Syl - i &3ty s iR ATy < ey G S e 3o SN b

COcoNuTS % *

Generating Functions and Networks
Generating

Complex Networks | @networksvox Lt
CSYS/MATH 303, Spring, 2016

Basic Properties

Giant Component
Condition

Component sizes
Useful results

Prof. Peter Dodds | @peterdodds i A

Average Component Size

: BB References
Dept. of Mathematics & Statistics | Vermont Complex Systems Center

Vermont Advanced Computing Core | University of Vermont

<V 72, Computational The

3 i Lat o
s o UNIVERSITY
) o8 ¥ VERMONT

O 1 CocoNuTs

9 Complex Network

Licensed under the Creative Commons Attribution-NonCommercial-ShareAlike 3.0 License. .UI:;I'}/R}':&A(S)I ]5}( I |
of

A 10f55


http://www.uvm.edu
http://www.uvm.edu/~pdodds
http://www.uvm.edu/~pdodds/teaching/courses/2016-01UVM-303
http://www.twitter.com/@networksvox
http://www.uvm.edu/~pdodds
http://www.twitter.com/@peterdodds
http://www.uvm.edu/~cems/mathstat/
http://www.uvm.edu/~cems/complexsystems/
http://www.uvm.edu/~vacc/
http://www.uvm.edu
http://www.uvm.edu/~pdodds
http://www.uvm.edu/~pdodds

COcoNuTS % *

Generating
Functions

Definitions

|| Sealie & Lambie —
Productions O

Component sizes
Useful results

Size of the Giant
Component

Average Component Size:

References

v‘a‘ UN‘IVERSITYI |
oJVERMONT

D> 20f55



http://www.uvm.edu
http://www.uvm.edu/~pdodds

COcoNuTS

- Outline

Generating
Functions

Generating Functions
Definitions
Basic Properties
Giant Component Condition

erage Component Size

References
Component sizes
Useful results
Size of the Giant Component
Average Component Size
i
References Q

The O
ﬁ UNIVERSITY |9|
il ¥ VERMONT 1O

DA 30f55


http://www.uvm.edu
http://www.uvm.edu/~pdodds

Functions |-
Definitions

- Basic Properties
Giant Component |
Condition i
Component sizes ., /.
Useful results :

Size of the Giant
Component

Average Component Size:

References

THE DARK AR'T of
GENERATING FunN(Tiong)

e sy
T,

¥
:

I

g J_ggj



http://www.uvm.edu
http://www.uvm.edu/~pdodds

Outline

Generating Functions
Definitions

COcoNUTS =

Generating
Functions
Refitions

Basic Properties

Glant Component
Condition

Component sizes
Useful results

Size of the Giant
Component

Average Component Size:

References

UN‘IVERSITY I |
o VERMONT

D> 50f55


http://www.uvm.edu
http://www.uvm.edu/~pdodds

3 GeneratinngnCtionoIogy[”

Idea: Given a sequence a,a;,a,, ..., associate
each element with a distinct function or other
mathematical object.
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Rolling dice and flipping coins:
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= Pr(throwinga k) = 1/6 where k = 1,2, ... 6.

(a:+:c + 23 + 2 425 +25).
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p;@ = Pr(throwinga k) = 1/6 where k = 1,2, ..., 6.

6
FO) (g Zpk@):nk m+z + 23+t +2° +25).

References

p§°™ = Pr(head) = 1/2, p™ = Pr(tail) = 1/2.
; ; ; 1
F(com)(x) = p(Ocom)xO +p(1c0|n)$1 e §<1 i :U)

A generating function for a probability distribution -+, |
is called a Probability Generating Function (p.g.f.).
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- Simple exarhples:

p;@) = Pr(throwinga k) = 1/6 where k = 1,2, ..., 6.

6
FO (g Zpk@)zk l‘+z + 23+t +2° +25).

p§°™ = Pr(head) = 1/2, p™ = Pr(tail) = 1/2.
; ; ; 1
F(com)(x) = p(OCOIn)J?O +p(1c0|n)$1 e §<1 i x)

A generating function for a probability distribution
is called a Probability Generating Function (p.g.f.).
We'll come back to these simple examples as we

derive various delicious properties of generating
functions.
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Example
Take a degree distribution with exponential decay:

— pp— Kk
= ce

where geometricsumfully, we have ¢ = 1 — e
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Example

Take a degree distribution with exponential decay:

=t =Nk
= ce

where geometricsumfully, we have ¢ = 1 — e

The generating function for this distribution is

oo (o @)
F(z) = Z Pk — Z ceE ki
k=0 k=0

Notice that F(1) = ¢/(1 —e ) = 1.
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Take a degree distribution with exponential decay:
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where geometricsumfully, we have ¢ =1 — e .
The generating function for this distribution is

oo 56 2 Srpb
g E = References

F(x) == kak =2 ce Ak[ﬁk L ﬁ eferences
k=0 P — e

Notice that F(1) = ¢/(1 —e ) = 1.
For probability distributions, we must always have
F(1) = 1since
El) = N Pk szl
k=0
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Take a degree distribution with exponential decay:
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where geometricsumfully, we have ¢ =1 — e .
The generating function for this distribution is oo
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Notice that F(1) = ¢/(1 —e ) = 1.
For probability distributions, we must always have
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' Useful pieces foupr-o'ba“billity distributions:

% 'Normalization:
First moment:

‘Higher moments:

kth'element of sequence (general):
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& Normalization:
& First moment:

<& Higher moments:
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" Useful pieces for probability distributions:

&> Normalization:

& First moment:

<% Higher moments:
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The generating function for the sum of two
random variables

W=U+V

Fy (z) = Fy(z)Fy (2).

COcoNuTS

Generating
Functions

Definitions

References

r n

[

| <@

|| £y
ANV

st

|

L = -

e O
ﬁ UNIVERSITY |9|
<8l ¥ VERMONT 10Ol

D 120f 55


http://www.uvm.edu
http://www.uvm.edu/~pdodds
http://www.uvm.edu/~pdodds/teaching/courses/2016-01UVM-303/docs/{2016-01UVM-303}assignment5.pdf

A beautiful, fundamental thing:

<= The generating function for the sum of two
random variables

W=U+V
is
Fy (z) = Fy(z)Fy ().

<= Convolve yourself with Convolutions:
Insert question from assignment 5 (£'.
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The generating function for the sum of two
random variables

W=U+V

Fy (z) = Fy(z)Fy (2).

Convolve yourself with Convolutions:
Insert question from assignment 5 (£'.

Try with die and coin p.g.f.'s.
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The generating function for the sum of two
random variables

W=U+V

Fy (z) = Fy(z)Fy (2).

Convolve yourself with Convolutions:
Insert question from assignment 5 (£'.

Try with die and coin p.g.f.'s.
1. Add two coins (tail=0, head=1).
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The generating function for the sum of two
random variables

W=U+V

Fy (z) = Fy(z)Fy (2).

Convolve yourself with Convolutions:
Insert question from assignment 5 (£'.

Try with die and coin p.g.f.'s.
1. Add two coins (tail=0, head=1).
2. Add two dice.
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The generating function for the sum of two
random variables

W=U+V

Fy (z) = Fy(z)Fy (2).

Convolve yourself with Convolutions:
Insert question from assignment 5 (£'.

Try with die and coin p.g.f.'s.
1. Add two coins (tail=0, head=1).
2. Add two dice.
3. Add a coin flip to one die roll.
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Recall our condition for a giant component: Generating
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‘ Edge—degr'ee"distribution

Recall our condition for a giant component:

Let's re-express our condition in terms of
generating functions.
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Edge-degr'ee' distribution

Recall our condition for a giant component:

Let's re-express our condition in terms of
generating functions.

We first need the g.f. for R,..
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| Edge—degfeé distribution

Recall our condition for a giant component:

Let's re-express our condition in terms of
generating functions.

We first need the g.f. for R,..
We'll now use this notation:
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Edge—degfeé disfribution

Recall our condition for a giant component:

(k2) — (k)
tky g = —=—— >1.
: (k)
Let's re-express our condition in terms of
generating functions.
We first need the g.f. for R,..

We'll now use this notation:
Fp(z)is the g.f. for P,.
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Edge—degfeé disfribution

Recall our condition for a giant component:

(k2) — (k)
kY= 1.
< >R <k> 2
Let's re-express our condition in terms of
generating functions.

We first need the g.f. for R,..

We'll now use this notation:

Fp(z)is the g.f. for P,.
Fr(z)is the g.f. for R,.
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Edge—degfeé disfribution

Recall our condition for a giant component:

Let's re-express our condition in terms of
generating functions.
We first need the g.f. for R,..

We'll now use this notation:

Fp(z)is the g.f. for P,.
Fr(x)is the g.f. for R,..

Giant component condition in terms of g.f. is:

Ry = Fh(l) > L.
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Edge—degfeé distribution

Recall our condition for a giant component:

Let's re-express our condition in terms of
generating functions.
We first need the g.f. for R,..

We'll now use this notation:

Fp(z)is the g.f. for P,.
Fr(x)is the g.f. for R,..

Giant component condition in terms of g.f. is:

Ry = Fh(l) > L.

Now find how FF, is related to Fp ...
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3 Edge-degr‘e‘é’?d istribution counurs
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3 Edge-degréeﬁ dristribution coronts

We have
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3 Edge—degreeﬁdisfribution

We have

= AP
Fp@)=Y Rt =Y (et Py g
k=0

= er

A o e
Shiftindex to j = k + 1 and pull out T

Fla) = 75 > iPye
j=1
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3 Edge—degreeﬁdistribution

We have
Fr@)=> Ryt =Y %xk.
= Eugtem L
A o e
Shiftindex to j = k + 1 and pull out T
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3 Edge—degreeﬁdistribution
We have

ol N Rt S Wi‘k.
k=0 k=0

Shiftindex to j = £+ 1 and pull out L.:
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i E‘dge—degree"distribution

We have

5
k=0
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‘Edge-degréeﬁ"d}is'tribution

Recall giant component condition is
(kYr = FR(1) > 1.
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3 Edge—degreeﬁdisfribution

Recall giant component condition is
(kYr = FR(1) > 1.
Since we have Fy(z) = Fp(z)/Fp(1),
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3 E‘dge—degree"distribution

Recall giant component condition is

(k) p = Fr(1) > 1.

Since we have Fy(z) = Fp(z)/Fp(1),

Fg(x)

_ Fpl@)

Fp(1).
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- Size distributions couairs

To figure out the size of the largest component (S;), Generating
we need more resolution on component sizes.

Component
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- Size distributions CoconaTS ¢

To figure out the size of the largest component (S;), Genersting
we need more resolution on component sizes.

Condi

Component sizes

7,, = probability that a random node belongs to a
finite component of size n < oc.
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Size distributions

To figure out the size of the largest component (S, ),
we need more resolution on component sizes.

7,, = probability that a random node belongs to a
finite component of size n < oc.

p,, = probability that a random end of a random

link leads to a finite subcomponent of size n < .
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Size distributions

To figure out the size of the largest component (S, ),
we need more resolution on component sizes.

7,, = probability that a random node belongs to a
finite component of size n < oc.

p,, = probability that a random end of a random

link leads to a finite subcomponent of size n < .

Pk,‘Rk < Ty Pn

neighbors < components
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' Connecting probabilities: B
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G. f’s for component size distributions:
&
Zﬂ’ i and F an

The largest component:

<> Subtle key: F_(1) is the probability that a node
belongs to a finite component.
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. G f's for component size distributions: TR
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Condition

Component sizes

Useful results

The largest component:

Average Component Size’

& Subtle key: F, (1) is the probability that a node Botere e
belongs to a finite component.

& Therefore: $; =1—F,(1).
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wa and F,( Z

Subtle key: F_(1) is the probability that a node
belongs to a finite component.

Therefore: S; =1— F,_(1).

Determine and connect the four generating
functions

oy Pyt and e
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Useful results
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- Useful results we'll need for g.f.’s coras
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- Useful results we'll need for g.f's

Consider two random variables U and V whose
values may be 0, 1,2, ...

Write probability distributions as U,, and V. and
g.f'sas F;; and F,.
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- Useful results we'll need for g.f's
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- Useful results we'll need for g.f's

Generating
Functions

Consider two random variables U and V whose
values may be 0, 1,2, ...

Write probability distributions as U,, and V. and
g.f'sas F;; and F,.
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 Proof of SR1: coronts
~ Write probability that variable W has value k as 11/,,.
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Proof of SR1:
Write probability that variable W has value k as 17/,..

oo

Wy, =Y U, x Pr(sum of j draws of variable V = k)
3=0
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Proof of SR1:
Write probability that variable W has value k as 17/,..

oo

Wy, =Y U, x Pr(sum of j draws of variable V = k)
3=0

:in Z Vi Vi,V

J=0 {i1,49,-:%5}]
tyFiot. i =k
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Proof of SR1:
Write probability that variable W has value k as 17/,..

oo

Wy, =Y U, x Pr(sum of j draws of variable V = k)
3=0

:in Z Vi Vi,V

J=0 {i1,49,-:%5}]
tyFiot. i =k

k=0
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Proof of S'R1 :

COcoNuTS

Write probability that variable W has value k as 17/,..

Generating

oo

Wy, =Y U, x Pr(sum of j draws of variable V = k)
3=0

&

U, Z 8 g B e

7 -

j References
7=0 {i1,i9,85}]
titist..ti;=k
o oo 0o
% e ol k
B F ()= E Wex® = E E U; g VlezQVZJx
k=0 k=0 j=0 {41 g i jH] F N
i1tigt..+i=k | 7
le

The O
ﬁ UNIVERSITY |9|
il ¥ VERMONT 1O

DA 240f 55


http://www.uvm.edu
http://www.uvm.edu/~pdodds

Proof of S'R1 :

Write probability that variable W has value k as 17/,..

Wy, =Y U, x Pr(sum of j draws of variable V = k)

3=0
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Jj=0 {e1,82,075}
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Proof of S'R1 :

Write probability that variable W has value k as 17/,..

Wy, =Y U, x Pr(sum of j draws of variable V = k)

3=0
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Proof of S'R1 :

With some concentration, observe:

Fy@)=3 0,3 X VieuVeh vt
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Proof of SR1: b

With some concentration, observe:
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Proof of SR1: couairs

With some concentration, observe:
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Proof of S'R1 :

With some concentration, observe:
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Proof of S'R1 :

With some concentration, observe:
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Proof of SR1: g

With some concentration, observe:
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- Useful results we'll need for g.fs
Sneaky Result 2:

&= Start with a random variable U with distribution
Uk: (k: 0,1,2,...)
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- Useful results we'll need for g.f's
1€

Start with a random variable U with distribution
U, (k=0,1,2,...)
SR2: If a second random variable is defined as

Vi< ULl
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- Useful results we'll need for g.f's
1€

Start with a random variable U with distribution
U, (k=0,1,2,...)
SR2: If a second random variable is defined as

V =U+1 then | Fy(z) = 2Fy(a)]
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- Useful results we'll need for g.f's

Start with a random variable U with distribution
U, (k=0,1,2,...)
SR2: If a second random variable is defined as

V =U+1 then | Fy(z) = 2Fy(a)]

Reason: V,, = U,_; for k > 1and V; = 0.
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- Useful results we'll need for g.f's

Start with a random variable U with distribution
U, (k=0,1,2,...)
SR2: If a second random variable is defined as

V =U+1 then | Fy(z) = 2Fy(a)]

Reason: V,, = U,_; for k > 1and V; = 0.

k=0
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- Useful results we'll need for g.f's

Start with a random variable U with distribution
U, (k=0,1,2,...)
SR2: If a second random variable is defined as

V =U+1 then | Fy(z) = 2Fy(a)]

Reason: V,, = U,_; for k > 1and V; = 0.

ol
k=0 k=1
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Start with a random variable U with distribution
U, (k=0,1,2,...)
SR2: If a second random variable is defined as

V =U+1 then | Fy(z) = 2Fy(a)]

Reason: V,, = U,_; for k > 1and V; = 0.
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- Useful results we'll need for g.f's

Start with a random variable U with distribution
U, (k=0,1,2,...)

SR2: If a second random variable is defined as

V =U+1 then | Fy(z) = 2Fy(a)]

Reason: V,, = U,_; for k > 1and V; = 0.

sl () = i Vigtt i g
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- Useful results we'll need for g.f's

Start with a random variable U with distribution
U, (k=0,1,2,...)

SR2: If a second random variable is defined as

V =U+1 then | Fy(z) = 2Fy(a)]

Reason: V,, = U,_; for k > 1and V; = 0.

sl () = i Vigtt i g
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} \k(UsefuI‘ results we'll need for g.f.s
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- Useful results we'll need for g f.s
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Functions
Definitions

- Generalization of SR2;

Glant Component

| & ()IfV=U+ithen

Component sizes

Useful results

Size of the Giant

FV(:’U> =0 -'EIFU<$) Ciiahent

Average Component Size 4
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; Useful results we II need for g.f. S

- Generalization of SR2;
& MIfV =U+ithen

FV<55> =5 :EZFU@:)
& QIfV =U—ithen

Fy(z) = 2" Fy(z)
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~ Connecting generating functions: R

Goal: figure out forms of the component
generating functions, £, and F,. Gencpgung

Functions

Condition

n (\odfs

Component sizes

mponent Size

References

7 I ed??J

pk
Relate 7,, to P, and p,, through one step of 4 [l |
recursion.

DA 29 of 55


http://www.uvm.edu
http://www.uvm.edu/~pdodds

~ Connecting geherating functions:

7,, = probability that a random node belongs to a
finite component of size n
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~ Connecting generating functions: S

Generating
Functions
Definitions

7,, = probability that a random node belongs to a
finite component of size n

ul results

Size of the Giant
- sum of sizes of subcomponents e el
- atend of k random links = n — 1
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- Connecting generating functions:

w,, = probability that a random node belongs to a
finite component of size n

2 i p wpr( SYM of sizes of subcomponents
=4 at end of k random links = n — 1

Therefore:
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COcoNuTS

- Connecting generating functions:

Generating
Functions

w,, = probability that a random node belongs to a
finite component of size n

2 i p wpr( SYM of sizes of subcomponents
=4 at end of k random links = n — 1

Therefore: |F, (z) = Fp (F,(z))
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COcoNuTS

- Connecting generating functions:

Generating
Functions

w,, = probability that a random node belongs to a
finite component of size n

2 i p wpr( SYM of sizes of subcomponents
=4 at end of k random links = n — 1

Therefore: || F.(z)= ¢ Fp(F,(2))
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- Connecting generating functions:

w,, = probability that a random node belongs to a
finite component of size n

2 i p wpr( SYM of sizes of subcomponents
=4 at end of k random links = n — 1

Therefore: || F.(z)= ¢ Fp(F,(2))

Extra factor of x accounts for random node itself.
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~ Connecting generating functions: Bl
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Basic Properties
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Useful results
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- Connecting generating functions: R

p,, = probability that a random link leads to a finite o
subcomponent of size n. Functions
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- Connecting generating functions:

p,, = probability that a random link leads to a finite
subcomponent of size n.

Invoke one step of recursion:

p,, = probability that in following a random edge,
the outgoing edges of the node reached lead to
finite subcomponents of combined size n — 1,

COcoNuTS

Generating
Functions

References

The O]
ﬁ UNIVERSITY |g|
2l VERMONT |0

DA 320f55


http://www.uvm.edu
http://www.uvm.edu/~pdodds

- Connecting generating functions:

p,, = probability that a random link leads to a finite
subcomponent of size n.

Invoke one step of recursion:

p,, = probability that in following a random edge,
the outgoing edges of the node reached lead to
finite subcomponents of combined size n — 1,

= i n xpr( SUM of sizes of subcomponents
< at end of k random links = n — 1
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- Connecting generating functions:

p,, = probability that a random link leads to a finite
subcomponent of size n.

Invoke one step of recursion:

p,, = probability that in following a random edge,
the outgoing edges of the node reached lead to
finite subcomponents of combined size n — 1,

= i R oxpr( SUM of sizes of subcomponents
=k at end of k random links = n — 1

Therefore: | F (z).—
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- Connecting generating functions:

p,, = probability that a random link leads to a finite
subcomponent of size n.

Invoke one step of recursion:

p,, = probability that in following a random edge,
the outgoing edges of the node reached lead to
finite subcomponents of combined size n — 1,

= i R oxpr( SUM of sizes of subcomponents
=k at end of k random links = n — 1

Therefare: | F (z) — Fg (F,(x))
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- Connecting generating functions:

p,, = probability that a random link leads to a finite
subcomponent of size n.

Invoke one step of recursion:

p,, = probability that in following a random edge,
the outgoing edges of the node reached lead to
finite subcomponents of combined size n — 1,

= i R oxpr( SUM of sizes of subcomponents
=k at end of k random links = n — 1

Therefore: L F () = . Fp (F(z))
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Connecting generating functions:

p,, = probability that a random link leads to a finite
subcomponent of size n.

Invoke one step of recursion:

p,, = probability that in following a random edge,
the outgoing edges of the node reached lead to
finite subcomponents of combined size n — 1,

= i R oxpr( SUM of sizes of subcomponents
=k at end of k random links = n — 1

Therefore: L F () = . Fp (F(z))

Again, extra factor of x accounts for random node
itself.
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- Connecting generating functions: i

Generating
Functions

Definitions

We now have two functional equations connecting
our generating functions:

sults.

Size of the Giant

F. (z)=aFp (Filz)) and F,(r) =aFg(F,(x))
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- Connecting generating functions:

We now have two functional equations connecting
our generating functions:

F. (z)=aFp (Filz)) and F,(r) =aFg(F,(x))

Taking stock: We know F(x) and
Fr(z) = Fp(x)/Fp(1).
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- Connecting generating functions:

We now have two functional equations connecting
our generating functions:

F. (z)=aFp (Filz)) and F,(r) =aFg(F,(x))

Taking stock: We know F(x) and
Fr(z) = Fp(x)/Fp(1).
We first untangle the second equation to find F,
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- Connecting generating functions:

We now have two functional equations connecting
our generating functions:

F. (z)=aFp (Filz)) and F,(r) =aFg(F,(x))

Taking stock: We know F(x) and

Fr(z) = Fp(x)/Fp(1).

We first untangle the second equation to find e
We can do this because it only involves F, and F'g.
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COcoNuTS

- Connecting generating functions:

Generating
Functions

We now have two functional equations connecting
our generating functions:

F. (z)=aFp (Filz)) and F,(r) =aFg(F,(x))

Taking stock: We know F(x) and

Fr(z) = Fp(x)/Fp(1).

We first untangle the second equation to find F,
We can do this because it only involves F, and F'g.

The first equation then immediately gives us F_ in
terms of F, and F'g.
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- Component sizes X

Generating

Remembering vaguely what we are doing:
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- Component sizes

Remembering vaguely what we are doing:

Finding F. to obtain the fractional size of the
largest component S§; =1 — F,_(1).
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- Component sizes

Remembering vaguely what we are doing:

Finding F. to obtain the fractional size of the
largest component S§; =1 — F,_(1).
Set x = 1 in our two equations:
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- Component sizes

Remembering vaguely what we are doing:

Finding F. to obtain the fractional size of the
largest component S§; =1 — F,_(1).
Set x = 1 in our two equations:

Fel)y= Fp (F, (1)) and "Fi(l) = Fg (F (1))
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- Component sizes

Remembering vaguely what we are doing:

Finding F. to obtain the fractional size of the
largest component S§; =1 — F,_(1).
Set x = 1 in our two equations:

Fel)y= Fp (F, (1)) and "Fi(l) = Fg (F (1))

Solve second equation numerically for F,(1).
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- Component sizes

Remembering vaguely what we are doing:

Finding F. to obtain the fractional size of the
largest component S§; =1 — F,_(1).
Set x = 1 in our two equations:

Fel)y= Fp (F, (1)) and "Fi(l) = Fg (F (1))

Solve second equation numerically for F,(1).
Plug F,(1) into first equation to obtain F, (1).
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- Component sizes coconuTS
Example: Standard random graphs. B o)
We can show FP(I) — ef<k>(1*$) Functions

Definitions
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- Component sizes coras

Example: Standard random graphs.

Generating

We can show FP(.T) — 67<k>(1*$) Functions

Definitions

= Fg(z) = Fp(2)/Fp(1)

Useful results

Component Size
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- Component sizes corons

Example: Standard random graphs.

Generating
We can show Fp(ﬁ) = e*<k>(1*$) Funcno‘ns
Tl PRl )

— (ke R)A-2) /() o~ (R)(1-2")

’II:]- References
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- Component sizes
Example: Standard random graphs.
We can show Fp(z) = e~ (F)(1=2)

= Fr(x) = Fp(x)/Fp(1)
= (k)e {R(1-2) [\ e~(R)1—2)) ,

= €_<k>(1_m)
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- Component sizes
Example: Standard random graphs.
We can show Fp(z) = e~ (F)(1=2)

= Fplx) = Fplz)/Ep(1)

i (k)e—<’“><1—m)/(k>e—<k>(1—f”’)ym,zl

—es bt LR () ...ahal
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 Component sizes
Example: Standard random graphs.
We can show Fp(z) = e~ (F)(1=2)

= Fr(z) = Fp(z)/Fp(1)
i (k)e—<’“><1—m)/(k>e—<k>(1—f”’)yz,zl
—es bt LR () ...ahal

RHS's of our two equations are the same.
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- Component sizes
Example: Standard random graphs.
We can show Fp(z) = e~ (F)(1=2)

= Fr(z) = Fp(z)/Fp(1)
i (k)e—<’“><1—m)/(k>e—<k>(1—f”’)yz,zl
—es bt LR () ...ahal

RHS's of our two equations are the same.

S0 F (1) = F,(2) = 2FR(F, () = 2Fg(F, ()
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- Component sizes
Example: Standard random graphs.

We can show Fp(z) = e~ (F)(1=2)

= Fg(z) = Fp(2)/Fp(1)

i <k>e—<k><1—m>/<k>e—<k><1—m’>yz,zl
—es bt LR () ...ahal

RHS's of our two equations are the same.

S0 F (1) = F,(2) = 2FR(F, () = 2Fg(F, ()

Consistent with how our dirty (but wrong) trick
worked earlier ...
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- Component sizes
Example: Standard random graphs.
We can show Fp(z) = e~ (F)(1=2)

= Fg(z) = Fp(2)/Fp(1)

i <k>e—<k><1—m>/<k>e—<k><1—m’>yz,zl
—es bt LR () ...ahal

RHS's of our two equations are the same.

S0 F (1) = F,(2) = 2FR(F, () = 2Fg(F, ()

Consistent with how our dirty (but wrong) trick
worked earlier ...

Toi=p istas P = R, |
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COcoNuTS

Component sizes
We are down to
F,(z) = Fp(F,(z)) and Fg(z) = e~ M=), Ribehne

s
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- Component sizes
We are down to

) S ab (P @) and F(z) = P m)

“F(z) = ze~ R (1-Fa(@))

v
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- Component sizes
We are down to
F_(z) = 2Fg(F (z)) and Fg(z) = e~ (M1-2),

~F (x) —_ xe*(kﬂl*Fﬂ(z))

We're first after S; =1— F, (1) sosetz =1 and
replace F_(1) by 1 — S;:
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- Component sizes
We are down to
F _(z) = zFg(F.(x)) and Fg(z) = e—{k)(1-x)

e

F (.%') = :Ue*(k»(l*F«(z))

v

We're first after S; =1— F, (1) sosetz =1 and

replace F.(1) by 1 — S;:
k. .

18, = e {RSx ;

1 1 04
Otk 5 In e ]
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- Component sizes
We are down to
F _(z) = zFg(F.(x)) and Fg(z) = e—{k)(1-x)

e

~F (.%') = :Ue*(k»(l*F«(z))

v

We're first after S; =1— F, (1) sosetz =1 and

replace F,_(1) by 1 — S;:
% &

1—51 :€7<k>sl 1

1 1 0.6}
D= 5 In =5, 3

Just as we found with our dirty trick ...
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- Component sizes
We are down to
F _(z) = zFg(F.(x)) and Fg(z) = e—{k)(1-x)

e

~F (.%') = :Ue*(k:ﬂl*F«(z))

v

We're first after S; =1— F, (1) sosetz =1 and

replace F,_(1) by 1 — S;:
% &

1—51 :€7<k>sl 1

1 1 08
D= 5 In =5, 3

Just as we found with our dirty trick ...
Again, we (usually) have to resort to numerics ...
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A few simple random networks to contemplate
and play around with:

- Gener:
Functions
Definitions
- Basic Properties

Giant Component |
Condition

Componentsizes. ..
Useful results

Size of the Giant
o =

rage Component Siz
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https://en.wikipedia.org/wiki/Kronecker_delta

f A few simple random networks to contemplate
and play around with:

if i = j and 0 otherwise.

:
e
e
|
|
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f A few simple random networks to contemplate
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and play around with:

. & Notation: The Kronecker delta function(#' 4,

if i = j and 0 otherwise.

f A few simple random networks to contemplate
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and play around with:

. & Notation: The Kronecker delta function(#' 4,

if i = j and 0 otherwise.
& Py = 0po

f A few simple random networks to contemplate
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. & Notation: The Kronecker delta function(#' 4,

if i = j and 0 otherwise.
& Py = 0po

& Py =0y

<o P, = 6, for some fixed &’ > 0.

A few simple random networks to contemplate
and play around with:

j=1
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Notation: The Kronecker delta functlonC’;'

if i = j and 0 otherwise.

P, = 6, for some fixed &/ > 0.
Py, = 50k1 + 30p3-

A few simple random networks to contemplate
and play around with:
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and play around with:

&

R R R R

Notation: The Kronecker delta functlonC’J'

if i = j and 0 otherwise.

Bt
Be— 0ns,
P = 0p3.
P =0
b

Pp=adyq

for some fixed k¥’ > 0.

$0p1 + 1655,

+ (1 —a)dps, With0 <a <1.
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A few simple random networks to contemplate
and play around with:

®

R R R R R R

if i = j and 0 otherwise.

P, = 6, for some fixed £’ > 0.

Py, = 50k1 + 30p3-

Pkl = a6k1 + (1 —a)5k3, Wlth 0 S a S 1.
Py, = 16,1 + 10y, for some fixed &’ > 2.

P, = ad,, + (1 — a)d,,  for some fixed £’ > 2 with
0<a<l.
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Definitions

We find (two ways): Ry, = 10,0 + 305.
A giant component exists because:

(k)p=0x1/4+2x3/4=3/2>1.
Generating functions for P, and R;: References
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2 2 Functions
Definitions

We find (two ways): Ry, = 16,0 + 20y.
A giant component exists because:
ks =0 1A 20314 =912 11
Generating functions for P, and R,;: saha

ul results:

Size of the Giant

1 1 1 3
Holr) — 3% + 5353 and F(x) = Zxo + Z$2
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1 1
P, = §5k1 ag §5k3'

We find (two ways): Ry, = 16,0 + 20y.
A giant component exists because:
(kYp=0%x1/44+2x%x3/4=3/2>1.
Generating functions for P, and R,

1 1 1 3
Holr) — 3% + 5353 and F(x) = Zxo + Z$2

Check for goodness:

Fp(e) = Fp(a)/Fp(1) and Fp(1) = Fg(1) = 1.
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1 1
P, = §5k1 ag §5k3'

We find (two ways): Ry, = 16,0 + 20y.

A giant component exists because:
(kYp=0%x1/44+2x%x3/4=3/2>1.
Generating functions for P, and R;:

1 1 3
Fp(z)=-x+ 5353 and Fg(z) = -2° + =z

2

Check for goodness:
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1 1
Pk} — 5574:1 + 551{33

We find (two ways): Ry, = 16,0 + 20y.
A giant component exists because:
(kYp=0%x1/44+2x%x3/4=3/2>1.
Generating functions for P, and R;:

S iy ieh

Holr) — 2x—i— 5% and F(x) = 1% + 12
Check for goodness:

Fp(z) = Fi(x)/Fh(1) and Fp(1) = Fp(l) =1,

BAG e o and e G
Things to figure out: Component size generating
functions for 7,, and p,,, and the size of the giant
component.
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Find F () first:
o5 We know:
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Rearranging:

3x [Fp(w)]Q —4F (z) +z=0.
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Sticking things in things, we have:

Rearranging:

3z [F,(z)]° — 4F,(z) + « = 0.

Please and thank you:
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Sticking things in things, we have:

Rearranging:

3z [F,(z)]° — 4F,(z) + « = 0.

P

Please and thank you:

r@= 2 (10 41- 32

Time for a Taylor series expansion.
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Sticking things in things, we have:

Rearranging:

3z [F,(z)]* — 4F,(z) + £ = 0.

Please and thank you:

r@= 2 (10 41- 32

Time for a Taylor series expansion.

The promise: non-negative powers of x with
non-negative coefficients.

COcoNuTS

Generating
Functions

Definitions

NE

5
™|
fon
The O]
ﬁ UNIVERSITY |9|
¢ VERMONT 1Ol

A 40 of 55


http://www.uvm.edu
http://www.uvm.edu/~pdodds

Sticking things in things, we have:

Rearranging:

3z [F,(z)]* — 4F,(z) + £ = 0.

P

Please and thank you:

r@= 2 (10 41- 32

Time for a Taylor series expansion.

The promise: non-negative powers of x with

non-negative coefficients.
First: which sign do we take?
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Because p,, is a probability distribution, we know
B (r<iand Fi(z) <f for0-<- a1
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Because p,, is a probability distribution, we know
B (r<iand Fi(z) <f for0-<- a1

Thinking about the limit z — 0 in

Fp(:v):% (1;{:\/1—z$2> 3

we see that the positive sign solution blows to
smithereens, and the negative one is okay.

COcoNuTS

Generating
Functions
Definitions
Basic

ul results

Size of the Giant

The O
ﬁ UNIVERSITY |9|
il ¥ VERMONT 1O

DA 410f55


http://www.uvm.edu
http://www.uvm.edu/~pdodds

Because p,, is a probability distribution, we know
B (r<iand Fi(z) <f for0-<- a1

Thinking about the limit z — 0 in

Fp(:v):% (1;{:\/1—zm2) 3

we see that the positive sign solution blows to
smithereens, and the negative one is okay.

So we must have:
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Because p,, is a probability distribution, we know
B (r<iand Fi(z) <f for0-<- a1

Thinking about the limit z — 0 in

Fp(m):% (1;{:\/1—zm2) 3

we see that the positive sign solution blows to
smithereens, and the negative one is okay.

So we must have:

Fp(:v):% (1\/13:62) k

We can now deploy the Taylor expansion:

a9 = Qs ()4 (o (oo
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Let's define a binomial for arbitrary 6 and k =0, 1, 2, ....

Generating

0 = F(Q —+ 1) Functions
(k:) D(k+1)(60—k+1)

Definitions

For 6 = 1, we have:

nponent Size
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Let's define a binomial for arbitrary 6 and k =0, 1, 2, ....

(k) -

For 6 = 1, we have:

re+1

T(k+1)0@—k=+1)

o= (e (et ()
S Beg o LE
~Torg” T TerG)” T TereS
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Let's define a binomial for arbitrary 6 and k =0, 1, 2, ....

N 6+1)
(k) T Tk+1)T(0—k+1)

For 6 = 1, we have:

s,
(Y
+
I
S~—"
e
I
e
O =
S8
I
_|_
Ve
™ (e
N
N
+
e
N -
\_/
l\'}
+

1 1 1
= e e I R L
S
where we've used I'(z + 1) = «T'(x) and noted that
r(H)=¥x

2 25
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Let's define a binomial for arbitrary 6 and k =0, 1, 2, ....

N 6+1)
(k) T Tk+1)T(0—k+1)

For 6 = 1, we have:

s,
(Y
+
I
S~—"
e
I
e
O =
S8
I
_|_
Ve
™ (e
N
N
+
e
N -
\_/
l\'}
+

1 1 1
= e e I R L
S
where we've used I'(z + 1) = «T'(x) and noted that
r(H)=¥x

2 25

Note: (1 + 2)? ~ 1 + 6z always.
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Totally psyched, we go back to here:



Totally psyched, we go back to here:

Fp(a:):% (11/1ix2>.

Setting z = —3x? and expanding, we have:

2 s Erv o N e S LR R
3z ( [ 3 < e BTl



Totally psyched, we go back to here:

Fp(x):?)% (1—\/1—23:2).

Setting z = — 322 and expanding, we have:

S dampd sy (R (3>k
deiigals mnid b B Ay I

EDRHGE)
k+1)0(3 —k)

xT

2kl B



Totally psyched, we go back to here:

Fp(x):?)% (1—\/1—23:2).

Setting z = — 322 and expanding, we have:

Giving
o0
P N
n=0
g oo 2 (3)’“ (250 Yo S e
1 +64:c +512a: +...—|—3 1 F(k:+1)I‘(%—k:)x St

Do odd powers make sense?
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We can now find F (z) with: Gensigung
Fp(z) = o Fp (Fr(z))
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COcoNuTS

We can now find F (z) with: Generating

Functions

Definitions

F.(z) = Fp (Fr(x))

Delicious.
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COcoNuTS

We can now find F, (x) with: Generating

Functions

Definitions

F.(z) = Fp (Fr(x))

= a:% ((Fp(:v))l i (Fp(:p))3> %‘ieofthes.;nt

ponent Size

References
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COcoNuTS

We can now find F (z) with: Generating
Functions
Definitions

F.(z) = Fp (Fr(x))

sults

L (B, + (Fy(a)?)

Delicious. ; /
ds

In principle, we can now extract all the = ,. il
N

But let's just find the size of the giant component. N/
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COcoNuTS
2 3 1 Generatmg
AT = 2l TR o) Functions
Fp(x)|x:1 e 1 \/ 1 41 3 3 Definitions

mponent
n

This is the probability that a random edge leads to a
sub-component of finite size.

ponent sizes

Jseful results
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First, we need F',(1):

2 / 3 1 Generating
i Sl | e 2 S e Functions
FP (x)|a::1 el (1 1 4 1 ) 3 2 Definitions

This is the probability that a random edge leads to a
sub-component of finite size.

Next:

B = LEL (B
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COcoNuTS

First, we need F',(1):

2 / 3 1 Generating
i Sl | e 2 S e Functions
FP (x)|a::1 el (1 1 4 1 ) 3 2 Definitions

This is the probability that a random edge leads to a
sub-component of finite size.

Next:

FL(1) = 15 (£,(1) = Fo (1)
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COcoNuTS

First, we need F',(1):

2 / 3 1 Generating
i Sl | e 2 S e Functions
FP (x)|a::1 el (1 1 4 1 ) 3 2 D‘,Muiuw?

This is the probability that a random edge leads to a
sub-component of finite size.

Next:

1

Fo(1) = 1-Fp (F,(1)) = Fp (3] =
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COcoNuTS

First, we need F',(1):

2 / 3 1 Generating
i Sl | e 2 S e Functions
FP (x)|a::1 el (1 1 4 1 ) 3 2 D‘,Muiuw?

This is the probability that a random edge leads to a
sub-component of finite size.

Next:

1

Fo(1) = 1-Fp (F,(1)) = Fp (3] =
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First, we need F',(1):

2 / 3 1
= M A 2
Fp(x)|ac:1_3-1 (1 : 41 ) 3

This is the probability that a random edge leads to a
sub-component of finite size.

Next:

1

Fo(1) = 1-Fp (F,(1)) = Fp (3] =

This is the probability that a random chosen node
belongs to a finite component.
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First, we need F',(1):

Fp(x)|x:1 = % (1 —4/1— 212>

This is the probability that a random edge leads to a

sub-component of finite size.
Next:

Fo(1) = 1-Fp (F,(1) = Fa (5

>:

This is the probability that a random chosen node

belongs to a finite component.

Finally, we have

S, =1-F (1)=1—

5 22

o0 2T
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~ Average component size coras

Next: find average size of finite components (n).
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Average compOnent size
Next: find average size of finite components (n).
Using standard G.F. result: (n) = F/(1).
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| Average component size
Next: find average size of finite components (n).

Using standard G.F. result: (n) = F/(1).
Try to avoid finding F_(x) ...

COcoNuTS

Generating

References

e O
ﬁ UNIVERSITY |Q|
;i Y VERMONT 1Ol

DA 47 of 55


http://www.uvm.edu
http://www.uvm.edu/~pdodds

- Average component size

| Next: find average size of finite components (n).
Using standard G.F. result: (n) = F/(1).
Try to avoid finding F () ...
Starting from F, (z) = 2Fp (F,(z)), we
differentiate:

FLlr) = FolF, (x)) + aF,(£)F5 (F (z))
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 Average component size

Next: find average size of finite components (n).

Using standard G.F. result: (n) = F/(1).
Try to avoid finding F_(x) ...

Starting from F, () = 2 Fp (F,(z)), we
differentiate:

Fil) = Fo (F, (x)) + ok (r)FL (F ()]
While F,(z) = zFg (F,(z)) gives

Fi(x)=Fg (F,(z)) + £F)(z)Fg (F(z))
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- Average component size
Next: find average size of finite components (n).
Using standard G.F. result: (n) = F/(1).
Try to avoid finding F_(x) ...
Starting from F, () = 2 Fp (F,(z)), we
differentiate:

Fil) = Fo (F, (x)) + ok (r)FL (F ()]
While F,(z) = zFg (F,(z)) gives
Fi(x)=Fg (F,(z)) + £F)(z)Fg (F(z))

Now set 2 = 1 in both equations.
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- Average component size

Next: find average size of finite components (n).
Using standard G.F. result: (n) = F/(1).
Try to avoid finding F_(x) ...
Starting from F, () = 2 Fp (F,(z)), we
differentiate:

Fil) = Fo (F, (x)) + ok (r)FL (F ()]
While F,(z) = 2Fg (F,()) gives

Fi(x)=Fg (F,(z)) + £F)(z)Fg (F(z))

Now set 2 = 1 in both equations.

We solve the second equation for F/ (1) (we must
already have F,(1)).
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- Average component size
Next: find average size of finite components (n).
Using standard G.F. result: (n) = F/(1).
Try to avoid finding F_(x) ...
Starting from F, () = 2 Fp (F,(z)), we
differentiate:

File) = Fo (F (x)) + 2EL(2)F R {FLi(x))
While F,(z) = 2Fg (F,()) gives
Fi(x)=Fg (F,(z)) + £F)(z)Fg (F(z))

Now set 2 = 1 in both equations.

We solve the second equation for F/ (1) (we must
already have F,(1)).

Plug F/(1) and F,(1) into first equation to find
Bty
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' Average component size ' B
- Example: Standard random graphs.
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- Average component size coras
Example: Standard random graphs.
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Average component size
Example: Standard random graphs.
Use factthat Fp = Fpand F. = F,.
Two differentiated equations reduce to only one:

Fr(z) = Fp (Fr(2)) + 2F (2)Fp (F,(2))
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Average component size
Example: Standard random graphs.
Use factthat Fp = Fpand F. = F,.

Two differentiated equations reduce to only one:

Fr(z) = Fp (Fr(2)) + 2F (2)Fp (F,(2))

Fp (Fr(2))
1—2Fp (Fr(2))

TT

Rearrange: F/(z)=
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- Average component size
Example: Standard random graphs.
Use factthat Fp = Fpand F. = F,.

Two differentiated equations reduce to only one:

Fr(z) = Fp (Fr(2)) + 2F (2)Fp (F,(2))

Fp (Fr(2))
1—2Fp (Fr(2))

Rearrange: F/(z)=

TT

Simplify denominator using Fy(z) = (k) Fp(x)
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- Average component size
Example: Standard random graphs.
Use factthat Fp = Fpand F. = F,.

Two differentiated equations reduce to only one:

Fr(z) = Fp (Fr(2)) + 2F (2)Fp (F,(2))

Fp (Fr(2))
1—2Fp (Fr(2))

Rearrange: F/(z)=

TT

Simplify denominator using Fy(z) = (k) Fp(x)
Replace Fp(F, (z)) using F._(z) = zFp(F,.(x)).
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- Average component size
Example: Standard random graphs.
Use factthat Fp = Fpand F. = F,.

Two differentiated equations reduce to only one:

Fr(z) = Fp (Fr(2)) + 2F (2)Fp (F,(2))

Fp (Fr(2))
1—2Fp (Fr(2))

TT

Rearrange: F/(z)=

Simplify denominator using Fy(z) = (k) Fp(x)
Replace Fp(F, (z)) using F._(z) = zFp(F,.(x)).
Set z = 1 and replace F.(1) with 1 — 5.

COcoNuTS

Generating
Functions

Definitions

The O
ﬁ UNIVERSITY |9|
il ¥ VERMONT 1O

DA 48 of 55


http://www.uvm.edu
http://www.uvm.edu/~pdodds

- Average component size
Example: Standard random graphs.

Use factthat Fp = Fpand F. = F,.

Two differentiated equations reduce to only one:

Fr(z) = Fp (Fr(2)) + 2F (2)Fp (F,(2))

Fp (Fr(2))
1—2Fp (Fr(2))

TT

Rearrange: F/(z)=

Simplify denominator using Fy(z) = (k) Fp(x)

Replace Fp(F, (z)) using F._(z) = zFp(F,.(x)).

Set z = 1 and replace F.(1) with 1 — 5.

(1-5,)

End result: (n) = F;.(1) = 1B =S,
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- Average component size

Our result for standard random networks:
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 Average component size

Our result for standard random networks:

i 4] (1_S1>
S S BEE

Recall that (k) = 1 is the critical value of average
degree for standard random networks.
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| Average component Size
Our result for standard random networks:

i 4] (1_Sl>
S S BEE

Recall that (k) = 1 is the critical value of average
degree for standard random networks.

Look at what happens when we increase (k) to 1
from below.
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| Average component Size
Our result for standard random networks:

i 4] (1_Sl>
S S BEE

Recall that (k) = 1 is the critical value of average
degree for standard random networks.

Look at what happens when we increase (k) to 1
from below.

We have S; =0forall (k) <1
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COcoNuTS

| Average component Size
Our result for standard random networks:

Generating

bl ) Bt
el T o

Recall that (k) = 1 is the critical value of average
degree for standard random networks.

Look at what happens when we increase (k) to 1 Referefces
from below.
We have S; =0forall (k) <1 so

1

This blows up as (k) — 1.
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COcoNuTS

| Average component Size
Our result for standard random networks:

Generating

bl ) Bt
el T o

Recall that (k) = 1 is the critical value of average
degree for standard random networks.

Look at what happens when we increase (k) to 1 Referefces
from below.
We have S; =0forall (k) <1 so

1

This blows up as (k) — 1.
Reason: we have a power law distribution of |
component sizes at (k) = 1. P 2
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COcoNuTS

- Average component size
Our result for standard random networks: -

bl ) Bt
el T o anl

Recall that (k) = 1 is the critical value of average
degree for standard random networks.

Look at what happens when we increase (k) to 1 Referefces
from below.
We have S; =0forall (k) <1 so

1

This blows up as (k) — 1.
Reason: we have a power law distribution of |
component sizes at (k) = 1. P 2
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- Average component size

Limits of (k) = 0 and oo make sense for

(n) =

P (1) =

(1-5,)

1—(k)(1=5)
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 Average component size

Limits of (k) = 0 and oo make sense for

(n) = F4(1) = =50

(R 5,)

As (k) - 0,5, =0, and (n) — 1.

COcoNuTS

Generating
Functions
Defir

Average Component Size

e o
ﬁ UNIVERSITY |Q|
sl ¥ VERMONT IOl

“Ha > 50 of 55


http://www.uvm.edu
http://www.uvm.edu/~pdodds

 Average component size
Limits of (k) = 0 and oo make sense for

(n) = F4() = U2

(R 5,)

As (k) - 0,5, =0, and (n) — 1.
All nodes are isolated.
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 Average component size

Limits of (k) = 0 and oo make sense for

1-57)
:F/ 1 ] ( 1

(n) = Fr(1) = (5
As (k) - 0,5, =0, and (n) — 1.

All nodes are isolated.

As (k) — 00, S — 1and (n) — 0.
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 Average component size

Limits of (k) = 0 and oo make sense for

k=G
Ty () = ( L
ko e T
As (k) - 0,5, =0, and (n) — 1.
All nodes are isolated.
As (k) — 00, S — 1and (n) — 0.
No nodes are outside of the giant component.
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 Average component size

Limits of (k) = 0 and oo make sense for

Syl Y] (1_S>

As (k) - 0,5, =0, and (n) — 1.
All nodes are isolated.
As (k) — 00, S — 1and (n) — 0.

No nodes are outside of the giant component.

FOF-(e) =l 5. o N2/3 N
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 Average component size

Limits of (k) = 0 and oo make sense for

Syl Y] (1_S>

As (k) - 0,5, =0, and (n) — 1.
All nodes are isolated.
As (k) — 00, S — 1and (n) — 0.

No nodes are outside of the giant component.

FOF-(e) =l 5. o N2/3 N
For (k) <1, S; ~ (log N)/N.
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COcoNuTS % *
< Let'sreturnto our example: P, = 16,, + 16,5.
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COcoNuTS
Let's return to our example: P, = 16,, + 16;5.
| We're after: i
; Functions

(m=F (1) = Fp(F, (1)) + F/(1)Fp (E,(1))
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Let's return to our example: P, = 16,, + 16;5.

We're after:
(n) = F7(1) = Fp (F,(1)) + F (1)Fp (F,(1))
where we first need to compute

F/(1) = Fg (F,(1)) + F,(1)Fg (F,(1)).
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Let's return to our example: P, = 14, + $6;3.

We're after:
)= Al (O () + B (B ()
where we first need to compute

F/(1) = Fg (F,(1)) + F/(1)Fg (F.(1)).

Place stick between teeth, and recall that we have:

1 1 1 3
Eo(x) = 5%+ 5:153 and Fg(z) = Zmo + sz.
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Let's return to our example: P, = 14, + $6;3.

We're after:
)= Al (O () + B (B ()
where we first need to compute

F/(1) = Fg (F,(1)) + F/(1)Fg (F.(1)).

Place stick between teeth, and recall that we have:
et 1 1 3 et 1 0 3 2
Eo(x) = 5% T 5 and FR(.’IJ)—4.’L’ +4a: :

Differentiation gives us:

Tl siss 3
i (af) = = + 5372 and Fp(z) = 5T
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<& We bite harder and use F,(1) = 1 to find:

o= P (1)) + FLE |

F,

(1))
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COCONUTS = *
We bite harder and use F,(1) = 1 to find: -

Fi(1)= Fg (F,(1)) + F, (1) Fg (F,(1))
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COcoNuTS

We bite harder and use Fp(l) =

Fé(l) :FR (Fp(1)>—|—F;)(1)F;{ (F (1)) Generating

Functions

Definitions

After some reallocation of objects, we have F (1) = 13.

Finally: (n) = F.(1) = Fp (%) gFI/’ (%)
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We bite harder and use Fp(l) =

E)=Fa(F,0)) + PO (F (1)

After some reallocation of objects, we have F (1) = 13.

il

Finalyiimr= il = F, (5)

L11 13/1 21
pas o\ 9 aay

13 1
e oy of PR
2 P(3>
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We bite harder and use F,(1) = 1 to find:

o= Iy (F, (1)) + PR (R (1))

After some reallocation of objects, we have F/ (1)

Finally: (n) = F/.(1) = Fp (é) 12—3F1’3 (%

0 Dl At o
238 Lo\ D iaia LR D g

w|

o
LD

COcoNuTS

Generating
Functions

Definitions

Vs

e O
ﬁ UNIVERSITY |Q|
il ¥ VERMONT 1O

A 520f 55


http://www.uvm.edu
http://www.uvm.edu/~pdodds

We bite harder and use F,(1) = 1 to find:

o= Iy (F, (1)) + PR (R (1))

After some reallocation of objects, we have F/ (1)

Finally: (n) = F/.(1) = Fp (é) 12—3F1’3 (%

FAeTE i

1
H2 SRICPY
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We bite harder and use F,(1) = 1 to find:

o= Iy (F, (1)) + PR (R (1))

After some reallocation of objects, we have F (1) = 13.

1 13 1

Finally: =l = (—) —F (—)

inally: (n) i) Hla 5 f'P\3
LT gyt i 5 s 109
SO INEE B DD SRED IV LT e G Ll I T

So, kinda small.

COcoNuTS

Generating
Functions

Definitions

Vs

e O
ﬁ UNIVERSITY |Q|
il ¥ VERMONT 1O

A 520f 55


http://www.uvm.edu
http://www.uvm.edu/~pdodds

Nutshell

Generating functions allow us to strangely
calculate features of random networks.
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Nutshell

Generating functions allow us to strangely
calculate features of random networks.

They're a bit scary and magical.
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- Nutshell

Generating functions allow us to strangely
calculate features of random networks.

They're a bit scary and magical.

We'll find generating functions useful for
contagion.
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| Nutshell COCONUTS |

Generating
Functions

Definitions
Basic Properties

Generating functions allow us to strangely
calculate features of random networks.

They're a bit scary and magical. References

We'll find generating functions useful for
contagion.

But we'll also see that more direct, physics-bearing
calculations are possible.
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