

we only
Row 2 of Ht =Row 2 of µ

use rows of Nl to  modify longer rows of 1A
.

tlz , x Row 1 of Ul

1x
⇒ It will be lower triangular Row 3 of 1A  = Row 3 of H

" Iombmirg "

matrix

+l}i× Row 1 of µ

tells us how to
tlzzx Row 2 of µ

combine Ul 's rows RHS is Simple
to produce 1A

.



Transposes and Symmetric Matrices
Big Deal : ¥ap1

Memiitransposes €0 The transpose  of A- will matter

. Symmetric matrices ridiculously everywhere and

• Properties of peculiar nature especially forgiving tAn#
our pal .

I
In : IAT

- the transpose
of tan Defn ; if IAIIAT ( T£aYmnst

- nxm be square )

=1A flipped about
then we

say
1A

the main diagonal is
Symmetric and Weare

HT 's columns are the rows of #

f- very happy .

&" rows a a column ,.fr/A&Per1SuPersPecTalmatrices

*
I

Properties
:

*[iI3yT .

fttg ) ( #+#5
'

=

attest
✓

2×3

mxn

ex .

3×2

(IABY ;IATBT/
mxqtyxn ? ¥m¥.×q

[
3

,y9⇒]T=[ 3g It
, ] Fyannegenerd.= ←alyauH

Dfnagan :

*(⇒,=(#th ,

= IBTIAT -
=

(AT )ij=¢A)ji = -1 Te
.IE#rgyemtensins

"



(IABT = BTIAT Crazily important objects : €742

c- proof later
square /AT/A & IAAF

matrices
:

yfm mxn

[ What about #
'

)T ? '
Anodtoewswe Tm FEE
to be

square who

WTA 'lA=I=lA#
'

HH#T=_tAj#t=#TtA
tgneansposes

:

( IATA )T=#T= /A

so HYA  is always symmetric

N
y±=(@¥

Check : true for IAIAT as well
.

eEk@Eet0taIEy.y.qgn.net

:#
⇒#F#e

'

"¥*t¥#I
If HKIAT

,
#

' '

=¢AJT it

(YAjt€→#)T=/A
'

' # awesome

So if His symmetric ,

soils  inverse



E7ap3InnerproduohLr.gEj@ggChY5.MFu.h

"

Transform FwHe# first

t:¥¥'

.
ixTn÷

1

More advanced ihnerpvoduotihg :

IAI he §
Faxformatiouof I

•

(##¥.@T@Ty÷
nutty )

, nwrpnooftyq
IATA



Moreonthe Transpose E7bp1
menu :

.ee/amp6.fyAiB7T=pi#T(tABYij

Money,EYoh¥*
• three different proofs

JARith

"

L =mt¥sB}×;i={

anbne
'#

#kIKID¥Ea"

Ii uetatsacitiuIBT At
'

[ it
,
TY .

.

. .
.

i

t 's "IHI " =¥.com#h ;⇐.EE#IY=tBTAtlij



EFBPZ

ftp.#htttk

,i¥÷%t
with jth column of B

= ( IAB ) ij¥
#*⇒i*⇒*⇒#

ff¥¥±¥*E¥÷¥i¥**

= (BT#ji



Yet another
way

: ecokptrmtnwe
,

t[7bP3

¥¥¥=( "

ia.tx.ait.tx.aTTtAbT5-x.aYt.ntxnanIrow.aortfItjkznHaixrxnsfIoII-IiE-xs@u_wf-HtATyae.tJttAipHIIEf.b

;'new ÷t
.

]*

=( [ Hints.
.

.at#DT=BT
*

yes "



"

Paging Dr . Vector Spaceman
"

Big things coming : E€1
a Nun

space  of  At
Menu :

• Column Space  of 1A
Our new plan for IAI =D

a Row Space of 1A

Invector spaces ,
introduction to

. Left Null Space of IA

The Column picture for /Azs=f
• Beautiful connection to AT

,
At 's transpose

#= [ }!by ] 5=µ E×nYmHVyeaatdiofms
Pace

: Idealized plane

% taste
.¥€f÷thetfhbTnF

we b 7 ¢s%%megestations
solve " '

fotptnfdttsfgff:D
v=RQ{

XD ; miner}
for st =

My;]
Yerly refusers

braces 12=121

Game :

may
Find out how we combine column vectors

Two ( pretty
obvious ) features

of 1A to create "/generate teach I of vector spaces :

New idea : They are closed under addition

Understand the places C "

spaces
" ) where And scalar multiplication .

as 's
,

T 's
,

and 5 's live



(1) If we add
any

two vectors Examples of things that €42

in Tt
,

we get another Vector are and are not Vector Spaces ;

that's still in V

(2) If we multiply a vector

(

DT
,

=3

€+46
in f by

a Scalar ( for Us :

Is = 2 @ + I

-3£died.TT#re
"

v={ For] } .

squawtiittttttl 'T:3
¢

.

pit

¥52
.

,[kYq"|* 4 Va {
Hxkcnetgxtaf

✓ CNG
,

co ER }
.

7ft
, ]

" ( Yg) f ,H=2xtt3

% were Ye flx ) = - 7×2+3×+4

c real numbers ) f
, Gdtfdx ) = - 5xtt3kt7



(3) forbidden

" "

@) All points on axes

ofRt€aP3
%#→

Now see

"

#*
* '

smoggy

.me#Ists.
,

\s works but#{£f#)|
her

,
x

, >,o }
addition fails

y
-

lihtftl 'D

Njkcfdpaee →e×k* -

Er ev Fnotmv

observe :

Addition works
(5) All mxn matrices form

TFI
, ,vT←V then VJTVTEV

a vector space
Scalar multiplication fails !

z qmn

→lD=PD
war ¢u

(b) what

about.in#egersXNote : we're starting to (7) "
" rationalnumbed

talkabout subspace (8) , ,
"

realnumberf



(g) jmejd ⇐ap4

f¥¥"Iffy NOT
y

Yes

Xii X
,

tl NHK
,



they.torSpaces inside Vector Spaces ourfocus , R
"

,
no

, 1,2 , ...

¥ .

• vector space requirements
o

Subspace requirements Super big deal :

Vector Spaces have vector
spaces

General Requirements { lsnswysdgathgm
and we call these

of a Vector Space :

V@

if I
, ,KeV then KHIEV Need three properties for a

subsets
of V to be a subspace :

@ if  I EV then CKEV for all KR

gg@
if ,tµIeS then Ethos✓§

5 e V and

k¥
k£MnvsS@ifxes then CRES toed

vector E
space
property

+ a series of increasingly boring

SS@

8 ES

conditions such as # th )
= all

tii



very silly
E8bp2Examples of Sub Spaces :

alymany Bonus Spaces :
L

Xu
f ^

Rt #

#Th"mn:ugn8

;

E±→

Ni ^

**'Yostsewtfrwto
. ] important

: /

123 : Subspace '
I-T¥

.

* 123 itself 6¥01

,<
*

'sshine through 8
#¥EI÷

"

FEET
a

^*
any plane " 8

|

µIBtpB¥*±
>



"

Danger Will Robinson ! We are entering column Space ! !
"

y - E8cp1
Men "

. Column space for Axis n
(

> the first  of four awesome Subspace

www.mte
←

"i%÷÷aarts

.to:9?tEtafddprob6mrHtEFII*#y

.

The  column phture :

-

Roi
,

that
. ... txnan - b

ether
column has marries

¥1
linear combinations of AT EAT

,
ie .

KAT that
,

lire on this line which B
Observation ( Big

deal :

Columns of 1A and b- We in RM
a subspace  of Rr

( note
" ) Huge :

y
notation

in

¥#=( 2,42 ]
"

hkese C ( ' A )= Column space of A

mkn
= Subspace of RM

Here :

ATHY ] , Eat'D
cc#)={

Aeriel Fact, ) ,c£R}
4

y

kine
my

.

space byeye
"

That "



BTG
deal : E8#2

Eisai has a solution

%
"

!Q¥*}Fµ§ijgy⇐( 1 or aly many ) only Tf

DE CCH )
Seelhat

" F lives in the column of #
"

.

HI=I always
'

has

a solution
. In fact

, only 1
.

⇒ If I €1A ,
IAIHT has

=) cc#)=Rt so

no Solution . ×£
n

a horizontal

twat ;

udtauseemem e±I¥f
:;] ⇐$⇒±

:#

b- =P,;]

c.cc#)tTtYYhtauiapnnvqoeT
n

t art

6 =

ftp.fcc#)CCtAHR3%abtnsEFb



Ife ,a#j[ $900,0
] Emerging picture €p3

a

:*
.

ftp..to#i#tEHat

"

¥
,

See :

any
two column vectors

of At will work
. sutbspace  of RM

⇒ Aly many solutions

Again
C ( At ) = R2tm=2



A new realm
opens up

: Null Space Notation : £942
Menno

"

Definition oftneuu space
of a

,
NCH ) An for a will

space
Vector

. what CCIA ) RNLH ) mean for IADB [
Also In , lnomogeneous -

b

Consider 1AE=8
Now solve : f

a 9
rwery special

5

Home"

Yamane.fm .

"

Will .MY?sttft
how  can  we combine columns

'

'

y

of IA to produce nothing ?

ytyoureggpraihugmd
tniruwesnhingb

Immediate Observation .

. A- 8 -3 fund
C row  operations )

-

HinnyYeats:Ymgfnoaya¥ao ←to,µ÷ueLeeamd
p is

"

particular
"

Example
'

'

solve HE

-@for
: % 'll write Ir

✓

#=H3
,

?y] .

newII ,
a- of;]

bmeoonmkesavtmwesdynmd

suffering
uwecer So lAsTn=0 he

AIrtµI↳
N(#)I§

.ie#lxaoftia*3=)SeeIr

is not

1%41
space of A Kgwbspaleoffe

.

a unique solution bk IAGITID
=5



More ;

The 135g
Deal

:S
;

€ap2

[ !FHDµt+cf;D HAHvectors £€r
"

1A ¥ ¥ for which At
E=8

form a

subspace of Rn=H€tyHIi¥I
,

:#
.to#exit*i=HEaAI8

- -
SSMQ IAEB ) = CCAI ) - c8=8

= µ;] + [q] s@ OENCTA ) state =8

(2) . If NCH )={8 } and

TECCH ) then
= €; )=Z rat =D has one

, Yop94em

⇒ There are infinitely many
• If NCH )¥q83 and

solutions bk NCIA ) -f{8} EECCH ) then tAI=b has

infinitely many
solutions

IYITTT'r+ID=#Ir+A*8 • if 6€ CCHH then

to IAI =D has no solutions



Row Reduction
,

as
you

Wish
. piyoetumn

.gr#mnyFtumxna*nE9b4mTiTirmngtAx=bmhlR*I=otRsk1.Rs-thf?j.4j

.

}46 |

b
'

. Reduced Row Echelon FormsCRREFD
-

• jpg.g
bib}

• Pivot and free variables

pbrbtb
,

• The rank r of a matrix Ihhginnmmhng
u¥p

,

(b
,

-3b
,
) - ( bob

,
)

• Fezzik
keep
Going

! !

Caswilhmversesl
.

HE
.IE?t!z4YdsjkDri=m.#k24i2hhFa ¥*4 arbitrary ~

( f:0360/5;jHD
Monks tell US : 1st  z  columns  of

last Step
:

¢ → Identity
matrix

Solve IAETI for general
I divide

.

i#* the
.IS#lIttosYii9oiofEi'D

!
.  -

.
-

.  -

th b
,

- bu - Zb
,

HE
.in?sl!:lRi=urHr

,

"
"

7 = [ 1R#| I ]renren.IE#Y3E8lY.Hib

,

) induced

ROW
Echelon

~ form
of #



Big
Deal Things : east

• We can't reduce
any further

• lR# is unique for  

any
IA Very , very big deal :

• Row swaps are still part of the
game

• New - pivots may appear irregularly
Definition :

touted # pivot columns in IRA

• Pivot columns match Identity Matrix = rank of 1A
Columns

. We call xj that match up
Notation : rank of 1A  = r

with pivot columns
,

the P
Not

for Fezzik : r=2
Variables .

° Similarly : free columns → M - 3
,

no 4
,

rcz

←s free variables .

For Fezztk x
,

Rx }
are pivot

variables Huge idea : Inside
every mating

Hz &X4 are free

Variables man

there is an invertible
rxr

square matrix



The Search for Column Space ...

E9c#
← CUA ) 024 +0×2+075+024=53 - bz - Zb

,
Our story :

- -

CCIA ) = all BY for which °
→ must be 0

|
stubgqqen

'

*aEo9ukFn
. ⇒ b

}
- b

. -24=0

Ff
Method 1 of 3 for finding CCH ) : rleqofa plane in

b
,#b

,

¢  general T
rent [ IA 15 ] to [112*10] true but  not

useful .

and for all vows of 0 in RIA
, Better ( but not only way

) :

set matching entries met to 0
.

set b
}

=b@b
,

bY¥i€R
Our friend Fezzih : *bs depends on

9

oefiyedwg

1 HIT ]= pyeovwiareuuia

Hennen

:#
. It.tk#kt.tkktt

at where
¢ bi

,
bit R

.

z
Formal result ;

ftojtojitoikof's

.EE#ft.tHc*=syeeHkHtHiiif



Big deal :

grant
of '

Air
very

nutritious

f#p2
See CCIA ) 13 a 2- d

subspace ( plane)

[ #f'
wesomkf1234=3 )

* b
,

- brzb ,
=o

*BeFdMsecc#

) does not fiuupr

[ '

213
' "

( by;)
=

¥
,

then lAsT=T
may

or

may
not

have solutions 3×1

*
Nothing '%tpecialabout ( k ) & (g) IA E =

5

a ¥ %✓e
a nukspaceprobbmtofq

, ] ,

( FD would work

find CCH )

Are had b
,

- b~ - 24=0

bu=b
}

- Zb
,

*
dependent var



The Search for Null Space ,N(A) :

www.storyfr#gbwiE9dPt@t2Xz

- Xy = 0
Quest : find all I suck that HITE

, @ +2×4=0
his on

-

right  of #

pivot
Again ,

yilhfezzik

: >
⇒

rnidhutspaq variables

( #

1Ff=00
Always do the following

/ prkfmurffht.iq well defined procedure :

KY
.

}zYgkDt
Emxpiuesmssponiteewiaeeuraf:b

.

¢otOf ( independent)

( Zb
,✓⇒

N
,

= -27kt X4

ftp.oji?loIofEfeEhffttR#tdT

x. = °

-2×4tame

: -2 I

n > 1 0

ForNaHisetbeoCorslqEggkIaftfyyfgafI.iygtlYf.xfofthffflg2q9otg@n.tEnEtkeaYyay.re

.ph#ewswwenYaadolnis:friethevws

' '

two



W

E9d#
EMI

.tt#IinKtItfI3

^

For Fezzik ,

this is a plan

is
4

dimensions
.

Notes :

* bk NUA ) =/ { 83 ,

if

IAI =D has a solution
listed,*)

then there a Nly many
solutions

& Soon we we 'll see that the

dimension of NCH ) B

din N ( # ) = Ma
-

Frau of *

#  columns

Fezzik : 4 - 2=2 ✓



Solving

Htstibthesubspaceway

; Plan : Use same steps

E9ep1
p

of
stranding NCIA )

(

• Fezzik with b- in CCA ) &It8
x. + zx

.

'
'

-56=1
your

variable

From before :

[ x
} +2×4=0 aponpgeakne

( HIT ]=

f*IELE¥f
meauwanm,

Ni = / -2×2 +7 (
4

| } 4,423,62 4gg|}l;] ~
ks =

0 + on -2×4
,

#
m

P=  particular

-2 1

P F p r s

t"s÷o÷÷E.ee#Iti..anEe.tEFsEItEIftatytmft
.

0
+ +0×2 0

1

replace piotvars
www.p#z

4 '

v. freevarexpresgil .

example : I
=[yfntse9dhf§¥tmnt

General story , nine
Ffhomoseneous

as
not

\b} In t

1

Htlxptxn )=#@p¥A¥'Is
lratd ]=( to

"g°gtg|o

] ¥⇒i¥w www. .

0 ←
✓ Later :

tax
.

Htlxrtxn )= A It #'I
LFECC A)

mioftrow
'
nm ↳

5
.



Big picture emerging for HE =D
.

gas

Ehaepz
Rn Rm

It (n=4 ) @=3 )

Axsendslbdtofgy

*ftp.Y.gr#_..I***m%*ta÷f¥s±;*
.

→

yahoo.nl#t'$~m..aHtxaHx..x.er

f.
4

t.no#Ynxnwspaahofogeneous



"

I See null Vectors
"

See |%W = 0
€914

• jumping to the form of NCHD from 1121A
mx(n

. r )mxnjnxln
- r )

gall
zeros

Tsecret = Kevin the

Fezzlk 's IRA : destroyer

n [3+2]=112
also IAIN =D of  words

[ to} !! )
'
' ' '

tesatiahnnwestahe
.

P F P F

pilot columns

:[ jo
, ]=#

,

General Story ¢per;fm%y
rxr rxln

.
D

roe
112

, ,+=[ I | IF ] ¢aa
.

Our two null vectors from our
man oo# 0

earlier solar for N(1A)
T

]
tenth

m - ✓ rows of OS

Ewen

.ie#$tk.atx;fFtt
÷nn# ,

a '#=to ;)

reining
'tE¥EE¥Ee

112 ,*N= - IFt#t=O
mxn  nxcnr )

[
Tf

]
mxcn .

r )

K. rkln .
r )



Solving lAh=5 the Subspace Way : * Null space ¥gp1

simpler examples ,
solve [4,0/8]

lYA=[ gqgttheidenmbmar
"

⇒
;y÷: ⇒ etiology;,g

mxh

Aftabis always solvable !
NUH - { 8 }

.

#-) Is =§ Detectable

Upshots: .

Every
IECCIA ) so

s¥lR#=lA=[ log)
/AI=E is always solvable¥ap*airways

• Because NC#)=§ } ,
every

* column Space
Solution B unique .

Solve

[ to:O,
|§;] for CCH ) later

p

''s ' dim CCH )=2⇐r )

⇒ b
, , beer ( no restrictions )

d ,mw(#)=o f- n - r )
2 - 2

5=

ftp.bfihtbtB
Tays

•

b
, ,bzER

¢m=Z

⇒d*=RY



xttxseeE8cp1forfNoFehfTYtYttmq.wdNqAy.E9424A-ktDwilh5al2yHenJaff.PFsEcaum.lAloJnrftog2foj@egmnwltiprwswoteaehdher-xgt2xr-omdpHFjpeIp.p

⇒n÷÷¥m*w
..e÷y

"

tY.tYItxti2k.khttr.fdototsbi@uH-sbet4Eb.lD.b.a
' }

"
D

, w

%)
⇒

k€0
"

' *

=oNC#)={keRYk=xufD

, "ER}
bz=2b

,
where b

,
ER

#×of
vectors

teepees
Trend

'

'

⇐k&hy¥y

ElY#fiih=bfDwwebi* k##
.



124=127ikpm ) €983

ku

Yi^Yr
*

÷¥⇐i*#.j#f¥E¥¥sw=i \,¥¥ ↳Ax=l :)
has no

TdinCHA) solutions

9 =✓
( sadness )

NUA ) =1

m every
b( CNCHHFEOJ vector TCCIA)
there are my skathp any

EMCCH )
many

Aleta sent to canbemadeby
if b- ECCH ) zero byH .

IAEAAt -I has

a south



What IRA tells us Four examples : Ebay
" " "

IIY.eu#tihersebakiomsYomdsnsatol2YIat.n*=i
,

H ¥ fit ''
x it eE%i*

Solution
. Late : that

gnesotnswthhearewsetneeatom
. . 1R#=["bj&0j"€8""?o¥tg,¥|no,n=T#ycwoffweros

The Story to for :

See : always
a solution to HE

 =D

IRA provides us with

(1) The rank r of 1A ( # pivot columns )
⇒ C ( IA ) = 123 = Rm = Rr are

C) Null Space N ( /A) ( solve 112 ,*I= E)
Also NHA ) is a 3- a subspace  of 126

¥ lives in R
'

rtopbreven

(3) The number of possible sohu.gs#z=I

\
know NCH ) A E 83 XM

↳
So : Ht ,E=5 always has a solute

( i ) , (2) → (3) because :

and there are always NYMoi
•

If v { m
,

one or more rows of 114A are all 0 's NCHD

and therefore some T's will lead to  no

solution for 1Ak=5

• If NC#H{ 8 } ⇐ , R
,a

has one or  more

Note : Wide H 'S always hare

free  columns at least 1 free variable ,

then IAI =D will have a ly many
solutions ⇒ N (a) ¥ { 8 }

if  it is Solvable ( i.e.
,

if FG CHA ) )



P p p

t

ELOAPZtitle
,*=

ftp..it#
civ )

L

i.
.

Maud n > ✓

man = r =3

⇒ noereevwiabus

ftp.ES#oofjEf
FEI

see : IAEA is always solvable .

.
.

.

.
 

.

andNCIA ) - { 83
T later : really a 2 by 2

So : /AE=I always
has 11 uniovd matrix in a 3+4

folut . matrix

For Square invertible matrices ( nxn ) 1A Sends a plane in R4

1121A = I always .

to a plane  in123*1-1mapping from Rn - R
" See :N (A) =/ { 8 } ( Zfreevariabdad

to
,

( CIA ) mayor may
not⇐" "

tjfogttogfof
MIY

. ,

amount cannot.to's
1

tall
.

. ÷all matrices ⇒ either 0 or Aly
mnstalways

have

See :

many
solute .

N(H)={8 } a
row of

a.

+

Possible : no

Solutions
bed

"

IAEEI has 0 or Isolate
vb€#



E /0ap3
Case : example 112% # Solutions

L

P p P

CCIAKRM

Hmnjrr [60%0] 1 always :[
Nc#Hg}

Square

P F P F P

titmrfdoffo;g0IY,} ] A

alwaysfl'⇒=e
"

n >t
wide NCHHFEOJ

pp p

(iii )m>r
n CHA )fRmnartuuµj?gt§|

° . 't [ NC#)fog
.  -

.ii

(Dna
r

many ( b-029} )

oor@qHtRmpossBNiOoooNCHttEMNextr.fmdbaselforCCHHeeN4H.d

.mu#=r,dmNClA)=n-r



Getting to know your

Subspaces
: EHAPIL

menu : NEA) : Solve HE -8

• Care and feeding ⇒ set 5=0  in previous

.

Spanning sets PFF

• Bases [
'

otogl
:

)=
[1%10]

• Dimensions ✓

⇒ Xi  +27cL  +X }
=0 =) X

,  = -224 - X
}

P
F F P F F

New friend :I nigo 1A=f's 24 ! ]

expresspwYaohesmtermsofrelglgYvotvoviabusthfafTaebEespumefpioreiAxAwihEnY0si.fYgjffHyYxifx.MtxsfHFirst-fihdCCHDandNCtAtWwbrexz.xsERalwayssowelImYilYD-ltatHNuH-SeerYTx.aMtaMiaiaeBehlPfFM-2r0wSTYYYYittototolY.sDH3mnmnepmemrs14RHldTA1waystrueixIClHtiMusthaforesobYhLo0seposs.3ucC1AjCRmlNCHHCR-KYn2TEmdepwtyeIsiiisasubspaceof4-stbgtfY@tutIi.net

.is#n

C ( #={ JERY 5=4 'd

,ceR}*

Teters



Boring but  important :

How,
do we know CCHH & NCIA) are really @ TEN ( IA ) E1#p2

sub spaces
and not some whackySubsets ?

yes : set c
, ,=Gz=o⇒B , =L:o)

N ( IA ) for Inigo comprises

all linear combinations of [ To]left
automatic

subs pacification
General Story :

Check sup space properties : Sets made up
of All linear

combinations of some set  of Vectors are

@ if

T.EE
NUH

,
K

,tK
ENCH ) [ automaticallysub spaces .

E-
any tenth shit "f}]+h¥ )

Terminology :

⇒ hit'T =¢utED( To ]+@+c⇒f} ) = vector ,nN( #)
We

say to ] & fly ]
"

span
"

the

hulls pace
of At

s@ if EeN( # )
,

a ,€Ny*,
and that

{ th , [ to ] } area

for all ER
"

Spanning
set

" for NCH )

yes :

eesrgwgtldttkklt



"

All your
bases are belong to Us

"

an
,

a-
. as

,
E#4#

Menu :
. spanning

Setsforveuwspaceslsubspaces
(2) { [ lo ] ,[ 9 ] ,[ ! ] }

n

Stasa
, ]

• Buses for Vectorspaceslsubspaces

•
How bases are all about IAK -0 x ,

and the Nullspaceofla n

• The dimensions of subspace

nnomis :
new

.nt÷Eym
:

¥fu€i%÷÷€¥¥kkeE¥Ean

µ ;
i of  AT ,aT ,

and as

*1iu¥

fiance
,

0  4  8  12  13.5
(

weteus
) /

Three ¢
,

£ ¢basB .

Examples of
Spanning Sets for 122 note

:
aengu

as ai

basis

( "
{ ftp.trly } bill

(1) { lit ,[ 9 ] } -

a
m =HrtiY

fn jt Nv unavectors
^

= §
,

.k= ,in-  -  -  
-

.
 -

;
as .

.

-

-

'
 -

-

.

a ,

:

i - tr .

i

÷EFYY
"fit:*.am

:i÷#÷
.Ilax

, invest in
. .

.

.

.

i

representationI

of
each

vector

.



Observe no Big Deal time :

E#sp2
-

Examples Hits ) are Special Defn : A set of vectors•

because we need both vector

• For (2)
,

we could take
any

one

{ AT
,

AT
,

. ...

,

Ten } in Rm

vector
away ,

and the remaining is linearly independent if

two would still Span 122

%a
, of txzaszt ... than =J

oil
NullspaceThe right words for the above : has r

, =xz= . . .
.

 =xn=O Equation

as a solution
HEEE

(1) & (3) have linearly independent @,
 is a scalar )

sets of Vectors

Why
? If one xifo

,

then we can

or more

(2) has a linearlydependent express
one vector interns

get of Vectors of the others

exH [ D= lihtl ;]
.

as at as

1 .
AT +1.8

.
-83=8

4 9 9
x

, xv
sly



Seeing things : Note : Bases are not
unique

""⇐

oh
,
,aT ,

. "

,
8in are linearly

( see ext ) & (3) above ) but

cndependt some bases are belter than

⇒ ftp..io#=o
|

°YofdyaY%omY.ae
17 nxl

IA
mxn General goodness

: Bases grewhas
only has as

a unique representation of
a solution

every point
in the space they

#

NCIA
) = { 8 }

span .

y so exciting . .
.

Defn .

.

D# .

A spanning
set that

The dimension of a space

is linearly independent
is the Number of vectors

in
any

basis for
is called a basis they space

( plural :

basefupaygiezei
'



Why the dimension of CCIA ) is the rank of A
,

r +12 follows that in 1A
,

KEPT
me

"

.

Including a second
way to find C ( a ) the free columns Can be made

.

Inigoltezzik
out of The pivot Columns

,

Claim
: dim CCA ) = ✓ =#pp✓q

.

and the Pivot columns have

columns
to be linearly independent .

in

11¥ ⇒ The pivot columns of a
Two key points ;

RREF

#1 When we perform  row operations on
form

a basis for CC¥
a matrix

,
the relationships between

⇒ Because there a ✓ pivotthe columns do not change .

Fezzik :
c-

Eternity matrix
Columns

,
then din C C#)=r ,

p  ftP  F P F P F

' '

ftp.t.lg3~ttgsosi?gIoT*#
observations : x

,
ex

,
are pivot variables

Second way
of finding CCIA)

( M lky are free variables
FEZZTH ;

e .=2c ,
in both ' A

&R*¥abYte

CGA7={5ER3I5=a{kglutsaf.tl }relationships

in IRAcu= - a +25
" " " " "

a basis for 4 'D
:{ tip , µ }

Identity
matrix

ih

pnotcokws
is key



E@p2Inigol0iaikiraefIoEdIt.p
Not column

Basis for CCH ) = { ( t ] }

dim CCIA ) = r = 1

Notes
: C ( IA ) ¥ C ( lR# )

tin general

N ( IA ) =
N ( R# )

in

about B 's

Htxab has same solutes

( as n ,*I - at
)



Why the dimension of N ( IA) is n - ✓ EH€1
• see EHPTL ( p 59 ish ) IN always has n - ✓ columns

giypea
' : that are linearly independent

our one true method of finding mills pace =) form a basis for N ( At)
always produces a set of Vectors that

are linearly independent and are

⇒ dim NCIA ) = n -
r .

therefore a basis for NCIH )

y
 vectors span

NCIA )

p Inigr : dim N ( # ) =3 - 1=2 ✓In 'D
:

N=r÷[g
To ]= [ I

"

Heggen
Fezzan

: clinic A) = 4-2=2 ✓
variable

rows
=

pFetzih '

N -ftp.D
* OTYO'%=#

W
Monks

n - ✓  =  # free  variables

bk  we  express
pwottvariables

in terms  of the free  variables

when finding NCH ) ( always)



"

It came from Row Space !

"

maternity ⇐ NC * FEB
Eizapz

•

FEWspace
of IA is a thing

At ( Tip + In )= At Ip taxi
L

• what this means for 1AI=I IT F ¥

• Many big deals Ip must partly live

in row Space of At
.

• The Big Picture

BD # 2

Story : Row Space  of 1A  = all linear combinations
Any of in Row Space of 1A

mxn

of Are rows of 1A
.

= subspace  of Rn
is 1 / orthogonal / at right angles to

Ewen #

any
I on Null

space  of 1A
.

lives

pigpen Contrast : CCH ) = subspace  of Rm

w -

BD # 1 : If  I e At 's Row Space ,
then [ lz

,
}f) ( C

, (To] th µ )) =°

IAI 48 unless 28=8

a
I ¢N( A) -

Examine c- NCIA ) from before

Inigo
:

Nfl } D ⇒ clearly ,
Row Space  of #

BD # 3 The row space
 of A

={IeRm| Iecft
, ] ,

cer } is the same as the row space
of 1R#

⇒ beautiful basis for row space
of At

[
'

if !
)×c(4) = cµz]= 6cL ! ] ECCIA ) =  non-zero rows of Ria .

Las to ex trip
:

be true ratio3
'

o ) → basis is {G) }
Recall 1Ayt=b

pwmogeron
team

:

E=Ip + In - Ir + In R
*
too:O

:⇒
→ basis is { With}

note  In # Ineiassaa
,

"

particular too them ←
rows .fm#NgtYYfYegY9ntpbrkotcdumns



M¥4 FYNRroowwstgatdaotgttraphoeaiaemesies BD#6 Ent

= r = non . zero rows

Consider IAT for Inigo

amount
"

IAT

=/
,

2yd ⇒ now see Row Space( same as dim CCHH ) of 1A is also

BDHI Dims of Row Space of 1A
the Column Space  of IAT

Wow !
and NWUS pace

of 1A add -

up to n Er + ( nr ) )
,

Notation :

C ( IAT) = Row Space of %

oatmabox :

treptrpose
blc deep connection .t.me#Iwp)lBngIaIjHIPj?IIFEftEEIt**t:wennaa3rdandfnal

" 2

and totally behest
way for

in 's

fmdmg ( (a) .

Solon
:

"

othogonal complements
"

)

( Imagine loud organ
must and lightning ) Find IRYAT

and then read off

Row Space
& NUH

bas B vectors for ( ( # )

neatly
dividend

R
"

y
afuesome ! ! Note :

xeeWrowspaceoftAT1Ratf@pDT-cobimnspace0ttA.I

general



EIZAPZ

← "

talk } 'D

tattling
L

IniAt*¥TId¥ik.lk#' { KB

:
basis

for CHH

" "

mixed.nl#.x*.*ftB*otd

⇒{ lflil ;) }EiY¥
tfnnaotwrixaiwayappeas



The Known

Unknowns
of Left Null

space go mfay N( # )
EBay

• What Left Null space is

• Connection to the other three subspace ,
is the Right Nwllspace of 1A

4
/AI=8

We have CCIA )
,

WCHH
,

and CCIAT ) fnthe right .

←w space

What about NCIAT) ?
of # Know immediately :

ga- Null space of IA AIMN ( IAT) =# columns of IAT

Reason !%
TEN ( # CRM

- rank of AT

= M - ✓

then IAT 5=8 ( for NCIA ) ,
we

"÷m÷
.eu#Twe.gmeja

.

haven - r
)

Take
transpose of both sides

: are,

( IATFY = ( 85
'

We find NCHT ) just as we

÷

;
← 4365

'

would find NCIA )
- 7 st = ETIBT

y IA = o

an MI - Solve IATT -6

%ae.nl?veDIixThtiME
term

left
,



EBAPZ
Ex : Intyo

'

p + yz
L

k¥4:§kk:L :o) misery.
"

too
I +

TH

extent:::t:::±I¥
t¥¥FnI§Ee⇒

Inuit '

5= Pjiffyn ) - am ,y .az

my
Efes

TA cauonlyse
"

basvisuw gtgbeabce
to this subspace

Just as NCH ) & CCH 'T
divide up R

"

so

too do

NCIAT )&CUA) jsasi
in ⇒{ 43

bing.mn#oiqe.Yomeit



The Fundamental Theorem of Matrix ology ( almost ) t#1

tAI=lAlkrt⇒
= b

Bigytifntff
:

n ,

HIEFBECHH

Yrs
a .

'

-

-

'
'

-

'

I← .
.

.

-  -
 .

^

.

b•CH#
solution

>
i YETI'LL .im ) column

exists

xr'

CCHF ) space blc

row space BECCA )/ebasi

Ifi:Tk¥¥x'¥÷¥÷¥±.in#Y.

, \#
,

;Vietnam
llspacui Left Nullspace

Tay {ED}

Rn=R3 jltgadykjts
" RMAR

'

fan
key

:

Inigo sends a line to a line

Later : see Inigo ~ if



A.bfgtnpfddwern.rs

) Rm(=ry
ten

with

tannins:"

www.t#am.r.iYkFEIIe*Hsoa¥In\#E=et°
*

uol.tn/afFn#@jVnEi*rEFtEe



Definitions we  need
: that Fundamental Theorem

£1343
(1) Cold ) if ITJ = 0 we

say thy ( mostly)

¥1
are orthogonal

Of Matrix ology

:p
• dinc C A) = r column

space
(2) We

say two sup spaces Se
, l£ are

• dim N (

AT)=m
- ✓ left mill

space
orthogonal if all Vectors in §

,
are

orthogonal to all vectors in ,I • din C ( At ) = r row space

§ .es .

dmn
dim N ( IA)

=n
- r null space

(3) If two subspaces ^
in a Vector

spaceVd
•

are orthogonal and their dimensions • CCIA ) and NCIAT ) are

add to n
,

we
say SAS . are orthogonal complements in Rm

orthogonal complements of  each other

• ( ( # ) and N ( Hf are

Notation : { and St
orthogonal complements in R

"

and S +0 St =V
• The bases of CCA ) & NUA 'T

IT

any
vector in V Can combine to give a basis of Rm

be written as a sum of
. The bases of CC # ) IN (A)

a Vector in § and a vector

mgt
combine to give a basis of Rn

More near the end ofcourse



E14ap1
The Man in Black

,
Westley : Matrix .fu

L

lA=l! } ) mnii ? Hell ;]
-

¥Yn

to :3 |
~

~ :

EYE

,fptH4/'

 
"

to"÷o±/=lR#

a '=Ri#r,[ to ]=lR#
y , Yr

§
'

¥
*

see rank r=1

74 is a pivot variable
-

XL  is a free variable
M=2

,
n=2 ,r=1

Dimensions
:

dtmc
,µA)=y=dimG§,¥Ff

Bndsueltspaces

:

,

NCA )=

Hand I 1AE=8⇐ > 112*1=8
{ I=xd2 , ] ,

x. ER }

::YY¥E
.FI?IiII.toiot:lf...as:YoiaIiiIY/etttNuuspace"

p

'
-  "

F2=° is

{ 12,1 }
⇒ X

,
= 2×2

(
Right)

Nullspace

I=fYh]zfYI]=xzt
,
] * ...go.ae#Ior

replace
her [ 28 ]

,
#

,

'F[2

,
)

pivot
variables



Et4ap2L



EIY ap3-



EKIAPYL



Et'4ap5L



EITIBPL



El.4±



Everything hinges on

Rmgtnl.IR#t//
Four main kinds of 1A

.

E#d "

snapelranh :

Imran big picture

:djqnt.ME#%5fgmfwghgYotsdsFTum=n=r
:

squared ftp.go#¥YtI¥÷£:
o o

invertible

mtrnyr ~ /\ 0

'#
¥§÷:#Y

• ' it

wide
< - g

mBYm¥

t.ro#*..*Itoro° a

tall >

BECCA)

Fat f¥¥÷¥¥¥¥
or on a

m ,n > r -



Projections
:

How to find I&E given -bta :
Edt

menu
:

• project a Vector onto  a line
We want § HE and Eta

• Notion  of  an error vector E -

• Goal : Handle /AI=I when  no solutions Mathematically ;wf Eta =8TE=o
are possible . Big idea : Best  approximation -

B=X*A Tinner ( dot ) product

I

Idea : Given a Vector 5 and a direction some number ER

described by a Vector a-
.

,
break 5

Monks whisper ;

"

Use the orthogonality ...

"

into two components b- =p +  e- :

D= piece  of b- in  direction of I b- = Fte
[ 8 =  u  a "  orthogonal to  E

,

indirection

,
gravity

of
AI Sneakiness ;

p .

ftp..EC?.+E
.

)

¥¥¥.ie#fEIE.yeeEeIeEiw
,

o±=a⇒⇐*°
= a→(x*8 )

= K* Eta

§= projected component Timber

[
8 = error

⇒ x*=(a→I

-
Cia )

One reason for doing this : F=X*E= laid 8

In solving tAI=5
,

if 5€ CCA )
,

we can still
( Eta ) .

Solve 1A If =p where I is 5 's projection Tome scaling
°f£

•
Tfetftffpfurmonxismpaffeniieftivunspaa will matter !

[
8=5 } done .



E15ap2
Example :

More sneakiness : xnotnwfeg.gg?aakb

project I=E , ] ontoaal :] wenave

,5=(aj÷bf)a treats

.EE#iwdYvdioupnjedsb

x*=#5 " 23ft ) →
aygrMµ -

m× '

again
tag

=

My
= ¥= "

a'Humber

⇒

p=x*8=tha=E

'd re

⇒

E=E§=HH⇒=EPi°¥¥w→

=fa÷Ia}I,=@÷ag

.EE?IYzyydsubsPu
"

- Th opurtoehuct

A
' × '

yymnmy
'militant#%s,

ItI¥*⇐⇒¥÷i¥a÷¥!E
yoiyzlaayb

#
quota ,

=(¥an¥ah)E

.

5=ED⇐¥µF=t⇒

.

,×±rjdi¥d÷¥

I'mE- FD cnecniote = ctatb = Pants

JanIi
A

Ynettw
outer

product Priteftfmrator
=



Example again : *  man Et5PaC

Bond
:

47dg
.

project I =[
3

, ] onto at [ D 8=5 - D=

I.
,

-

Path
,

moderator

x
= Ibs - lPanI=( I -

Pa. ) }
£= # µ£=pt# (f) =¥[ f) mxmm

"
mxmm

"

mean
mxi

Extracts E

Pg part  of  a-
.

=adT=trsl'

if #
'

21=+51 t} ]

Ignited Terna.am

so

:p

.ae#ylIttsEIEa5.pas

before
=t⇒V



The Amazing Normal Equation : How
? E15b1#

menu
:

. Find the best approximation
to Same approach as for simple projections :

iAI=b when 544*7
€ffIo¥*sf⇐ wew.fm#+ewhereiAI*=p&tAtE=8

Before : We just gave up when
-

T g f
tAI=I had no solution

⇐ betroafefiuauefa
"

!1!

menus @ @

New plan : find I so that AI is as
Start with IATEEJ

*

¥,
TO

close to I as possible .

aeanpptfosxmation

8¥
#

Egn
#

(5-15)=1*5
- HFP

!1!
group

.

Mathematically : we want I * that m

minimizesHE.HtE*H⇒ #tb=1ATp= # ( lAE*)

F Feenan
=

T TeaispisAI*µbEnd
!2!

suoommebthhafhm

1AI* Switch sides : of # 's columns

nfswareisznauwneetsroime

Big idea : See I =F+E where ( IATIA )I*= IATJ
¥

.

.=mxn - Fm mxl

BECCA ) -
na

-

& @ c- NC AT )

}§gt§wantees
" in

era
nxi

era

of the form :

weprotet5ontoaHand.seYe@ns.a

. y¥¥*
,

.is?tmm*awYdmYaYie"



Abstract Big picture IATIAI
,*

= IATI Et5Lp2

T

Megiddo
.

CCIA )

d¥\a¥jTf¥
t.ca?ehEEgnma

;
K*r

,

'Wi:X.at#.EE.?DMTacannotµI*,n make 8
v. £NY✓

HAD

Gas always ,

if  non-Zero
,

infinitely many
solutions  exist Zogmwabsl,em→



Example of using the Normal Equation

Matrixifyo.pMgDftnPtictDttEt2E@p1.fiHinga8traightlmetoasetotdataPointscfmaamemmf.l

,

?q|[§¥=f§o|

" enoatbm
"

scientific
k 1A's

2×1 column Space
adnvitity !

,
-

-

Ex from Strang :

YA
-

✓b
4×2 4×1

bt= 0/8,8120 Solve IAYAE
#

⇒ ATI :

at times t= 0143,4

b

t.i.it#tc+.tl:i*iHllldlM*=ki.HHkd
. T aw*aY

I A It.DE#mMdresim" '
⇒

[48%115]=1,3,
:]

mean
-

if
"

← 106 ( ex )

y
Ul

datapts

Want fitto be true :

"

t¥l*B i.

4.8136 ]
[Y¥robm

Ri=RrCE)R,

(
0

'

10 40
to

bo=O=€tDxO
: . .

tel b
,

=8=¢+D×|
Back substitute :

44*+82=36
c)

GEI1011=40
←

D*=4th bz

-r8=¢tDt3
t=4 £*f§J=[ 4 ] Best fit line --Pt=H¥

b.no#cttx4e=b.p=fqoHtEfEtillelEItYt5t5



E 't5dp1
the

Manin

Black
L"

www.ieai.oewwnteir?Ff9ts:T#w*;jEEEI*IE*tIftyyE*EIiiIgIg.i

"

Solve [ t.NL?I=lEkbetcaH →
=

F wW%*,zER

Hitter

.EE#kiinEytiiiiiaiiiii;a*

,

⇒

jfmgtmoratheequation
: /AyAE*=/At5 ## , ,

F=#E*=( t.by/t3Itx*zHI6#
K always

-

IATA
-f ; ; ]l ; ; f- Kong )

. . =p. ] →YatIdYFewou

nxmumxn
Unxn C CAT)

x ,

Yr
pm ¢  

note

d td Fte

Atb = [13-61155]=11
,;] yet .eu

nxmumxl
p=[3) -

•

•

⇒
:

www.t#h*fiFnenyfnkEEiiiIi

"

Ir is the

Leota:l±Yo .be#%aEiYlto9

ti**⇒⇐i÷¥i*

T
\v[!z] t£n a

allgood x-p could be CUA)

r.IE
,

[681+3] Faded
.

ansaeahiorsnu

• Note Iptxrmgeneralgnrisfhe special x-p that
P F

lives  in A 's row space

⇒ K*
,

±
-2k

#
2=+2

•

How b- was built :

P  F

⇒
x*,±=

+2+24,2 5=243]+-1§3,
]=[ F)

p F



Projecting a Vector b- E Rm onto
⇒ End

a subspace of Rm
# excitement 8=11515 -1A 'TAI*

- ⇒ IAYAI *
HATE

We know how to project avectorb onto

a line defined by
a Vector a- :

Solve for I* then findp as F=AI*

Special deal ; extra tofu knives

.IE#.p*Io=eEIxItIEEItInIfnaihaen:mmaaret*iEtEmet*imafnpiHatorNoGwinwahzetoanr-dinsubspaceofRm

⇒ (IATIAY
'

( /AYA)I*=( At A) YATJ

- some 17
-

b)fe
we have

x
basis for pratfalls I

#-)
subspace S :

bYmwse⇒
,p*=( HAY

'

AT 8
I { 8

, ,aT ,
...

,£}←IcdH
x.
meanie @ ¥=¥¥¥.fatty.

.im#*=tAx*=aIItEEIEEbmI

we =P×mnExep.de#oriTowmaamFionD

independent
because

 of form
 a

basis

!2! /ATE=8 More goodness
.

.ee/pectlP2b=lP35=.IFeeeNUAt

)
1AI*

!3! I=Fte " ← a YA
"lY¥kiy##

(AFAMA'µ=dIlay ,
,

monks

:o=#E=
# ( 5- F) = # EAFEF net

§ q@ = # ( IAYA )
"

AT =P
cool :( rights. )



our projection Matrixwhenwehaveabasisfors : Assume BENCH ) : IAI -5 t€5p2

p > IAUATAYHF
;

IPI # es ⇒
IAIIAEKIATGJ
⇒ #A) I=¥

Worms"(#t#y 't At
'

(
Httflgeneraay

so EENUAYA )

mtanequalsometimes
"

Second,tamthyberectbngniar
! ! ! if £EN( IAYA ) then

IAYAII

jddehtmitm

¥EEE"
awaysqye.tw#YIyYY*iIii

, ⇒ e.ie#*s.EicF
Important Truth :

"

itmdonbit
" rmr?

⇒
ITIATIAI =P

,

use

AT # is invertible iff 4 ( E"3e¥fbt
IA 's columns are linearly independent

⇒ ( |A⇒T(# I ) = O

.

mxr  rxl

( ⇒ 1AI=8 only has E=5 ⇒HIAIHV=0

as a Solutionmnxfvectordif6ngN=°

< ⇒ NUA )={ 53 ⇒ HE =3

plan : Show HFYA & A have

so EENC A) ¢
dote

the same Nullspace always fftewecandothesamesortosffh;¥s#
-

- rsxrmmwafftnnirxannr

Needfoshowtnatif TEN # then
upshot "NC#={ often # His r

EENCAYA ) and Vice Versa .

¥heebfb§quare
invertible



Orthogonal and Ortho normal bases Edit
-

 
<

help us win friends and influence people

Ehud{ |

t
) ,|

13}
}

atlatl
+3+14=18-+0

= 2 7

Menu : . Motivation for Orthogonality
. orthogonal Matrices

AT E

sneakiness

Next :•%eram. Schmidt Process
L

Iµe
. Whatthis

 all means for lAI=I t.gg?rnremnpieT

"

off
:D

.FM#on+amssomeota

'

Observation : We've been finding bases for our

four fundamental subspaces ,
and

we've
so far taken Big idea : Systematically turn a basis into

whatever poppedout
.

an orthogonal basis by removing non . orthogonal pieces

M "

{ ( to )

,

( g )}t¥¥¥T'
' C " * lferuylhingisconnected : Projections wihdoiheworuforus .

Describes 2- d subspace
in 123

a
¢mIh

Does the job BUI we really the orthogonality Claim : Orthogonality makes a basis a happy basishour bases and [0@07#= 2 F O

→ 0 • Main reason : Representation of vectors is very

not  orthogonal
Clean

.

T Information contained in each basis rector is distinct
.

¥t{
¥

,

.fm?g=basisforap1anenR3

Fda
• Later ;

we will see we get  orthogonal bases

at

'aT=iOi2
]

µ
=

-2+0+2=4 for free when working with

7
1

a certain kind of Totally Awesome Matrices

We  call such a basis Orthogonal



E16ap2
• • Bonus : A set  of orthogonal vectors is Extra happy kind of basis :

-

automatically linearly independent
and therefore must form a basis An Ortho normal BASB

for the subspace they span
I Orthogonal Basis made up

of
"

Obvious
"

but proof is nutritious unitvectors

t

dangerous
 word

Given { AT ,oI ,
... ,aI } with a

'IaT=oforau
Observation : Easy to do !

t Ki,jfn

¥h
.in .

Ken
#i

{ lid ,kl}¥{
try .FM}

Monks : presumelineardependencedivide 4

( ⇒ 1AI=8 has  a  non-zero solution 9 by orthonormd
orthogonal lengths basis

(⇒ NCIA) ¥ { 8 } basis
( easy )

use

Must have @3¢)T

0=8+5 = ( IAI )T( IAI ) d=eth5
'

Ho
'

,

' FI
,

= STYAYAI
'

:
=ixr'

 ' a
E.AE#EHaIaIrayEd

,

IT

\
← 

all  zeros
I

\ * "
he

,rO
yhardtpwt

i
.

" "

Late"ah¥Oi;µµ
"

in
Next .

.
How to  create an  orthogonal basis

'
 

"

= xillalttxiltatpt . .
. +  xillanlp

in the first place

To ¥0 ¥0 contradiction
= 0  only if  X

, =Xz= ... .=Xn=O
#

⇒
NCA

)={
83



t  
number oytefrod# Pg,

EI6bp1(

Transmuting a basis into

weunow@iadanorlnogonaloneq-q.9F9Ii9IlmaIxMmITheGram-SchmidtProcec.s

(

hrnumbw

Txm

So  above 3 steps can be rewritten  as ;

0 F,=E , ⇒ of,=hz , ,E
- basis

- ,  -

- orthogonal

Idea : Turn { Eyeing, ;in} into { q , ,q . ,
... ,q .

} basis
-

!2! of.=I .

- of,§,TaI ⇒ qi=hE ,,9
.

andlhen
{ f.iq . ,

... ,fn} .

494=19
:

lorthonormal basis
ltqiy

- ^

by incrementally removing parts of vectors
.

!3!

93=8
}

- of # 9J - fiqia } ⇒ fengty,%

n=3 general formula ;

y
}d subspace  MRM 9

good for theory

D Set of,=8 ,

c-
projection

of  82

0 gI=oI -

gitazq,

qtgudirneeddiobnyaii

Eg ,

what's happening :

!3!

tianya.IE?gitgEaIhEa*..EIye..**ii.yiE:.iEe..

An
^

an →

projections not make
Aorthogonal A mangle

@ Tinian - ( .
.  .

. . )
A orthogonal

othobnaoyjnd

n -1 projections  of  In basis basis

onto ofi , % ,
... ,§nt



Example calculation : et6bpC

{ titled ,tEl }
Normalize :

a: a: a:

trtrsli
,

]

.ie#f?d,oieEfy2f2ooi=a=tidnx

tatted
!2! 9I=E -

If¥ff,T,

v

Note : Gram . Schmidt method tends to

=L ! ]
- Y.ly#qfnlH=lHtH=f2;] produce many square

roots

!3! E- . as -

guide,

-

rigged .

check gitqrqiq .

-- fig ,=o

@
24 test Levy pair of basis Vectors

=t¥ti÷#yfH.IT#a:mstbeoraom
n

[zo.su#gatin Next: See a% can be rebuilt

=p;) #I;] .¥td=l !
;]

from Ii 's ⇒ HIT!Qn "
In



TQ 's  shape

A new factorization : 1A=Q1R matte's [ I
' '

I ] EeePC
mtn  

mxnnxitymporwnde

!1! £1 = Tf, ~

T.ee#8
Idea : We love to use matrices to encode t !2! AT = % + of,§y£

,NOT

our

Methods
empowering

9
Ra

ex IPIA - KM = Gaussian Elimination !3! AT = of,
+ of,q^iajt§dqTa3

to ; let's
turn

the Gram - Schmidt process r\ - →

into a factorization of 1A need these to look the same

From  a few pages back : Sneakiness : See tf;
as projection  of etc

!1! of,=E ⇒ of,=hz , ,E
onto Ii direction

mnxmehn
,

ex !3! above :

€7
@ I .=I .

- digital ⇒ ← hEn%

(q.ge#=@iqiylq.+q.gYa3tgi9Ea3)
-

Fm Fm ^

-

.
. . . .  . .  

-

!3!

q=aT
- qiqas -

fiqia3⇒tihEp%
lpq ,

=fpfqiq. ) to to

=gyp¥4115311
makes sense

Monks  say ; Express the £i in terms of the of; at, has  components

using
a Column picture approach

⇒ Conner IA to Q= lay ql... !qy

Ooiitqiqiai
minaret;ms

Rearrange above so

E.
=

.

... ;

!2! AT -otrqiaitfiqpa,

)^

s ^ ^T -

tputai 's on left
!3! a

}
= qsq ,

a
}

t f. of,TE3t§dqYa3
by themselves



mxtixmtnxl

E16cp2@WaFriq.ngEtyymdnhrrfrodnw.H.t=QlR
will help with #

I=T(ne¥

• Delicious way
to find IR :

!2! cirqiqiaatqiqia.

QfA±=EIQR

⇒ " 2= QTA

!3!

aT=q,¥3+fqn¥tgygi@
K¥4

EYE
:wmen±ws

-

Column picture ;

Return to example :

oai
.

. ldiioiidttitg
"

]
{ lid,kH¥B⇒ set

'

it
, 'akh±EB

- i 1 1 oilfar§.4¥ ohoatii.DE#atliig.ItfEaIe:dEiaE:E.H30ai=fhdn9Ml!q.EMEbkn.aii

r

:
"

offered {
MM

"

chen c/euhR=0IA

1A=QlR

TRWMPHANCY "
Q

M
R

Find IR
by either computing

Yrhhnerproduqiobaj

,
,÷j

tA= laying :(died.MIL#jatitagkafafa

,

or ' REE
'

"t↳
.am .

mxn  mxn nxn



tpreswyen E16dp1

HtI=b 4 1A=Q|R :
But

L

/ -

mxn  nxl  mxl  mxn  mxn  n×n

µ| D= b

t

sdreetghueatfoornmals

.mg#=ajrF*

"*

⇒ CQIR)I=I

#
paypal.ws

IAYAI #
= # 5 yitpntiwansw ⇒

QEE.tl?.Ea=byFf*Yaat5

'

t 4 we

⇒ (QRYCQIR )I*=( 0112515 ⇒ IIRI =QT5
weare

nxn

really solving

* ⇒ RE = Qtb
the

⇒112¥05
'OFlRI* = IRTQTE 9 eeu ?

? ?
normal

an - name, IIIx
'

"EtE*-

eaugeactainosne

"InQTatb.IQ#⇒

e.tt?tlRI*=atFTQT5aeYI#oifbfItqgIyIfM/mEEEI*
,

⇒ 1RI*=Qtb because (1127
"

exists y
fits span CCIA )

lRE*=QT5
pq .

.=q .

.ae?tmF%9FfEia#nc*snxn....nxl

¥mM×l
man

mxl  ' ×m

#
'

i*=I ,

rlnppesrystfeimafseuobwtosond
Wnatsganym .

.Qt5=QT( Pte )

of
.

A = ILUI
= Qtpt #£€

. A)



greatly
'

 '

orthonormal
"

E1@p1

Orthogonal Matrices :

If Q is
square ,

then m=n=r

The Gram . SchmidtProcess So inverse exists ( NCQ )={ 8 })
gave us 1A  = QIR

| a :c

.mn#IaIIiaIihtYoEItiaEthen8I8IFI=9a0Ya..iat=at

ortho  normal basis for 1A 's

Say Q is an orthogonal matrix
column space ; 9iT9j={Fifty.

-

other

Manyngroovy

properties :

[
Note : 1A's columns are  ideally eleygfhestsned

under

linearly independent ( her) ||QI|| = ||IH transformation

=
length

epresQrves

More on what Q type ( QI )T( 0,5 ) = Ity
anon

maetiertitcmesnefogon
do for You

:
ext

a=
(

coso . sino
erobtaytimo 9

QTQ = I
since coso ]

42 Q

:[ gogig]
+

permit

Kn¥f÷EHditgIdnH¥¥*a#÷±÷I÷→÷¥÷I¥¥¥⇐i

=I
and It

"
 

"
 

"I
#*⇒ ,



Three reasons to love
arobfitgaqruyapowmratrices start  with I

.

that

#
I

,= IAI
. ,

The HE
, ,

. ...

,

In
= #

In
. ,

,
...

In our journey so far
,

we've spent  a lot K >

of time thinking about  one  of the Monks
' ⇒

The
= At No

+
k

th power
 
of A

favorite equations :

µ¥nI×÷5m×
,

(
k

-
1A  

= 1A + At × .
. . HA

Now :
 

The Monks tell us to think about
n+n nxn  nxn

n±nsquare  

matrices

as gadgets
, things

nxn

that transform vectors into  new Vectors Difficulty ; Mindless multiplication of
✓ ✓

many
matrices works but is

I.
'

=#¥
, (1) computationally expensive ;

C) doesn't give us any understanding
k

> of how IA behaves
At  might

flip x

k¥1:D
÷ .

yasutaka
The Monks whisper that we

Big Question : what happens if we use
must understand eigen things ...

IA to repeatedly transform a vector ?

But first ; three example areas showing
the excellence of HM

.
.

nxn



coupled

(1) The distractedTexter
(2) solving ,

linear EHAPC

wandering randomly on a network :

differential equations

mae

Ycdmuumsftumtt

smidge=

zx
⇒ xlt

)=x(°)e3t
. F rschede this  

works

initial

t.M.T.EE
;

ftp.II.yaf.tt?oteYeoi:ffiIiwiH.a*=

."

*⇐o

dkz
= 3h

,
+2712

00 -400 At
yefanyqwdeprendfv

¢,
contdismoroeufeknatr

. for crushing
it

Ft+
,

H It on

post together
r

' P

Probability transition  matrix
Rewrite  with matrices :

texter  is  
at

nodes  1
,

.
. ,5

attimett '

day,Ef= (
2

,IHYI
.

) ⇒ die = # Is

Natural question : *

Where  is our texter likely to be as
solution is of the form : xTH= e

" *

Ilo )
time

goes
on

?
am

-

17
2×2 2×1

what ? ?
|

Toywww.wi?sPTfn?a
, n→* ? It's

trwyoticanexponentiate  matrices ! !

y
Taylor  expansn

Monks ( and soon you ) tell us that

peigeraluellatat q# = I + 1A + I ,
#ftp.#t...+tw.lAkt .

. "

At
fly

,|=If}y]
⇒

F←¥py|
wear feeds:et4abFam±kaa .

normalized
- e = I + At + E :# Htt ,tA3t3t ...

reign

"°✓
M # awesome

→

great  result : Pa ,i
"

change
is proportional

to @ = Iota + to 62+3,534 . .

the degree@ i



E17ap3

d) Solving
"

indifference equations
L

nmneaiwndihms
AGAM ) understanding and

calculating
Hk is made possible

et

Fktz=FkHtFn
with Fo=Fi=1

through the magic  of eigenthins's

Fibonacci Sequence
values#

non " "tr¥i[¥y was
!pa"iii. functions

"

"

tstamonseowhve

Fibonacci

Eel '¥D=[ i'll:[D=
liitfi .

T
"

In
. ,

"

unbmddnwiaxb!
[

'

,lotto

So if we  can compute [
l

, f)
k

for all k in

a clever way ,
we 'll have  a formula

for the Fibonacci numbers
.

to

late



E17bp1

TneMagicofEiggnthm_ Htvifin

"MfD=[Yd=¥d=±e

.an introduction to happiness

it is also an eigenvector
of A

A Monhhandsusaparchment with
y "°¥tIu dz=tz is the associated eigenvalue

"

ifeng.is#EEttkiiFaEtYppinC.nitIaEII:InaiaTaffEIItI:F

Let's try something ...
µmIh%F • Also :#ftp.ETKD

" * BIEHL.nl#=EtEtit=mIeraeIaTaYIauOuemoreHnng
: ¢dtdFt¥

stretch factor

#i=kYMIiH' ,

Fatima
A l3I=kiyfoI :p, ]

lAhvT=[kYYkli]=Eth(H=Efha tnotneigenvedr ediffq.fr ...

Hiieeituedreonouofu tqows Atl } )
= At ( 4) = (F)

'
'

"

eigenvector
" +

Better : ¥ifeng.IE

wfahanfoiown "

Andwe " ' .

t.is/z1heeigenvawe
"

A (f)
=tAf¥ftf¥D=3zf

, )tEf!D

associated within
Tin ,kaBjIaeoYYf



EIFBPZ
picture for Ah :

Big question : If monks aren't around
,

-

m

yet ;)
how do we find T 's and a 's ?

If
How

many are possible it An nxn ?

✓ Game is to solve the

)fif¥¥f€¥¥¥nf?iimii¥i

,
⇒i¥at÷÷a¥I

:

" *⇒

Scalar# µ weapon , ,

= A } - )T =
8

→

sneakiness ( Monks )

writ :D
n × '

Htv - bIJ=8

|# yw±< , shame I temptation nxnnxi { nxnyx
'  nx ,

Eigen spaces of 1A
' '

(M¥55=J

Ina(1 - d subspaces of 122 ) nF ! !

←
iambaa - 4A- HI )T=8

possibilities for lAT=dT
y must be such that

;

Fm
" t '  " t '

d > I : growth
• rank ( * - # ) < n

Nthllspace Equation ! !

y=l : stays the Same
• NCIA - dI)¥{8 }

°< > c 1 : shrinkage
IIA - HI has no inverse ( Yingiular)

No : jumping back and forth • det(ktI)=1A - dII=o
across origin ,

111 governs Rewiring

growth
-

) complex : rotation



Solve #- d#)T=8 for /A=µg
"

g)
Unfortunately , preceding is Etc

usugalway:Q
to :]

adf.IT#gFIF?.tothFeYeabei+er

,

t more  illuminating way .

isMMM
=

set out # - HI )=o

t.ru#ms...sIbtracfirg

> from diagonal and find X .

. .

entries of 1A

Augmented matrix

|acbd|= ad - bc for
2×24

1¥Est :

.tk#ntIfIEstIE.tsl=a.n2tHnoSee CH ) - ¥Y=o
eek ! ! A

same equation

fofa.tl
,

NCIA - aI) f- { 53
A as before

✓

rank ⇒ I is healthy ' kenexf episodes

( 1-42=4212 for all things determinants

really
'

'

⇒ H=± 's . we return to eigentungs

⇒ a= ,±z
by

"¥ .
after this strange excursion

d
,

= 312
, dzttz

just as we found ...

⇒ next Step : find of

as nullspace vectors

for A- ZIRIA
- III



11=312
,

42=42 )z=£ : E17bp4L

Find T
,

& Jr ( IA - EII )I=8
di =3 k ;

CA-Eau :

pojesntaadepade

Html;]
µ Equatth v P F

Iii"Y%l :)
. .

=L "IYIl%~[
"

o

."5l :]

-

- tieftp..ae#..fiiohotY8t=sii=y;) or

←

Eigenspace

- In ,
+ IV. =0

d. = 'z has eigenvector ( j ]
⇒ v

,
=u2 xEi9FofPd

"

often
,

unit vectors

are
best

E- HETTY 'D him
a,=£l 's & # 'Ef'D

Say 11=312 with 17 > 1=34 dusky

eigenvector [ 4) amnc # #

4
basisaqanspaa

"

¥taY¥
I÷_÷±y¥a¥gtsot

'



€1841
Determinants from the ground up :

- !2!

If we swap 1A 's rows
,

we flip the

sign of the determinant

,A=[
9! ] . an

'

|acbd|=ad-bcbutladbl =
bead

¥¥et
time
;÷;q

.ge#a;y.jWHtItjEEtiI*it*IIttIIIlI.tfa*a:t*nanxaIEaEEEI

Area  of #^=Ta+c%b+d)
!3! I A |=ad - bc is

multitlnieneaorwsinof
#

- ab - dc - Zbc Two pieces :

t#¥M¥hFt÷÷e

a Area scales :

toy#IF= abtadtcbtcd
ex

139%1=31,9
bd| 31 ;]

→

ygy

- ab - dc - Zbc

=ad - bcycauihista
's ex

12492441=2.4/9
bd|

au

T.int#khmwmeaIeaEywIEgEa;dd;qLdetEthngwoµformula : 2.4-3.1=(2.4-1.0)+(004.3-1.3)

out,=HH=÷umIF¥,

]
piano

;5÷÷"¥
'

anaor area .am
g

a

,tf%n¥lIs÷"
a

¥-4M¥4
433

l ;]



Determinants from the ground¥38 tee

-
= 2.411091+211,81+319011+3.41811

The plan : We assert Three Properties
for Determinants of  nxn matrices

9 q
0 Volume

• volume

o # 1=1
.

's
etefpmwinaanteiiittfeodume t#frgwwap '

Fb

rlnxnunithyperaube
[ crevateeudorbsyrfya

v

@ Swapping any two rows of 1A = 8/1091 + 3ft ) 11091

changes the sign
of the determinant .

!3! Determinants are multi linear
= ( 8-3 ) I

'

to?I=5/11=5
in their rows

.
Big

Deal
"

Can now connect HAI to III 1=1
and

many , many good things will follow
-

on : Let's fully connect 12,3414 I # I
Next ; show how our standard row operations

IIAHIY34 )
= 12

,
{ | + 19 II ←

tiinenarroi'F
lead to  

many
results t.lt#=ttU

← need to  introduce o 's including 11A /= ±|µ|

/ to get)to I & IIABI = 11A 111131

- -

=L : :l+h
,

:L + l ; :l+l ::L

4k¥,

evening[⇒
.

.pe#YmrEYk # excitement



Muffing



AMARANTH



RhfhhfqE8bpL3



Bathed
E18bpL4



EHD.gs#1



E18c(p2



¥843



rq:

 -18dL



E18o(lp2
.



E18↳p1



Check :

E19ap1
Sneaky Monk Tricks ( SMTS ) for Eigen Stuff : 1*1=1!Yf= in - EE = 3/4

<

#
1

,

. )
.  = z.iq =%

,

#

All about 1AF=)T
nxn  nxl

¥
nxl

Recap
: solve by

gqudgfatfktt.ee#z

)

!1!

Finding
is as roots of | A - HIKO Why ? 11A-

HIT
.

(

y#
( in .

A
... .hn .

A
&

T Characteristic Equation 9 ¥
'

#

use Cofactor  method set 3=0

^ from before : ¢pN0b

!2! For each distinctly
, solving the

⇒ IHK Tldi|#k±¥Fdi
in

millspace  equation 4A- II )J=8 =

for S 's
eigenspace

SMTl@DefnTraceoftA-TrCtH-Sum1AsmaindiagonalelemenH-tf.a
; ;

Ourhelperexample :

↳
Trl #)=§gd :

A =[ Ity )
'

jIYg
" T&[ :]

Our example :

TRH !# = 1+1=2

"

JzdfiJsfmgeetrmyeanwFhngfw.Pggdi-Zzttz-MsMT@1lAI-tfI.l

, ;
General #

|apab→| = ( y ,
. a) ( d .

- D

The determinant  of IA  is  equal to x

the product  of  its eiguvatues
"

fdlrtc di + d) A) + hdz
( a- a) ( d- d) -

b. c

fetching > ,+>z=a+d=Trl#f>Y+(
at d) TH tad - bc

,
,

> u=ad-bc=I # I



General nxh : E19apC

11A. HI 1=6 ,
- HGRH . - ( >

n
- > ) SM@ If 1A 's eigenvalues are

"  '

all different from each other
H Hr+(§p :) #

"  '  '

t "

then # 's eigenvectors are linearlyf > )n+ ( Tv # that .
...

independent and form  a basis for R
"

.

Reason :

Ohelhirg : Check TIHTE.de
'

Assume d 's are distinct  and look at 4- &Ju
easy

- If dependent ,
Civitcitu =3 for some

-

G. czto
n n

-

SM@ 1 #

l=±tIdi=
IT in ;

(a) # ( criteria )=tAo

y
it at ,VTtczduTz=8 - . .  . - ( 1 )

depends (b) > ux( Cit tent ) = dz×8

%ffmhnrewWifedu
c. art +  a > it to -

-
-

- (2)

8M€ If#If=jvthen#irdkv(2) - i ) : a ( did
,

)I=s
] buigodypnfyonnyhere

⇒ di  Fda -

1AkE.lAhyAvTEstAhiv.i.iivSMT@lf1Av.d

v. then

#+tI)v=(s+t)vSM@
eigenvalues I eigenvectors of #&B

shift are not simply related to those  of IAB
-

& # + IB
#ttI)v=lAv+tIv=dv+tT=C > + E) I -

• If 1A&1B share  an  eigenvector if with

eigenvalues d
#

& dips thensM@lf1AJ=dt
then #

 '

T=TT (#+B) t.ca#+yB)v&4AlB)v=7AhBV
#

1 if #

exbtsmaae

. but this is generally
not the case .

H#AJ=> HF
' 8 Ymwt

"

murmur

Hitter at



Why diagonal matrices make us happy E2oaP1L

-

Helin"D
et

) ,=tz 2,7312

a fist :nf⇒# tiered

it
in

a r

"

II.tt#d..IiIIIiI:ig*i*ehIke
"

is simple -
M

natural • If we could rotate the  axes ,

or standard 1A's action would be Simple

basis for 123

•

Big
idea : change from standard basis

to eigenvector basis and find happiness



Diagonal ization is just the best Left assume this a

good matrix Easy
- meaning its

eigenvectors form  a busts for R
"

Let's assume 1A has n linearly independent
⇒ $

"
exists

Diagonalization :

•

nxn

eigenvectors
- ⇒ A "s=§lA⇒ IA = 'S -111$

"

formlforbltfdt
p -

nxn ntn nxn nxn

• know AT ;
 

= )iJi for inl
,

... ,n postbnym!$t.MY tanamazing factorization

f similarity

Mwofuhsfser Create a new matrix with 1A's

•••We
say

1A and -111 are similar transformer

eigenvectors
: mm{°%

§= µ ¥ ...

.MY

•wee
,

bidet
see how Htx works ;

more

soon

nxn

1AE=
811$ 'T

\ changes

representation

consider
:

" ×hi

/ T
@

of .fm#TbusP

At 'S¥¥f#¥±,

#

'

y
... affn!3!

oakaanmdaeaea

...

Whether.ae#ntodFenYaiF

nth
nth representation

is diagonal

sneaky

=

ftp.t.nffniftytg.tn#?fBisdeahtnIfFaiiss9eiaapynaatiEfabgonae

¢

capital
> matrix when viewed in

= §1\
the right way .

nxn nxy



-

EWBPZ
Lets see how this is super

<
Example :

Heft
.

I ] }I÷±

¥
;¥} useful for @ IAI e (2) #

ngtejmmym s

oyangwmffiepuwoidw

" "

( i ) Examine what
happens for a-

=2T
,

+21
note :

⇒ §=

tfiyiflit
] *=si

' e-4iI+2fH=t°]
'

AFI

⇒ 8-
 ' =tE, :] It

ftp.T
H "

t.EE#EntItitnonnrEtsFeis
)used 4$ . ii ) /A£= A (211,1+2/41)=3,4

'

, )+tizHI=K ,

)✓lidtiaatnldiiy =L
"

o

'

is ]
( in AI= Iasi 's =$tH±H 'll

:D=$Ak!*¥.

=§l" tell :I=$lH
IEEE

⇒ lA=$115 ,

'tightlyarea:*

x
,

tretwnn.TW?bdsnanti.it#'

t.iq#rfEfEIeEnjjnyfIiEaii.e

.



E20bp3<

(2) /Ak for k=o,±l,±2 ,
...

.

523

EH
KY )

posetA2=( $11,571 'S -1A 'S
"

)=§
-1112,5

'

$
HE

"

§
'

¥ =L integration :D
At

'

:C $11

,5#$.AE#$th
'S

"

) (
o

I I

= $113,5
' = a (3)523L ; ;]

are
.ES

"

1Ak= 'S §
"

More goodness : son

• lA°= 'S -1M$ "= II 'S "=I

Super easy to compute
! • At '=$1I' $

"

works :

HE
'

At

sdemgrwdw
' WHY

'SIk$A
'S

"

) = I yi .

At =

( Ii. :} ] is :L "

"

Yet
#tz=$#E§'

works

too

ldik
'

t
Hit

"

whim
#

✓

can
see

that

largest
eirgenvabee
will

dominate
#

and #t



E20cp1(
Fibonacci number finder Three pieces :

# aside
xmfffatwnnbdr

note :clearlyamonk
1/1 = [ to

'

9
,

]
ei¥=H÷¥

From before :

$=[ Y
d

;]
confined Fia

,

Fn+z=F*tFnwith Fo # it

§
' '

= F , .[,

-

⇒Fibonacci Sequence

¢
grows

fit '¥t=tio'll:n¥!=ti'otto ⇒t.mil?igl0oo9*tiIl
:tgmmewy

"

[
'

 
,
] 1A $ # ldecays $

"

mission : diagonal.ae#=tiHsfi.opfd=ExHjYnIglIntY
usual thing HA. HIKO  ⇒ its -1=0 ( )

mmfyerg famous ( nota  2×2 )

gotten ihggidene Fu =y,t ,
.( d

,

"
- the )

,

disappears

Findh=l±Fs=e⇒ T
, =[ Y) .

2

c- keep =¥( (
'

¥5 )h - ( ¥5 )k)of 's
)r= ' ¥5 Ji= [ Y) aytay Teammates # delicious

=L
Note : >it > z=1=Tr ( IA ) ( 001 beans :

FY€t → l±[5=e ask.sn

>
,

)z= - 1=1 # I



ymverse
takes Us

The gentle art of changing basis :
from  natural Ezlapt

-
⇒

WTK)
= |µ

-

IWT
to  new busts

L

Nv
Nv

a a
* 's =L ;

'

it 'fd=÷H 'll :H :L

.

" it

'!w÷[%
|

.
•  .

a
-

In

↳,

Etty

.

AIHI

Similarly : neatly and #
 "

ell ] { at ,E. }

F=[:] µ I ,=[ ;]
basis .¥3

,
,

In
,[

'

o ) To change back : WT.=MWT
"

So for
,

we've expressed all vectors in terms

of the standard ( or  natural ) bast
.

Wzsay
:

#
vi. I ;)=

4101+219) In basis { 163,197 }
,

• What's the  representation of WT ,ut ,

and #
T

,

is represented as [ })

in terms  of the  new basis {

AT,E
} ? In basis { 1

D.HB ,

f) spepcoififtsvaendeor

5
,

is represented as [
2 ]

in space

• How do  we do this
systematically

?
°

BY
" :

 

The vector # never changes

By solving an IAI -5 problem
! ! !

but our representation does .

vote
'

aogsetuhworh

The setup

fore
:

engage a
;Idgtai¥t

"

Bigoted
"

# It
,§yfg¥YwT=[3)

=£ai+±E=
lat

HE
;] III.tn.

y in

acnanqegb.nl?yqbew
'

y change a change
"

*  
mbT¥

= 1A (
c

;] =
Moya ) boansiys vector

C ( from  eigenvector to  normal )



Symmetry and the Spectral Theorem E2zap1

-
We get so excited ,

we L

wennow
: replace Feet . .tn] with D= fiyviy . !yn )

• Diagonal
ization is joyous and

empowering fruit  vectors

• 1A can only be diagonal ized if because We realize we have an

nxn

it has

a
linearly independent eigenvectors orthogonal matrix .

+
sav.gg#uu

potentially
• Trouble

,

arises when
eigenvaluescaqyebraepematfdp

, ;y± ,
And because Q

'

'=QT
,

out

↳
May not end

up
with diagonal izatton takes on

a full eigenspace a new level of Majesty :

Bonus
truths :

••
If  one  or  more eigenvalues  =  0

,

1A
' '

does  not  exist
Wow ! !

↳ I # 1=0

••But IA  may Still be diagonaizable /A = Q # QT
4 depends on eigenvectors

#
More

amazing ness :

An amazing matrix truth :

If IA  is real & symmetric ,

i. e. IAHAT
,

then
# = QHTQT = fifty .tn/8...MfItEE]

( t
aij

 is  real for  all ij )"

fiuttggnwreadtsorshasanndtisnenweiyohnedependent

= Hit .int#ErfkEj #±±±:
always diagonal izabce K pieces

0 All of IA 's eigenvalues are real
= >

iivitdzvivit.ntsnvnvni-IgdivNiT@9tYAieigehYecFTEoy.mTayTorrYzLl.rltamEkFtpFeFEoEspEctYaitneoremDon0peratorsY.p

pays orthogon for # ,;¥e÷e±u;%%, , ,

for SYmme¥M
atria



E22a#

ysymret

" "

$ A §
"

Example :

# =[;
,

"

;]
= AT

H=QHQT=

useunitvedorsfor eigenvectors
til IYH

"

5TH !
,

l )
and

sina.lv#=kli 'D
w

§tQT= tall ,

lddthuaenspose
:

A = E.diiiiri '

easy
"

= (3) tall, #
11 ]

+ (E)
truly'Et

' ' ]

a
, i ,

at t.ir .
At

IAI :

Jeans
Into

tugroyhu.am#fetYAraareofYkIKimsm

.



µ
cram

!

EZZBPI
Why The spectral theorem works

!2!
1A's eigenvectors form an

<

-
orthogonal basis for Rw

y
no  rotations

!1!All of IA 's eigenvalues are real
. Again have 1A=1AT and IA  is real

Assume 1A= # and At 's entries . We want to show

Fits
.=o  if  itj

are real

Given HtT=dv
,

we test to see

° Worn up to full story ...

if d can be complex :D=

atbria.io#oFirIIf/A'seigenvalues

are all distinct

( i.e.
,

each has algebraic multiplicity 1) :

Denote complex conjugate by
over bar

: a D D

Result :zTzz÷EE .
Ati = A- biTO#

z

=T.TK/ATz))itn
ntn  nxl

> More wratnwnber
11Audits#E⇒Erynmeanwne

"# Ji'¢*ifD!? " * "
true

HATTVTDTJ
,in -1AF=JFAEHAT

=
Xz VTTV,

TF%M
" *preempts |

÷¥f¥Ian§mgI* '¥€T.it?*EggqgljTatnFEt?t

IT t  symmetry -ETIA
 =JETqk

=pttHipy
• What if aneigenvahee is repeated ?

¥tAv=dFvFlair.gs#E.weieenwonuigendweiegewnYetcYwmse...

.

See everything matches except d&J

⇒ d=J so d is reay



A suggestive pair of examples ; E22bpC
Not symmetric : Symmetric :

x~ Xz

lA=[ lot

]#
At tA=[ log

]=
# rise

f¥¥Eegi÷I::Lt.int#iiit*hkeiorf.EYa

;
To

T ,=

tagging
"

g
true for all

C- to
Tweaks : r

,

* A

At =L ! ,l+]tA=[oP]HAT Idea : smoothuhangemtweaus G→9seen;y¥EIYm|an,IE¥YI T.tngeandthkomgoe.rea.ms

uT=f f) ,
# (g)

⇒ orthogonality is preserved
,

vial 'D
, Title ] a ✓

ritual
Requires more work to

✓ ✓ Yefore

A show in general
but we

#
Eigenvectors

have the basic story
here .

see as E→0
, do not

eigenvectors budyeus
become the same c- → 0



Surprising Things about traces Generalizes ; aroma

.se#p1
- TRCHHBCI )=Tr(tAB)

#
=Tr(

EKABD
J

=Tr(¢eHHBD=Tr((B##D

Dem Trace  of1A=Tr( IA )
/

nxn anycycling leaves Trace unchanged
= Sum of the entries

of 1A's main diagonal ensoatdlpossibu
" (2) If 1A=$1A§

' '

foraumatrices

=3 Aii
it '

thentr
(A) =Tr( $115

'

) tofront
# cycle

eITr| [ }they
,
])= 3+1-11+4=6 = Trig 's #-) =Tr(#-)-

n

I ={ di

From earlier : Tv ( IA )=§yd;
it '

# delicious

fo :  a very enjoyable proof  of Tr( A)

=§piNow
,

two more things : ( but does not  work if # is

(1) Tr ( IA B) =Tr( 1131A )
not diagonalizable )

nxn  ntn  ntn  ntn

Reason
:Tr( A B) = ,§,( ' At B) ii.

noopwdffinpiwti

.

=

,§.§
,

aijbji -7hnemnerpinfdrnodjoofa
swap X. µ ejho¥n% Pratchelt

everything
'

does tricks
= .§§

,

bjiaij
 =Tr( BIA ) for treats ...



POSITIVE Definite Matrices
Places we 'll go , things we 'll see : Edt

-
*

214%224%+2%2=1

⇒ matrices

Tmyewaiugesutrheataboorft * what elimination really does forsymmetmricnmes

themselves
* completing the Square

defn : A Positive Definite Matrix is =
a real

, symmetric matrix with

positive eigenvalwes ,

i.e.
, di> °

,

it '
,  

" in
Three example 2×2 matrices :

If a matrix is real and
symmetric 1A ,=[ II ) ; HEE

,
I ) ; tAs=E

,
:Dwith di 7,0and at least one

eigenvalue equal to Zero
,

then we4=+3in ,=
of > ,=

0
|

say
A is Semi . positive Definite be +1 Adoorsx. =

03 .
.

4 PDM ii n

. AHQLAQT
computing j

We recall with alacrity

that
a Yankee

real
symmetric matrices always

have
'

(1) Real eigenvaluestf't't'd'Fhng&  shrinking Problem : Finding eigenvalues can

(2) Eigenvectors that form  an oytahgfoften be pretty
hard forreal matrices

also
• We  only want to know signs

Turns out that

Having
770 or > i7°

of the eogenvawes

is an excellent bonus feature on .

• Could there be  a sneaky wpay
?

¢ surprising results

from  monks especially one

then i/ How to Spot a PDM pivots # eigenvaiues that helps

it Why We like PDMS ( and SPDMS ) computers



:

Beautiful reason ;

e23LaP2SMTtt@IftAaHAfnfnfAisrealwnsfernz.f

;;D
>

'
= E

¥

.EE?EgEfEeEtItIEtaEInenp*obmhsy*EIEiaa.ae:mEiEI

'

,

tetraeytownbananapanhtAz=kU=[g0
,

][

to:÷l%]• Very peculiar :

eigenvawesandpivotet
. ,

td
.

come from very different parts
Because # is symmetric ,

we can

of matrix ology ( away , gofurther :

• Recall we already know for general 1A 1Az=IDIOTthat latent,di=±#dY =L
' °]l2°H'' 'yis ,
I I 0 - Ee 0 I

• SMT # 37 says more for
let's think about this parameterized matrix :

real symmetric matrices Bleu ) :L
'

en 91k¥ )[ fly )

Big deal :1A is a PDM if all di > 0

Pivots are much easier to
when ln=

- tz
,

we have Bftz )=/Az

compute thaneigenvalues N¥thathappens as we more from lu=Itolu=o
?



/
di

E 23 ap
3

" 310)= ( to9) [ }
 E) [to , ) = to;D

BtH=Hz " 319 =D L

f
 

l
,

II D I 11 th #
2 ,ID -

{To°

.

hffrerdiragaotniummahiices

, pivots -= eigenvaeues
4=55

-
d. =2

} deft

•
IB ( lu ) has pivots d. =2 and dz  =

-

I
> r= - Fi - yz=

-

5z span
saw

independent  of ln
d

' = 2 Td
' =2

} invariant
dz=

- I
-

dz = -512
•

•

det ( IB ( lu )) = d
,

.
d.  = (2) (E) = -5 2

again independent of lz
,

=

Big

connections
: is

,

.rs for hii 's General argument ;

•
We also know det( Bleu )) =L . )z must  = -5

Given 1¥= 111PM create It It )=Itt ( k -I )
for all lz ,

• As lu changes ,
the  eigen values change By= I (f) p putt,

↳ to :Et9= II

BUI they cannot pass through 0 as lhen ( pro ) =p & yzl , )=/A
↳ ' '

 
' El ' ) = It

the determinant would be 0 ( F - 5)

• As before
, pints don't change as we ✓ aryt

• When luao
,

!1! 6) =D is diagonal
and the from 1- to 0

pnob and eigenvawes match
up : LIE}; . same story : Etgenvalues

cannot change sign
as E varies

a.
Therefore as lz

,
moves

away from 0
,

the • Signs of eigenvalues must match signs
of

pivots
eigenvalues must  maintain the same signs

as the pivots

• Argument assumes anpnotsfo ; proof is tweak able



positive Definite Matrices in the Wild :

f ( x
, ,xz) could be :

€2341

-

gf
saddle

Menu
for 23bi4d :

Mm
gf cyfj

•
It # I and ellipses and otherfunctions

⇐
,

...
×  ×

. computing me square FUIf G¥nf#¥p
on ←  → au 711dL

. Cholesky factorization mm

& haffner
) ,

,
)u > 0 d

, ,yz< o signs

A

The Story :

#'
Idea : re . express polynomial functions not

f has a minimum at  X ,=xz=o banana
'

using matrices . shaped
5 especially PIMS iff At  is Positive Definite

-

key construct ; st YAK where IAHAT

[

]|

]H~=
#E) TE

WHY ? (1) IYAI = o at  E=o

""⇐¥ny's
.am

HAITI (2) consider what
happens as n'

movefgoamwaoy

General 2×2 example :

t.int#writeI=E.citrEYYsMYjigggwfYFT*nomdgymnasts
.FR

"

s ;i ;

IYAI

=[K.×Yd[auto
][Y,D IYAI =L§

.ci#tAf&yii)=tEaiDfEcitAF

;)
1×2

2×1 2×2
2×1

= ftp.aya.IKY.ttbYII
ago

= ,§§iuiciEtt=Idiots >
fuse :}back this was y

=  

axitbxixutbxixytcg,yµ"
"

¥ height titmouse
ifatuy

, > o

= ax ,2t2bx ,
)h = f ( x

,
,

)lD



E23bp2
EXI . EXZ

.

-

Does f ( n
, ,xr ) = 2742 - 274×2+2%2 f ( x

, ,

xD =

!2!nifty
-2×5

nweamaximumatntylrii

(1) construct #

¥.qq¥#
from

before

Answer : yes if eigenvalues for f 's#
poasffnkdh f(x ,

,h)=
cx .

"

if MY;D⇐ ) IA 's pivots are both
positive

(2) Determine pivots :

(1) Construct It Ht I
d. =2 d ,

> 0

" "
"

"Eileen.ge#oFfjIgyqpomnreaI5a⇒
no

⇒ same

(2) Determine pivots

ddl

.
I 32,2 ⇒

'
'

> °

⇒ f has a Alternate definition :

a .
> 0 minimum

/A= # is positive definite At

KYAT > o for all K¥8



Completing the Square = Gaussian
it eat

Elimination
In general for 2×4 ;

#
AX ,2t2bX ,

> Cut CX }
for square  symmetric

idea
matrices

We could approach question of determining = ya( x
,

+ tax # + ( a÷b2)Xf
kinds of stationarypointsby creating

g-
-

clear squares
and then looking at

signs
.

d
'

lz ,

yneaseejayttax

. du

tenter
exhausted variable

...FI flu , ,xu)= 2242 -224×2+2×22 it

- A ,

complete square here freeman Does completing the
square

=2(xi -

N'
4) +2kt always work like this ?

nf Yes ! IT # I
 +  

any quadratic  
mnvatabasIYiI¥o¥i¥¥¥I"I;#e⇒f¥¥±¥e¥yIbiIy¥⇒m÷¥*±i⇒$atth,

\dz ← what ! ? ?=tytDy/¢p¥wMyfIaPm
EI flx

, ,xu)= 2×12-224%-2242 ⇐ IAEIIFT
= d. yitdzyit .

.  . tdny !=z(x
,

#42-4×5
Super bonus :  if # is a PDM then

d.

ten
,

\
d.

%%F9

| 1A= TLTLT with

[
=klDk

ftp.xThe all  real numbers

lower triangularCtholesky Factorization
• Even better for IAIFJ

-



E23dp1Pr_cip6Ax5hqeeq.yfUIyIn.WhaHthisnewcoordinatesystemn.rConsider@ptd.net@
=1 µjif=QTlYh]='E[ , DIE )

→

Equation of  an ellipse oriented

at

.my/ngYsmduaaxes*=tEfkiIYdMatrixify:

Also : See ,Qas IM ⇒ basis transformed
.

[ "
i

"

]µ2Lf
( Ii ) = 1 Etfb,.tt 'd }= new basis

0 eoneofour
% %

magic
friends

in

,yituseAt =Q # QT y ,

I,=fz{
'

it

i.

a
fit

Yz
^Try,

a '
" '

tatiiltoitnk , ill :D 'tretie÷E¥⇒""÷÷i*t.fi#fEIIIIEIirYE!I
5

'

a 5

⇒ [ Yi Yi
(Oog)

[
i

)
=1

@ YL

⇒

#
ye=1 § death P

same approach work
- -

ellipse length of ellipse axes

compgnklyjlfayraoordignjdfn ,

=

th
.

. [ngFf%danen"mm



EZ 4ap1

Singular Value Decomposition In attempting to overcome
-

# these problems ,
We 'll find a factorization

Insert that works for all matrices plus
OMINOUS

Big deal ; organ
music • helps us identify the most  important

MatrixFactorization } encode
features of  a system ( pages

 online web
,

•

Supreme court decisions
,

data  in general,
Our understanding of problems building blocks of images ,

" . )

and greatly enable our methods • Completes our

"

Big Picture
"

story for HEI
tr =

.

IPIA  = KUI ⇒

Simultaneous
Equations

Fund affect.at#eoAYemgebm

1A  = QIR ⇒ HAITI ,
rectangular

lA=$tA5
'

# = #no
-

1A  = QLAQT
} ⇒ I/Ak"

MEE Theoretical story first
,

then{iaviv [
some nutritious

exampeheeisgenvectors• All have limitations

Eigen story : Atv = de
maasnnotabnas

's

• We love diagonal notation for example nxn Ty
same

direction ,

b¥t I I ) 1A must be nxn We

(2) 1A  must have n linearly givethis up to c) accommodate  

mmtnatrne ,

independent  eigenvectors

(3) Eigenvector basis
may

not be &Ci ) ensure orthogonality of bases

orthogonal (only guaranteed if At =#) Twwtlhis



New plan ;

yretyyuytecwy

"

singular
 value

"

Yet  another great  moment  in Matrixology :

Ez4gpz

Htf
,

 
=

q.it#smgyeaar Singular Value Decomposition

mm  nt '  mxi Tyneauor emfenuksus

/A  = µ ,§ NT to believe

where :
• iitv ;

if  its
, dungypry

( rnounhtsstfaaae )
mxn  mxmmxn nxn

•

unitujifitj
, (

geofymnntuyisapaa.elTKkga-akEFIonlIEegfnaiioiaoi@01z0z7q7.i.zqFrEan.k

• the @ form

anortnonormal
basis for RN n

e
FEE

• the uniformanorthonormalbasis for Rm U|=µy µ "kfm| 5

mxm

How IAI works :
Y5Y:a"YI!ntItEgIhgm(nf¥=Eifrfgt¥

:*

(3) Transform from # } basis to auzeros

t
ysasmheape

standard basis MRM

§ =[
'

a.
. .o§o]

as ¥

0 r= rank

mxn
-

0
, 7/827 ,

...
.  

7/9>0



Let's see how this all Works :

1€

ET@AyA)@

E24aP3L

Claim →1A=W£WT with Htvitoiui
in = #

E)
THAI )

•

D

augmented a , nxnn.ae

Monks ;

"

Try IATIA
,

grasshopper
"

okay . ...

=

H # KIP >

# astobetrueor all #
key : know * length

At #

=(u§m.it#Mu&Nt
) f#ff¥ag¥

⇒

HA
is semi. PositiveDefinite

Txmlmtn
v,€

¥ \y§tµtµ§WT ⇒ IATIA 's eigenvaluesarc all go
=

TE HE'IYYt ⇒ oi=r ; >, ° is all good
= WIEEWT

nxtnmxn

square
Upshot : Diagonalize IAYA to

= fiydy . !yf[ if.⇒?HI¥uF÷|
find a 's and ai 's

nxn

Looks a lot like : Q #yQT ( snmeoankq
, )

Monks chant :

"

HHA
' '

.

IAN ! HHA
'

: ...

"K¥¥m=( NEWT ) ( NEW#-

it

gonldtrtfffyddwimfonbaeiisfasuahmmmfmhmebyountnowwgilatdt

"

Imai'T = M&ktaYT€NT
sypris

. :

= Ul &€WT

mx.my#tiAaAtAtmnst

Im narensoanntfero

eight

#¥#area
, symmetric

=

ftp.uynyfigi.a.ME?ftEfaYwe More

and therefore #genvalues are real upshot :

(2) eigenvectors form  an

Diagonal ize IAAF to find riis and
, again ,

ois

orthonormal basis for R
"



HOW do We know /Av^i=qui ? ( z ) fmonk
'  

again e24ap4L

feet
.

At HtTHE)= IA ( off :)
We have : AT Htv ;

 = off ; WWn

nd
-

top
( Air .)

(1) Monks : tit ( IAYAED ( IA # Htv:) -

h_~~T)
a rector

MILAN

an
( Htvi)T4AT :) fit( o.tv ;) ⇒ Htvi is an eigenvector of HHH

"

1/1
a witheigenvalue at

HIAJIIT

dived
. ⇒ Htviaui

¥ , =
.

"

vector
of ( i ) + (2) ⇒

lAJi=
Tibi

⇒ Hair..y2=q2

⇒ HHHtH=oi so we have the Important details : ymakeosi'T

rightlength• Choose vii 's direction to  match Htvi

• It we have found Gi  already ,

U^i= IT .

Htv
,

is best  way

to compute hi

• lAfi=8 for i=rH,r+2 ,
... ,n

÷I
space

basis

• fl
; for it RH ,rt2 ,

... ,m= leftnullspace basis



One last piece : E24Lap5

For HEAT
,

we had QLAQT and therefore

|¥neg
.EU?yIthYjIttittnrYI

"

# = ,§
,

oiiivit

= projection
operators

↳
1A  = sum  of n rank 1

.

matrices .

See At  as a superposition of

for
SVD : r outer product rank 1  matrices

of diminishing significance
A- funny

. F) [ftp..ME?g?I] a > a > .
... > a > °

mtm  mm

nxn
• Each rank 1 matrix B a piece

of Scottish Tartan

=EiYrYtfE¥¥

.FI#fIIII;.syag:an:aaeersxingae:sot

mxm

mxn • Speak of best  rank 1
,

best  rank

3
...

= ° iuititozuivzt + . ...
+ qirfrt

approximations

II.In'?nIlan
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SVDEX_pkcalyt.tt
: So far :

L

For # =[
3

I
] find # =µ§yT

N= # di]=¥o( I ! ]

he
3

MIInee#

§= [Fugit] r=1 9=8
tank

( i) Find iri 's and oils
using IATA

•
Need Nl as well

. At At =p,
?

, ]l}I , ]=f !86If
"¥mm

"

Either solve forugenthigs of IAIAT '
'
'E?°

11 ↳
) ,

°

a:
'

:3 in

• solve IIAYA
- d I 1=0 • Beller : Use Htv ;

=oiUi

⇒ 0=19?I ,|=(
is . a) (2-2)-36

⇒ ii. ⇐ Art .

= #wsti -4 Arafat
A

'Fo¥D=¥¥o KIND
= Ha - so )

=¥t[ To ]=' Etoli :]
←  row  space

⇒ )
,

= 20

h=o
IF ⇒ " 8'iIF←muspaa = 'E( D

HE 's
For fun

,

we just  need a Vector

• > 1=20 : Solve (IAYA -zoI)v?=8 orthogonal tour
,

ringed,

⇒ [ IIbsl ;] ⇒ in=¥[3 , ]
BY inspection : a.=r÷fH

rtwosfemsatab:@
"

Isu , ryasnpunffifid

'

#fetYpYe9Et'
A

• h=o : solve ( IATA -0*71=8 lA=f3
,

I
, )=trz( it

, )[ rooftop
,
;]

⇒ City :] ⇒ vial ;] www..ie



# JL EZYLBPZ

TRY
dis -

Nr

µyYyMuaof
5

,
Rm

a dis

iii.
'

ftp.#
Ethan

#⇐*FE¥÷y*t
"

:fetal;) NCAA

y¥µ
¥, nheuktpace

row

space

• See IA sends CCIAT ) to CHA ) with

a stretch factor of if .

• IA 's action between CC HEY & CHA) is invertible



SVD Example Calculation # z
Solve HAYA - HI 1=0 E24cp1L

- 0=1555'

I! ,1=(52 - a) Gs - a) IN

Factorize At =±s[ To
'

f) as N&NT
= }zq , -125 > +5 - 1296

• Diagonal ize IAYA
= )

2

- 1251+2500 story # TH

25++100

lAtH=¥[ }
'

f) ¥1,3't ] = ( > -2574 . no )⇒

}E'2050* "

:# Hoyt

,Id=÷sEiYd×÷s⇒sEIIaIn⇒III
sM7#@

-

it 1BT= ) T for IATA

then

c1BT=c ) To

/¥o"'

ifeng.I.a.si#iEIE:ItF::l:ka=tH

^
by

with eigluvallee 2 2 27 36

theme is an eigenvector of 413

• ' 2=2 :55/3648/00 ]⇒V^r=¥[Y]

withaiyenvalue Cd
( could choose

a=¥t4P
tindx 's forest 'Ll TIMER

,

-

g)ieefrord



• Now find th IN
, Could also diagonal

.AE#P2
HAT :

U^i=o÷.

A it .

e
best way

vi. ¥ Flight ;]
' At * tstoytft "

's

=⇐EstYot¥kt±y ;)
¥t¥YEHFH

Find 4=8,12--2

Financed
riitfzlil .in#zl! , ]

u^r=fzt5(To"s)¥fY ) ) rtotfweaboutsizns
"

⇒ Still have to compute
= 'EEsfIt=ktD uneotitttir

✓ .

U|=tnf ,

!
,
] V

.
Overall :

* tstotttktiillrorfstatd
are ,



122,12
"

,
I 's /AI=I E24Cp3

org.AE

Yz

\

naffa*tI#€.#¥¥.

Marketta.

rowspace
Htstl

,
}

'

f)

✓

C ( AT ) '=R
'

Big deal ; circle a Ellipse

g.

NCIA )={ 83
alynabeticmv

getneralizes to higher note W&Nt

dimensions bnttwrongorddof
operations
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how J = LAST works

1A = W§
,

NT

/
f

TO change I 's

!3! representation

Change from @ from standard
to

fu } to Does the work { of } basis

standard basis
of #

Stretch Shrink

by oi factors

in r dimensions

. AT )eCC A)



E25ap1Fundamental Theorem of Matrix 01099 Now we also have :

<

-

From EBbp(3 ;

• Row space
has a

"

natural
"

←
rain

orthonormal basis { I
, ,

. ;dr} ,

• dim CCIA )=r column
space eigenvectors of IAYA

• dim

NCIAT)=m
- r left mm

space . Null space has a

"

natural
"

• dim C ( At )=r row space
orlho normal basis { in

,

... .

,
in }

,

•
dim N ( IA)

=n
- r nuns pace

eigenvectors of # A

• CCIA ) and NCIAT ) are • Column Space has a
" natural

"

orthogonal complements in Rm
orlhouormal basis { a

, ,
... fur }

,

( C#) to NCIAT )9 eigenvectors of # # +

• ( ( HF) and NC At are
a # EN

#
• Left Null space has a

"natural
"

orthogonal complements in Rh
orthonormal basis { an

,
... ,dm}

,

eigenvectors of IAAT

• The bases of CCA ) & NUA 't
• The transformation between the

combine to give a basis of Rm
"

best
"

bases for row Space
and

. The bases of C ( # ) IN (A) column space is diagonal
with positive entries :

combine to give a basis of R
"

§=[' gored
with 0,7027 .

. . .7or
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Time for a nap : E25aLp3








